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Chapter 1. PRELIMINARIES 
§ 1. Introduction. 

The present investigation was inspired by Turan’s inequality (see below) 
and by probability considerations. Our purpose is to study certain deter- 
minants whose elements are orthogonal polynomials. In some cases the 
polynomials represented by these determinants will keep a constant sign, in 
some other cases they will prove to be oscillatory. In this introductory 
section we shall try to give a rather detailed account — occasionally at 
the expense of repetitions — not only of the principal results to be proved 


but also of the underlying ideas. 


1. Let {Q,(*)} be a system of orthogonal polynomials. In all cases 
{Qn(x)} will denote a polynomial of the exact degree ” however its nor- 
malization might be different according to prevailing circumstances. A system 
of this kind is associated with a weight function, more generally with a 
distribution function; we refer to the latter also as a measure. As usual 
the set of the points of increase of the distribution function is called the 
spectrum. This is in some instances an interval (finite, half infinite, or 
the whole real axis), sometimes a finite set (in which case the system of 
polynomials is also finite), sometimes a countable set of values which we 
assume to tend to +0, and possibly some more complicated set. 

We sometimes study gerieral orthogonal polynomials. However, our 
main attention will be centered about the following special classes : 

(a) Ultraspherical” polynomials, P)(x), in particular Legendre poly- 

nomials, P,, (x); 

(b) Laguerre polynomials, L‘” (x) ; 

(c) Hermite polynomials, H,,(%). 

We shall refer to the classes (a), (b), (c) as the classical polynomials: 
the corresponding spectra and the weight functions are well known. More- 
over we shall consider: 

(d) Orthogonal polynomials associated with a discrete measure. 

This is an interesting class arising from a distribution function which 
is constant in stretches. The set of jump points (spectrum) is a finite or 
infinite sequence, and in the latter case we assume as mentioned above that 
the points of this sequence tend to +o. We point out the following 


special cases : 
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(e) Poisson-Charlier polynomials, Cy (ae) 

(f) Meixner polynomials, M, (Die giew) 

(g) Krawtchouk polynomials, &,(N,p ; *); 

(h) Tchebychev’s polynomials of a discrete measure, ?, (x). 
The systems (e) and (f) are infinite, the systems (g) and (h) finite. The 
definition and principal properties of these polynomials will be compiled 


in) 5; 


2. Let us consider the system {Q,(x)} of orthogonal polynomials. 
Various classical theorems describe the behavior of Q,(%) as a function 
of x; for instance, certain oscillation properties hold when % runs over the 
spectrum [13, p. 44].“ Some other theorems describe Q,(x) as a function 
of »; for instance, if m runs over the values U, 1, 2,..., a recurrence 
formula holds which can also be interpreted as a difference equation of the 
second order in  [13, p. 42]. These and other facts support the evidence 
that, at least in certain instances of distributions, a duality between the 
variables x and prevails. For example, in the classical cases (a), (b), (c) 
the function Q,,(%) satisfies a linear differential equation of the second order 
in % to be contrasted with the difference equation in 2 mentioned above. 
This duality becomes particularly suggestive for the general class (d) when 
both * and range over a discrete set; in the cases (e)—(h) a difference 
equation of the second order holds both in ¥ and ”. The duality becomes 
perfect in the cases (e), (f) and (g) when, under a proper normalization 
of Q,(%) the relation Q,(*)=Qr(m) is valid. (This is definitely not true, 


at least not in this simple form, in the case (h).) 


3. Let 
(Gr) 0, (x) 5 One (x) 3 ote 5 OE ES (x) 


be a sequence of orthogonal polynomials associated with a certain measure. 


The Wronskian of these polynomials is defined in the usual way: 


(1.2) | Qn (*) Qnsi(%) .  Qntt—a (x) 
W (Qu), Ong (2) 5 sey Onsra(x)) = |2m@D Ont) Ont ) 


Gre AON, YG) ea On 


* 


Numbers in square brackets refer to the Bibliography at the end of the paper. 
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The natural analog of this expression for the case (d) will be: 


(1.3) Cs (Xx) On+1 (Xx) “ue Oates (Xn) 
Q es a 908 es a= Be (%a41) Qa+1 (p41) eee Onyint Choa) 
Nis MRE 5 «0+ 5 VRII—1 


Us Srat-1) Ong Xia) «oe Onis Gnaii) 
where %%,%k41,...,k+i—1 are “successive” jump points, i.e. successive points 
of the spectrum in question. If the spectrum is a continuous one, the 
successive points coincide and as a limiting case W arises. We refer to 
(1.3) also as a Wronskian or sometimes as the “discrete Wronskian”. 
The normalization of the polynomials has only a trivial influence on the 
Wronskian. 

For the purpose of particular emphasis we introduce a similar symbol 


as (1.3) for the transposed determinant : 


(1.3’) Qn (Xx) On (%e+1) ve On (%447-1) 
Q (" > MRL» oe» MR [-1 x Orailes) Oriana) . Ons 4par-1) 
n,n+1,...,n+l—1 


Orsay) “Ones Oni) 4. 800 3) 


In agreement with the duality mentioned above we may form now a 
determinant whose successive rows arise from (1.1) by replacing the variable 


m (instead of x) by successive values. This yields the Turanian: 
(1.4) Qn (x) Ore (x) vee Ont (x) | 
BLO, (4), Ooss (*) 52-5 Ongtr()) = eats) Ce Ugea(Z) we (Ong (%) 


Qnti-1(%)  Qn4i(*%) — — Qnt21-2(*) 


This is a determinant of the Hankel type which is in a sense dual to the 
Wronskian (1.2). The normalization of the polynomials in question is here 
of great importance, 

We shall be concerned with the sign of certain determinants of the 
form (1.2), (1.3) and (1.4). In frequent instances they keep a constant 
sign for even / and they are oscillating for odd /. In the latter cases we 
prove frequently the Sturm character of the set arising for = 0, 1, 2, .... 
(Concerning Sturm sets, see §2.) Generally speaking, the discussion of the 
determinants of the Wronski type will be easier than that of the determinants 


of the Turan type. We took this fact into account in arranging our results 
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(see Contents). We shall study the Wronski type for special as well as 
rather general classes of measures whereas the Turan type almost exclusively 
only for the special classes (a)—(c) and (e)—(h). Sometimes we establish 
peculiar relations between determinants of the J’ and W type (§§12, 14, 16). 


We note that (1.3) is a special case of the determinant of more 


general type: 


On, (%1) Ono (x1) tee OF (x1) 
ilo te, co LO oa Ons (%) Ono (2) ae Qn, (x2) 
a Canes SS) 


Qn (%) Ong (ts. On) | 


MM < N2< 1... Sm 5% S %2<...< %, studied in various respects by 
Karlin-McGregor [8]. 


4. Our first objective is to prove the following two theorems on 


Wronskians; the measure involved here is a general one. 


Theorem 1: Let {Q,(x)} denote the system of orthogonal 
polynomials associated with an arbitrary distribution 
function a(*) having an infinity of points of increase. 
Let 0,(%) = &,(—s)*+...,&>0. We assume that ? is even 
Piemthe Wrouskian 


(1.6) W(m 15 x) = W(Qn(%) , Qntt (*) , .. » Onti-1 (#)) 
keeps a constant sign for all real *; more specifically, 
(1.7) (-1)?W(n,l;x)>0. 


The sign (—1)!!? in the present case as well as in other cases, arises 
from (—1)/!-? by specializing J to be even; in reversing the order of 


the ‘columns of W the resulting determinant would be always positive. 


Theorem 2: We make the same assumptions as in 
Theorem 1 except that! is odd. The polynomials 


(1.8) W(n,1;x), n=0,1,2,. 


us 
form a Stutm set on the teal axis so that W(n,1;%) has 
exactly m simple zeros and the zeros of two successive 


Wronskians W(n,l;x) and W(n+1,1; x) strictly interlace. 


The proof of Theorem 2 makes use of Theorem 1. 


a 
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5. Further we prove two similar theorems for discrete measures. 


Theorem 3: Let a(x) be a discrete measure whose 
spectrum coincides with a countable set of points 
\@o<a<a,<...}. We denote by Q,(*%) = k,(—*)"+...,%& >0, 
the associated system of orthogonal polynomials. Let 


l be even. Then 


(1.9) 1" 9 


Xo x XI=-1 


> > Oy ie] 


m, mt+1, ..., ntl—1 
J>0 
provided that the x form a non-decreasing sequence of 


“successive values a with equalities allowed. 


The symbol Q is used as in (1.3). The term “successive” is meant 
in the following sense: First we take some 4, a certain number of times, 
then 4,;1 a certain number of times, etc. The usual interpretation of the 
determinant applies when two or more successive %’s are equal to the 


same a,. We cite the following example: 


n, nmt+1, ..., nm+l—-1 


Gay, ar, Soo. 


(1.10) 1)" 9 sw) 


b evens = 0, 1,2... 
This determinant is of course identical with the Wronskian (1.2), *=4,; 
the inequality (1.10) follows from Theorem 1. 


Before naming another example we introduce the following notation 


to be used whether / is even or odd: 


Lets j— 
cee o(" nmt+1, . n+l—1 


J = HO tin = ml, 
ay, Arti, Poids) eet 
(Sometimes we suppress the letter /.) Now another special case of (1.9) 
is the following: 
WNL ok, aa 
Ay, Aytt 5 soe, Apti—i 
= (-1)'? u(n, tr) =(-1)" un (7) > 0, 


RS (PHOS hy P45 Be 


(1:12) (—1y" 9 


The following Theorem 4 is related to Theorem 3 in a similar fashion 


as Theorem 2 is to Theorem 1. We have 
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Theorem 4: Let a(x) , Qn(x), ¥@,1;r)=%,(7) have the 
previous meaning, and Jet tbe odd. The sequences 
(1.13) eg, (ae el aes n= 0, ils 2 oe 
fofm a Sturm set-in the following sense:*1 be function 
un(x) defined for *24% by linear interpolation has exactly 
n nodal zeros and the zeros Of %(%) and’ @a1@Q)yeetrtcu, 
interlace, 

Applying Theorem 3 to the special case of the Poisson-Charlier 
polynomials, we obtain immediately, in view of a well known relation of 
these polynomials to those of Laguerre [cf. (5.21)], a special case of 
Theorem 5, namely that of the Laguerre polynomials L‘” (x) with integer a. 
This result will be of some importance at a later occasion when we shall 


prove Theorem 5 for general Laguerre polynomials. 


6. Let us consider now determinants of the type (1.4). The simplest 


non-trivial case occurs in Turan’s inequality, P,(*) is Legendre’s polynomial, 


iE (x) Patt (x) Ze 
Pare (x) Py42 (x) 


where the equality sign holds only for x =+1. The literature on this topic 


(1.14) a peso es 


is considerable; we refer here to [14] where four different proofs of this 
inequality have been offered. 

The main part of Chapter 2 is devoted to the proof of the following 
two theorems. The first is a generalization of Turan’s inequality, the second 
is a generalization of the well known oscillation property of the orthogonal 


polynomials. In these theorems we consider the classical polynomials (a), 
(b), (c) defined above. 


Theorem 5: Let {Q,(x)} denote one of the following 
special classes of orthogonal polynomials: 
Qn (x) = PM (x) / PA (1) in case (a), A> —>, 
in particular (A= =) Qn(*) = P, (x); 
0, (x) = Li) (x) | L (0) in case (b), a>-1; 
Qn (x) = H,(*) in case (c). 


Let / be an even number. Then the determinants (LA) tof 


1. For the concepts of linear interpolation and nodal zeros, Cf. § 2. 
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the Turan type, for which we shall write now T(n,/;x), 
are of the constant sign (—1)? provided —1<*%<1 incase 


(a), *>0 in case (b), * arbitrary real in case (c).@ 


As we see, in each particular case ¥ is restricted to the spectral 
interval. 


Theorem 6: We use the symbols Q,(*) and T(n,/;x) in 
the same sense as in Theorem 5; let / be odd. The poly- 
nomials |I(m,1;x); »=0,1,2,...} form a Sturm set in the 
following sense: T(w,/;x) has exactly m simple zeros in 
Peeetnter yal —t<2%<1, %>0, x real, respectively, and the 


zeros of [(m,/;x) and T(m+1,/;%) strictly interlace. 


Z. Let us indicate in a brief digression some ideas leading to 
Theorem 5. We consider first the case 1= 2. The third proof given for 
Turan’s inequality in [14] was based on the following suggestion of Prof. 


G. Polya. Let f(z) be an entire function of the form 


Uu 


(1.15) f@= y Se os sod 7 Ae + By z) e—Baz 
n—0 : 


where 20, 6B and Pz real, 2B} < co. For the coefficients 4, we have the 
inequality UW — Un—1 Un+1 20. This class has been considered by Laguerre, 
Polya and I. Schur [10]; the functions cz” f(z) are the only entire functions 
which are limits of polynomials with only real zeros. It can be shown 


that the associated (Jensen-) polynomials 


(1.16) f(a not (i \met (0 mart +| 


| Uy—1 2N-1 + uy 2X 
have only real zeros. 

The fact that (1.16) has only real zeros, yields in itself immediately 
the inequalities u" — Un—1 Uny1 20, 1Sa%<N—1; we have to use only 
Rolle‘s theorem combined with the trivial fact that the inequality holds for 
the polynomial @—1 + 24,2 + Upy12’. The usual argument [cf. 11, vol. 2, 
Chapter V, Problem 61, p. 232] shows also that the sign > holds unless 
all zeros of (1.16) coincide. 

2. The only exception is the case (a) for /=4, lL even (Tchebychev’s poly- 


nomials, cf. the footnote in §5). Indeed, from T we can factor out A!—? provided 
l= 2, l being even or odd. 
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If we can show that f(z) is of the Laguerre-Pdlya-I. Schur class, 
all inequalities follow immediately, at least in the weaker form (= instead 


of >). If f(z) has at least two distinct simple zeros, the stconger inequality 
holds; indeed, lim fy aoe = f(z) uniformly in every circle ilk. so 
: N>o N 


that, in view of the well known theorem of Hurwitz we conclude that 
f(z) must have at least two distinct zeros provided N is sufficiently large. 
In some cases we can prove directly that all zeros of (1.16) are real 
and not all coinciding; there is no need then for a reference to f(z) at 
all and the proof of the inequality (in the sharp form) can be performed 
in a purely algebraic way. 
As an example we consider (1.14). The function 
CL.17) Se =e Jol =x) 72) 


n! 
n—0 


(Jo is Bessel’s function; see [13, (4.10.7)]) is of the form (1.15) and for 
—1<%*<1 it has infinitely many zeros which are all real and simple. 
Thus Turan’s inequality follows in the sharper form. The same conclusion 


can be drawn from the elementary identity © 


1+ xz ): 


N 
N 
(Irs) VY ( 4, )Pa et = (+ 2x2 + ANI? Py Gane 


n—0 
this is essentially the fourth proof given in [14]. Actually the trivial 


inequality 


O1 + 02 -+...+Gy \? _ O1 G2 + O; G3 ... 
N a N 
(s>) (=) 
valid for the real numbers ©, which are not all the same, suffices in this case, 


8. Let / be arbitrary even. We consider again the polynomials (1.16) 


with only real zeros. One might expect then that the determinants 


| Un Un+1 vee Unti-1 
Un+1 Unt+2 «6. Uni 

) n 55 21 i= 92 = N 5 
Uyjti-1 Uns] oes Uny21-2 


3. See [14]; this identity occurs also in a recent paper of W. N. Bailey 
[1; cf. (3.3) on p. 238]. 
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will be all of the sign (—1)//?. This would have Theorem 5 as a con- 
sequence. However a simple counter-example shows that this is generally 
mot true so that “direct” methods must be employed for the proof of 
Theorem 5. 

These methods will be based on some identities, different in each case 
(a), (b), (c) connecting the determinant T(m,/; x) of the Turan type with 
an appropriate determinant of the Wronski type. This is in line with the 
duality stressed above. Now it will be necessary to show that a certain 
Wronskian keeps a constant sign on an appropriate range; this will be 
done by a continuity reasoning (probably a not too desirable argument in 
this type of problems). There are cases when the continuity reasoning can 
be avoided: for example, Legendre polynomials and Laguerre polynomials 
L') (x) with integer @ (see above). 

The case (c) of the Hermite polynomials is a limiting case of (a) 
since (5.34) holds. This remark yields the inequality in question in the 
weaker form. The method leading to the sharper form of the inequality 
will be based on a simple matrix multiplication. 


The proof of Theorem 6 follows a rather unified pattern. 


One more remark about the special case 1=2 of Theorem 5, i.e. 
Turan’s inequality [Q,(*)]? — Qn: (*) Qn4i(¥)>0. If % is real and not on 
the spectrum, this inequality is reversed for the ultraspherical polynomials 
(A>0), and it remains valid for the Laguerre polynomials. The first fact is 
due to [3] and follows immediately from (5.8) by Schwarz’s inequality ; 
the second fact follows by the same argument which was used for x>0 
in [14]. 


9. The following theorem deals with four cases of discrere measures. 


The orthogonal polynomials in question are defined in § 5.3. 


Theorem 7: Let {Q,(x)} denote the system of orthogonal 
polynomials of 

(a) Poisson-Charlier, (b) Meixner, (c) Krawtchouk, 
(d) Tchebychev, respectively. The polynomials are nor- 
malized according to the condition 0, (0)=1. We havethe 


following inequality of the Turan type, /=2, 


Qn (%) Qn+1 (%) <0 


r n » Untl — 
(Qn (%) » Qn+ (x)) Onas (2) Ona2 (4) 
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where x is an integer, ¥21; moreover x<xN—-1,n<N—2 
in the case (c) and +3 N—2,ng5N—3 in the case (d). 

The following stronger dssertion applies only to the cases (ay (by: 
and (c). 

Theorem 8: Weuse the same notation as in Theorem 7, 
and let | be an even integer. In the cases (a), ()) (we 


have the inequality 
(1 T(Qn (*) » On41 (x) iy 000 5) Qn+i-1 (*)) > 0 


where x is aninteger, x2/—1 and in addition *QSN—/+1, 


n < N—21+2 in the case (c). 


10. We continue with another generalization of the determinants of 
the Wronski and Turan type discussed so far, restricting ourselves first 


to J/= 2. We consider the “augmented Wronskian” of the form 


_ Qn) Qn) 
Qk) Qn) 


and the “augmented Turanian” of the form 


(1.19) Pn (FR; *) yh Sh ko; cas 


aC a 
Qr+t (x) Orn (x) 


These determinants have a probabilistic background to which we may return 


(1.20) , hk eo ee 


at another occasion. 


Theorem 9: Let {Q,(*)} be one of the three classical 
systems of polynomials defined in Theorem 5. We con- 
sider the sequence (1.19) of the augmented determinants 
Pn(k;*) of the Wronski type. They form a weak Sturm set 
(§2.1) in the intervals —1<x<1, x>0, % real, respectively; 
thus 9,(k;%*) has exactly »—k—1 nodal zeros inthe res- 
pective interval and the zeros of g,(k;%) and @Qyyi(R; x) 
strictly interlace. Moreover ,(k;%) has no zeros exterior 


to the spectral interval. 


Theorem 10: Under the assumptions of the foregoing 
theorem, the sequence (1.20) of the augmented determi- 
nants Wr(k;x) of the Turan type forms a Sturm set in the 


respective interval; thus a(k;x) has exactly »—k—1 
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simple zeros and the zeros of w,(k;%) and Wa+1 (2 ; x) 
strictly interlace. Moreover Wni(k;*) has no zeros exterior 


to the spectral interval. 


11. Theorem 9 has an analog (dual) for polynomials of a discrete 
measure which becomes particularly suggestive if we introduce the difference 
operator AQ, = Qnii1—Q,. We prove 

Theorem 11: Let {Q,(*)} be any system of orthogonal 
polynomials associated with a discrete measure having 
the jump points a=0<4a<a@<.... We normalize these 


polynomials by the condition Q,(0)=1 and consider the 


following determinants of order 2: 


(1.21) ®,(k; 2”) = ©, (n) = | On) Qn (4) | _ | Qn) Qn (4) 
Qn+1 (ax) Ons (a,) | AQ, (ax) AQ, (a) 


where & is fixed, r2>k-+1. Then the sequences 
1D, (2) 5 == 0, 1,2, )}; r=k+1, k+2,..., 
form a weak discrete Sturm set (§ 2). 
The jump points a, and 4, correspond now to the degrees k and 
MN appearing in Theorem 9. On the other hand ” takes over now the role 


of x, the operator A the role of differentiation. This is in agreement with 
the duality defined in §1. 


The following consequence can be pointed out. Let ®,(¥) be the 


function arising from the sequence @r(m) by the usual linear interpolation 
(§ 2.2) 
(1.22) ©, (y) = o®,(n) + (1—p) ®, (+1) where y= on +(1—e)("+1), 
0S9Ss1. 

Then the function ®,(y) will have exactly r—k—1 nodal zeros (some of 
which might be nodal intervals); thus @,(y) changes its sign exactly 
¥—k—1 times. 

Further, the following generalization of Theorem 9 holds: 

Theorem 12: Let {0,(*)} be one of the three classical 
systems of polynomials considered in Theorem 5. We 
form the following determinant of the Wronski type of 


even order /+2: 
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(1.23) a(B 252) = Pale) = WQn(*)  On() , Onar sons Ont (2), 
n= 1, eee 


These polynomials constitute a weak Sturm set when % 
belongs to the respective spectrum. Hence ,(%) has 
exactly »—k—1 nodal zeros on that spectrum. 

In the proof of Theorem 12 we make use of the differential equations 
satisfied by the classical polynomials. This theorem has an analog valid for 
any system of orthogonal polynomials associated with a discrete measure. 
This is Theorem 13 in the proof of which the standard recursion formula 


(difference equation) of the orthogonal polynomials will be employed. 


Theorem 13: Let {Qe(x)! be any system of orthogonal 
polynomials associated with a discrete measure having 
the jump points @<a<a@<.... We form the following 


determinants of the Wronski type of even orderl+2: 


(1.24) Wl T=) =O 


Gig. dyin Sdgtvee eas 
tr, PEL) EDs eee ), 
n=k+1,k+2,.... 
Then the sequences {y,();7=0,1,2,..|, #=R11, ha 2a 
as functions of ~ form a weak discrete Sturm set. 
We use here the notation (1.3’) which underlines the duality to 


Theorem 12. The usual consequences concerning the existence and number 
of nodal zeros hold, cf. § 2. 


Theorem 13, of course, contains Theorem 11. The proof of Theorem 13 
is based on Theorem 11. 


12. In the remaining part of Chapter 4 we consider two more types 
of augmented determinants. 


Theorem 14: Let {Q,(x%)} be one of the three classical 
systems of polynomials defined in Theorem 5. Let land 
y be fixed integers, r2/—1. The determinant of Turan 
type: 

(1.25) T’(Qo(*) , Q:(%), ..., Qi-2 (*) , Or ()) 
has exactly r—/+1 simple zeros on the spectrum. 


Theorem 15: Let {Q,(%)} be a system of orthogonal. 
polynomials associated with a discrete measure having 
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the jump points a<ai<a<.... Letl andy be fixed integers 
beaede Phe sequence of the determinants of the discrete 
Wronski type 


(1.26) On Wey ae n)= Wr (7) _ QO ( a, avs) 9) OL 2g ay 
m, nt1,..., ntl—2, n4+l—1 
fe OFT? 


has exactly r—/+1 sign changes. 


In contrast to the previous results on augmented determinants 


Theorems 14 and 15 hold for arbitrary 7, even or odd. 


In the first case, for all the three systems (a), (b), (c), the determinant 
(1.25) will be calculated in explicit terms. The special case of Legendre’s 


polynomials with 7 =/—1 will be studied, as an illustration, in § 4. 


In the second case we follow the notation (1.3’) so that the duality 
of the two determinants becomes apparent. A similar duality prevails 


between Theorems 12 and 13. 


Both cases (1.25) and (1.26) can be regarded as augmented deter- 
minants of the “principal (initial)” type inasmuch as they begin with Qo (x) 


and Q, (4), respectively. 


13. Instead of constructing the determinants based on the sequence 
(1.1) which involves successive functions in the sense of 7, we may 


consider the sequence 
(1.27) On (%) , Q'n(%), -, QI? (&) 


which are successive in the sense of *. Forming the following rows by 
taking successive ” vaiues or % values, we obtain again a Wronskian or 
else a determinant of the Hankel type, respectively. The oscillation properties 
of this Hankel type determinant are also studied in some cases in the first 


part of §30. Our results in this direction are not complete. 


‘As indicated already, a striking contrast between the theorems 
involving Wronskian determinants (Chapter 2) and those of Turan type 
(Chapter 3) is the extent of their applicability. The Wronskian theorems 
hold usually under quite general circumstances of orthogonal polynomial 
systems. Thus it is suggestive that these results probably can be extended 
to the situation where the polynomials are replaced by eigenfunctions of 


general Sturm-Liouville systems. Under certain slight restrictions this 1s 
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indeed so and at another opportunity we shall return to this point of view. 
On the other hand, the theorems of Turan type appear to be firmly bound 
to the classical orthogonal polynomials, to their discrete analog and to 
certain systems which can be derived from them by suitable limiting 
operations. We find in this last category the Bessel functions which may 
be obtained as limits of Laguerre polynomials. We discuss this fact and its 
consequences briefly in the remarks of § 30.3. 

In addition, another limit relation, connecting the Meixner polynomials 
and the Laguerre polynomials, is exploited. Specifically, a weak version of 
the higher order Turan inequality for the Laguerre polynomials (allowing 
the sign =) is obtained by a suitable limiting procedure appealing to the 
Turan inequality for the Meixner polynomial system. 

In this same section (§30.4), we offer some comments concerning 
alternative methods of normalizations which may be imposed on a polynomial 
system that already satisfies the Turan inequality (= 2) thus producing a 
new system of polynomials which also satisfy the same inequality. Applications 


are then made to the classical polynomials. 


It is shown also (§30.5) that the Turan inequality fails in the case 
of the Poisson-Charlier polynomials for any non integer positive value of x. 

In the first Appendix (§31) a finer study is made pertaining to the 
oscillation properties of a general system (Q, (x)} of orthogonal polynomials 
both with respect to the variable x for each fixed m and with respect to 
the variable ” for each fixed x. If {Q,(x)} belongs to a measure with a 
discrete spectrum, the interplay in the variables m and x is most manifest. 
The results are developed in all circumstances whether or not x belongs to 
the spectrum. We refer the reader directly to this section without entering 
here into a detailed description of the results. 

The second Appendix (§32) deals with determinants of the Turan 
type when * is real and outside of the spectrum. A theorem ot the 
convolution type plays here a central role. One of the results has been 


mentioned already above (end of 8). 


In the third Appendix (§33) we present a few open problems which 
arose in the course of our investigations. 


14. After this rather lengthy survey of the content of the present 
paper (which by no means covers the results of the text completely) we 


shall indicate briefly the organization of the material. In §2 we deal with 


ON CERTAIN DETERMINANTS... a7 


preliminaries on Sturm sets of functions as well as of sequences. In §3 
certain counter-examples are discussed. In §4 we deal with some elementary 
remarks on matrices which will be useful later. Then §5 contains a list of 
definitions and elementary properties of orthogonal polynomials to be 
considered in the course of this paper. 

Chapter 2 deals with determinants of the Wronski type. First we 
prove some preparations on Wronskians in §6;§7 contains the proof of 
two theorems associated with a general measure, §$8,9 the proofs of two 
others associated with a discrete measure. In §10 a new induction process 
is defined based on a theorem of Christoffel [13, pp. 29—31]. As an 
application another proof of Theorem 3 is given, moreover a generalization 
of the same theorem. In a closing section ($11) the latter results are applied 
to the Poisson-Charlier polynomials and this way we succeed in proving a 
special case of Theorem 5, namely that referring to Laguerre polynomials 
L‘ (x) with an integer a. 

The principal subject of Chapter 3 is the proof of Theorem 5 dealing 
with determinants of the Turan type. In the cases (a) and (b) the proof is 
rather involved; it is simple in the case of the Hermite polynomials ($18). 
First, we study Legendre polynomials and prove the theorem in this case 
(§§ 12,13). This will be used in dealing with the general case of ultra- 
spherical polynomials (§§ 14,15), just as much as the case of the Laguetre 
polynomials with integer % is used as the foundation for the general case 
of Laguerre polynomials (§§ 16,17). In both cases (a), (b) the reasoning is 
based on a certain identity connecting the given determinant of the Turan 
type with another one of the Wronski type. This identity holds whether / 
is even or odd. The identities mentioned are proved in §$12,14,16, the 
non-vanishing of the determinants in question in §§13,15,17. In §19 we 
deal with the case of / odd when a Sturm set arises. 

Two further sections of Chapter 3 deal with discrete measures, first 
for the four special cases mentioned in Theorem 7 (§20) the order / 
being = 2, and then for the three first cases with an arbitrary even J. 

Chapter 4 deals with determinants of the “augmented” type; here the 
duality mentioned several times before appears to a rather remarkable extent. 
We spare the formulation of the content of these sections ; the corresponding 


theorems are given above. 
Four closing sections follow. The first ($30) is devoted to various 
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disconnected remarks. The second (§31) deals again with the duality 
stressed before. 

The bibliography is by no means complete and it contains only certain 
items to which explicit reference is made in the text. 

One word about the notation. Any matrix occuring in the sequel will 
be denoted by (ayy), the corresponding determinant by [ay]; the running 
letters [t,v indicating the rows and columns are replaced sometime by 


a,® or by £,9. Most occuring matrices will be of the square type. 


§ 2. Sturm sets. 
The following definitions differ from the usual ones more in emphasis 
rather than in substance. First, we consider sets of functions and then sets 


of their discrete analogs, namely sequences. 


1. Definition: An ordered set of real valued functions 
\fn(*); = 0, 1, 2,...$ each defined and analytic in the opea 
interval 1[=(@,b) is said to form a Sturm set im! otters 
following conditions are satisfied: 

(a) f.@) has precisely m simple zeros located in J; 

(b) the zeros of f,(*) and fay(%) in J strictly interlace. 

We exclude the function identically zero. In some cases the set is 
finite. It may occur that the functions in question vanish at the end points 
a and 4; we shall encounter such a situation in Theorem 6 (§19) and in 
Theorem 10 ($24). The Sturm sets we shall analyze always have the feature 
that none of their member functions vanish exterior to IJ. For definiteness 


we assume in this section that @ and 0 are finite; the changes if a = —oo 


or b= +c are only slight. 


Here are a few hints about the method we shall employ (sometimes 
with unessential modifications) in verifying the Sturm character of a given 
set of functions. We first establish directly that fo(*) never vanishes in J. 


Next we demonstrate that %) being a zero of f,(*) in I, we have 


(2.1) fe (Xo) tas (%0) << 0 


so that no two consecutive members can vanish for the same %o in I. 
Further we show that %o being a zero of f,(x) in J, 


(22) Fn—s (%0) f'n (%0) 
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does not vanish and has a-sign independent of the selection of the zero %o. 
(Hence % is a simple zero.) Similarly we show (or we conclude from the 


previous results) that 


(2.2') Frnt (%0) f'n (%o) 
has a single sign independent again of the selection of %o. 


The further procedure will be inductive. From the assertion on (2.2’) 
we find that between two successive zeros of f,(x) we have at least one 
zero of fy+i(*). On the other hand the assertion regarding (2.2), with m 
replaced by 7+ 1, implies that between two successive zeros of fn41 (Xx) 
there lies at least one zero of f,(*). These two facts show that the zeros 
of fn(%) and fyi: (%) strictly interlace. It remains to establish the existence 
of the proper number of zeros. This can be done in various ways, for 
instance by verifing that all /,(%) keep a constant sign in the left neigh- 
borhood of 6 and this sign is either constant in ™ or it alternates with 7. 
Indeed, let &, be the largest zero of /,(%), let £,-1<&, and let us assume 
that all /,(*) are positive near x = 0b. Then for x =&,, the function /n—1(*) 
will be positive, thus /n+:(*) negative so that there must be at least one 
zero of fini: (x) (hence exactly one) between &, and 8, i.e. Ens: >&,. If the 
signs near b alternate we apply the previous remark to (—1)" fn(%*). 

We shall distinguish between two kinds of zeros. A zero %o of a 
function f(x) is called nodal if f(*) has opposite signs for *=%0 +h 
and *=%),—h, h sufficiently small; in the contrary event, %o is called 
non-nodal. Obviously %o is a nodal zero if and only if it has an odd 
multiplicity. A set {f,(%); 7=0, 1, 2,...} is called a weak Sturm set 
in a certain open interval J if condition (a) is weakened to the extent that 
in its statement “simple zeros” is replaced by “nodal zeros”; (b) remains 


unchanged except that zeros now mean nodal zeros. 


2. Discrete Sturm sets. We consider the discrete analog of a 


Sturm set replacing a function f(*) by a sequence 
(2.3) Ura eles 2 auctor s) (Or 5 xs 


f 
whose elements are real numbers. We say as usual [cf. 11, Vol. 2, Chapter 


V, p. 37] that at 7 a sign variation in (2.3) takes place if either 
(2.4) eg tise 0 


or k >2 exists such that 
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(22) Unk = Ur-k42 = = U1 = 0, Ur-nur<0. 


This definition would be completely satisfactory for our purposes. However, 
for the sake of analogy and also for easier formulation we introduce a 
function u(x), «0, arising from (2.3) by “linear interpolation” as follows. 


We write 
(2.5) «(*) = pu%—-1 +(1—p) % provided x = o(y—1) + (1—)7, OS PS1, 


i.e. we join the points x= 7, “= Ur representing the sequence, by straight 
lines. This function is linear in stretches. In the second case (2.4) we call 
y—k+1<%<r—1 a nodal interval; this interval shrinks to a point in 
the open interval (ry —1, 7) if (2.4) holds. The nodal intervals of u(x) are 
disjoint in the strict sense. 


We say that an ordered set of sequences 
(2.6) (Un (7); 7r=0, 1, 2, «..}, t= ONb, 2a 


form a discrete Sturm set if the set of the functions 4,(%) arising from 
(2.6) by linear interpolation satisfies the following conditions: 

(a) 4,(*) has precisely ” nodal intervals located in x >0; 

(b) the nodal intervals of #,(%) and y+: (%) strictly interlace. 

The verification of these two properties requires mostly a similar 
argument as in the continuous case. The set (2.6) is called a weak discrete 
Sturm set if not all nodal intervals of all u,(%) reduce to points [i.e. if 
for some ” and 7, condition (2.4’) holds, k= 2]. 

In certain special situations we may interpolate by appropriate analytic 
(non linear) functions and again assert the Sturm character of the resulting 
functions. This change of the interpolation modifies of course the location 


of the nodal zeros but in no way the essential content of the assertions 


(a) and (b). 


§ 3. Counter-examples. 


In this section we discuss three simple counter-examples. 


1. Polynomials with only real zeros. It is enlightening to point 


out the following negative fact: Let the polynomial (1.16) have only real 
zeros. The inequality of Turan type 
Un Un+s he 0 
Unay Un+2 | 
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can not be extended to higher (even) order determinants. Thus we have to 
use some special methods in proving inequalities of the type of Theorem 5. 


The required counter-example is furnished by considering 
1 , N N 
7 )= oe [(z7)¥ + (z—7)9] = uy + : Uy 2+ ( Wet. tue’, 
2 


This polynomial is of the exact degree N and has only real zetos since 
|z-+7%| = |z—7| can hold only for real z. The zeros are all simple. We 
have “y-v=0 for v odd, and “y,=?"=(—1)”? for v even, Let, for 


instance, N= 6. Clearly the determinant 


Up Uy U2 U3 —1 0) 1 OF} 
U, Uz Uz U4 0) a (O) = 
Ur U3 Us Us ss 1 Oo —1 0) 
U3 Us Us Us OF 0) 1 


vanishes. 
In view of the simplicity of the zeros, f(z) +152” will have also 


real zeros, € real and sufficiently small. The corresponding determinant will be 


—t{ 0 ils ete (0) 
0 Lae 0 == JI 
A - 
Se 10) —l1 0 
Oo -1 0 1 


Adding the third row to the first row, and then the fourth column to the 


second column, we obtain 


& 0) € 0) | 


0 0 1 € @) & 
& cas 
A — = (0) rs (@) =< 6’ (—2 — ®). 
WSs @) sal 
NS te Oo —1 
0) 0) 0 


Hence A, is negative if ¢ is small enough, «70. 
The determinant associated with /(z)+6ez will be positive if 


Se 0'. 


2. Turans inequality (7 = 2) is not valid for general systems 
of orthogonal polynomials. We may expect a generalization of Turan’s 
inequality in the following direction. Let a(%) be a distribution function 


with a spectrum on *24, and let {Qn(x)} be the associated system of 
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orthogonal polynomials normalized by the condition 0, (@) 129 Then sthe 
inequality Qn—1 (x) Ons1(%) — [Qn(%)]? < 0 holds for all % on the spectrum. 


We discuss this question by two different methods. 


(a) The assertion is certainly not true in general, even if a(%) is 
absolutely continuous, da (x) = w(x) dx and the spectrum is a finite interval. 
Indeed, we know that for the Legendre polynomials P,(¥) =P,» the reverse 
inequality Py—1 Puy: — P2 > 0 holds for x >1 [3]. Now let € be an arbitrary 
positive number; we form the weight function 

1 for —1 S*% 
« for 14+€ <% 


1, 
25 


= 
wis)= wl(s;%) = < 
and let w(e;x) be linear for 1<*<1+¢e. The associated orthogonal 
polynomials, assuming the end value 1 at * = —1, approximate (—1)" P, (x) 
uniformly in —1S*%<2 as €>0O. This follows from the explicit formula 
for the orthogonal polynomials [13, (2.2.6)]. Thus for any *>1, the 


Opposite inequality holds provided € is sufficiently small. 


(b) Let us consider a system of polynomials defined recursively by 


the relations 


nt 


A n— 
GBA) en) = 


Qn (x) - > Ones (Oe Oe eee 


where Q-1(%)=0, Qo(*%)=1, 4n>0, bn >O for ZO except W=0, 
It is known [Favard’s theorem, cf. 7] that Q,(x) comprises a system of 
polynomials orthogonal with respect to a certain measure wW whose spectrum 
is confined to the non-negative axis. In the form (3.1), the polynomials 


catry the natural normalization Q,(0)=1. 


A direct calculation gives 


ae aa 1 x 
a U=Q? — = = = 
(3 ) Q; Qo Q2 Ae Ao is =o iw re (tu + ho Ai) 4 
We now set Ai<o. Clearly for x sufficiently large U is negative while 
for % close to zero U is positive. This is true independent of the parameter 
values An, Un, 22. We may select freely the parameter values A,, Un, 4 2 2, 
provided only they are positive. In particular, if 4, and Un are chosen 


unbounded, then the spectrum of w is necessarily an unbounded set [see 7]. 


If also Lee oO, 
An Ty 


and also yim = c is satisfied where 
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I, = reer (e.g An = Un = for > 2), then p has spectrum in 
every neighborhood of the origin while the origin is not a mass point [see 7]. 

Thus we see that the Turan inequality is not a general property of 
orthogonal polynomials, even restricting consideration only to the x values 
belonging to the spectrum of w. It appears that this inequality is intrinsically 
bound to the classical orthogonal polynomials in which category we include, 
in addition to the ultraspherical, Laguerre, and Hermite systems, also their 


discrete analogs. 


3. Turan’s inequality (J=2) is not valid for general Jacobi 
polynomials, We follow the notation P'*-®)(x) for the Jacobi polynomials 
used in [13, p. 58]. The inequality in question would be again 


QOn—1 (%) Ont1 (*) — [0,(x)]? < 0 


where now —1<%*< 1, and 


P&B) (4) 
Qn (x) ad en ni 2 

os 
We set *=—1 so that the following inequality appears: Cy—1Cn+1— 2 <0 
where 

n+ B 

oy 

Ny Ph 
| 


Let a be fixed and B be variable. The quantity ¢C,~1¢n41—C, certainly 
vanishes for B—=«a and we shall prove that it changes sign for B= a. 


Indeed, 


i : n+B Gia 


ee age eG” 
Cnt Cn = c p= _ p= eu (B—a) Cy—1 Cy ; 
poate c, | ae mtat1 n+ta (n+a+1)(n+a) 


This makes the assertion obvious. 


Of course, the opposite inequality Cy—i¢n+1—¢, > 0 can not hold 
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unrestrictedly in —1<*<1 either, since the left hand side will be negative 


if Qn—1 (x) = 0. 


§ 4. Matrix multiplication, illustration. A theorem of Sylvester. 
This section contains a few hints about matrices which will be useful 


in the later discussions. 


1. How to prove the non-vanishing of a given determinant? 
Two principal methods will be used: 
(a) We form the associated system of linear-homogeneous equations 


and show that it has only the trivial solution. 


(b) We multiply the given determinant by certain non-vanishing 
determinants of known sign and discuss che resulting determinant. If the 
given determinant is real and symmetric, certain non-singular linear trans- 
formations of the associated quadratic form can be used. 

Let us elaborate on (b). We consider the square (not necessary 


symmetric) matrices 

(4.1) AZ (Gs))),) es ae ’,¢d=0, 1,..., 1. 
We have then the relations 

(4.2) B= HAG = (b5,) } 0p, = Zhap ayy leg; OU, ¥—0, loli 


We denote the corresponding determinants by [A],[B],[H] so that 
[B] =[4] [A]? holds. In order to evaluate [A] (or sgn [A]) we shall 
choose H in such a manner that ty, =0 for >9, moreover so that B 
should be a “simple” matrix (for instance a diagonal matrix or even the 
unit matrix). The relation permits then the evaluation of [A]. In particular, 


if all quantities involved are real and 2pp70 we shall have sgn[A] = sgn [B]. 


2. Illustration of (b). Let us evaluate the determinant 


Po P, soe a 
(4.3) eae P, P, aes P 
Pine lp pee 


where 
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ve 


(4.4) (P= P, (2) = ff @+V2=1 cos pyr de 


is Legendre’s polynomial; (4.4) is the familiar Laplace’s integral representation 
which will be a useful instrument [cf. (5.1)]. We assume hyjp=0 for 
&>P so that from (4.2) 


ere ——- 
(4.5) bpq = — in YF up (% + V x*—100s p) 


0 u=0 


q es 
. long (+ V0? — lcos)’dp. 


v—0 


Here * is a parameter which we choose temporarily to be >1; let 


Vx'—1 be positive. We determine H according to the condition 
caik ee 

(4.6) yi hup (x + V x? —1cosq)# = cospp, p=0,1,...,/-1, 
0 


so that 


(4.7) hen V = 1)? = 22? p= 172),..,)-1. 


For p= 0 the right-hand side must be 1 instead of >: Hence 


: Es 0 for Psd, 
ose =—f{ ¢ wap = 
( ) i It - cos PP cos JP 4 > for p= q= ie 2, ove5 t—1 fs 


For }=4q=0 the number ~ must be replaced by 1. 


The result is the following identity : 


[4] = (7 [B] = [Tf Gip? be) 
p=0 


1-1 . 


4.9) Sele tee | 


go) 
= g=0=1) (x? ds 1y-)/2 ; 


3. Sylvester’s theorem. 
The following theorem of Sylvester [5, p. 31; cf. also 9] will be of 


great importance in the sequel. 
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Let A be a determinant of order /, and let 
1im<ms<l é ism < msl. 


We denote by Am the determinant of order /—1 arising 
from A by striking out the row m and the column ”. 


mM, , M2 


Similarly, we denote by At the determinant arising 


nN, , M2 
from A by striking out the rows ™ , M, and the columns 
No ne. Then 

(4.10) Les aie gy pe Am, m 


Am, ny Am, nN 


N1 , 12 


Actually there exists a more general formulation of the identity of 


Sylvester but this is without consequence for our purposes. 


§5. Orthogonal polynomials. 


In this section, for further reference, we compile the definition and 
some basic properties of those orthogonal polynomials which will occur in 
the later text. Additional properties will be discussed if and when the 


necessity will arise. 


1. Legendre and ultraspherical polynomials. Only two formulas 


should be mentioned involving Legendre polynomials: 
1 nm ed 
Gal) 2, (4) = al («+ Vx? —1 0s "dp, Laplace’s integral, cf. (5.8), 
0 


(522) (1—x’) P’,(*%) =n (P,—1 (*) —*P, (x), CE (5.6)3 
The following formulas on ultraspherical polynomials will be used : 


ed 
(5.3) P® (x) = ys (1) T (n—v-+A) (25 ae = RY) eh ee 


P(A) P (v+1) F (w—2v+4+1) 
[13;- 4ms1)|5 
n+2\—1 


n 


(5.4) PEC) = ( |; RO a= 2% (er [13, (4.7.3) , (4.7.9)], 
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(5:5) (1—%’) y” —(2A+1) xy’ +n(n+2d)y=0, y= PO (x), 


[13,.(4:7.5)], 


POY (FG _, BPC) 


=) a) ( P® (1) } < Pe. (1) a Pers) ), [13, (4.7.27)] ) 


ad 


; A+! ) 
(527) J [P® (x) (Q—xt¥- dx = ji = es aya) 2? (2h) 
= 


r(A) n+h ’ 


[13, (4.7.15)], 


Pw (x) LO) i 
(5.8) POA) ~ a1? EO: ik (x + V x? — 1 cos @)" sin’*—! @ dp , 
10) 


[13, (4.10.3)]. 


The special case l= = of (5.8) has been used in § 4.2. We mention 


also the formula for the “associated functions” : 


n! 


(5.9) ea) 


d 1 > sd 
ait 1 je? foe) es (x) = = { + V x*—1 cos)" cos vp dg. 
0 


VIS Olee Lar neues: 20" 


This is a special (limiting) case of the following formula: 


eee eh 2 ee AV 
(5.10) F (24) Semeres | v ) Us) (iz) Bat 
oat A+1/4) as ——— iS 
mr ae f @4V P= 100s py" PY ?) (cos p) sin*—! ~ dep 
0 


which is due to L. Gegenbauer. It follows from the addition theorem of 
the ultraspherical polynomials [cf. 2, Vol. 1, p. 177, (19)]. For v=0, 
(5.10) yields (5.8). 

In (5.7) we have i>—, in (5.8) and in (5.10) we have A>0. 


4. We have 


2 
lim A—' P (x) = —T,, (x 
iin » (4) = — Tn (*) 


(Tchebychev’s polynomial, 1 = 1). 
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2. Laguerre and Hermite polynomials. 


(5.11) L(x) = le = kO(—x)*+..., [13, (5.1.6)], 


vv 


(S12) ae) (0) (). pO) = [13, Gelat); Gis) 


n\? 
(5.13) 4 + (G+1—*)y +ay=0, y= L® (x), lids (Sabo 


LON EPG) | LO (x) L@, (x) 
G.14) x (85 (0) | =- 1 (0) , Li‘) (0) = LD (6) 

[13, 6:21:14); 
(5.15)  H’n(%) = 2nHy-1(*) = 2%H yn (%) — Hnyi (*), (13: S5210)P 


For the Laguerre polynomials we use sometime the alternative notation 


DNC) 
(5.16) L@(o) = Q) (x) 


so that Q(”)(0)=1; from the second part of (5.14): 


(5.17) ra QE (8) = OS) ae 


3. Special polynomials of discrete measures. 


(a) The Poisson-Charlier polynomials are defined by 


CHAI Ce COE ene ee [13, (2.81.2)], 


, Que 


where @>0 ; ¢,(0)=1. They satisfy the symmetry relation 
(5:19) ¢,(w) = ¢,("), and * = 0, 1, 2;:.., 12, Volpe 227s. 


They are orthogonal with respect to the measure defined by the jump at x: 


(5.20) q(x) = pa eee 


x1? X= OF 2 eens 


[Poisson’s distribution; 13, (2.81.5)]. Finally 
(5721) C,(a;x*) = (-1)" — £ 1G— (a), [13, (2.81.6)]. 


(b) Meixner’s polynomials are defined in terms of the standard 
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hypergeometric functions as 


Era 


/ 
(2 sVole2y pr 225,-(9)| 


(5.22) Ma(B.15#) = Male) = F(—n,—# 5851-1) 


where B>0, O<7<1; Mn(0)=1. They satisfy the symmetry relation 
(5.23) M,,(x) = M,(n), nm and *=0, 1, 2,.... 


They ate orthogonal with respect to the measure defined by the jump at %: 


OxT  GBy=1; Be=BG+) .. Bev), 


(5.24) j(x) = 1-7)? 
MNO 2 055 asus 
ereioc. cit. p. 225,-(12), (10), (11). 


(c) Krawtchouk’s polynomials are defined by 


(5.25) Ba(N, bs x) = a(x) = year (N) (Zoe, 


[13, (2.82.2)], 


where N is a positive integer, P>O, g>0, P+gq=1; O0OXn<N. 


Ry (x) 
Rn (0) 


Writing Q,(*%)= 


= 


(5.26) 0,,(*) = Q.(#), had *= 0, 1,2, 1.., NV 


we have the symmetry relation 


A further symmetry relation is the following: 
(5:27) Wally 2008) = (1) ee LN, ge N—*), x =0, 1, ore 


The polynomials &,(*) are orthogonal with respect to the measure defined 


by the jump at %: 
. NY oe 
(5.28) j(*)= Pe ee eeae Oto ny Vy 115, (2 o2ck)| 
% 


(binomial distribution). 
The definition (5.25) is meaningful for arbitrary integer and for 
arbitrary x. If x is an integer, O<% <Q, all polynomials k, (x), = N-+1, 


vanish. 


(b) Tchebychev’s polynomials of a discrete measure are defined by 
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(5.29) Fea w(*| fae [iste 


where N is a positive integer; Af (x) =f (¥+1) — f(«). They are ortho- 
gonal with respect to a measure defined by the jump j2) = Ne 


nm and x =0,1,..., N--1. We have the symmetry relation 
(5.30) t,(N —1—*) = (-1)*4n (4), 


and the “end values” 


(5.31) (—1)"ta (0) = th (N—1) = 0! om: 


n 


We are interested mainly in the case when ™ and % are integers, ¥ varying 
from 0 to N—1. The definition (5.29) is meaningful generally. If * is an 
integer, O< * <N—1, all polynomials ¢,(%) , 7 = N, vanish. 

In §21 we shall consider briefly also a generalization ¢,(@,5;%) of 


Tchebychev’s ¢,(%) where a>—1, 6 >—1. They are orthogonal with the jump 


= (Gs 


(5.32) 7) = m8) = O01, Seve 


where (f3), etc. have the same meaning as in (5.24). Here 


(5.33) pB=1+a, yH=1—N, b'—1—N-s. 


There are interesting limit relations connecting ky(N,p;%) with 
the Hermite polynomials [13, (2.82.7)]. and 4,(*) with the Legendre 
polynomials [13, (2.8.6)]. Also t,(@, 5; x) is similarly related to the Jacobi 
polynomials. In addition we mention: 


(5.34 H RA ee 
5.34) s(t) lim (211?) Baa) [13, (5.6.3)], 


(5.35)  QU—0(x) = lim M, (ex eaeele [2, Vol. 2, p. 226, (15)]: 
y>l [oad if 


hence the Hermite polynomials are limiting cases of the ultraspherical 
polynomials and the Laguerre polynomials are limiting cases of the Meixner 


polynomials. Finally we refer to the formula 


36 L (x) = jj a.p) {4 — 2% 
(5.36) 90) = tim Pew a [13, (5.3.4)], 


where on the right hand side Jacobi polynomials appear. 
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Chapter 2. DETERMINANTS OF THE WRONSKI TYPE 


§6. Generalities on Wronskians. 

All orthogonal polynomials (Q,(%)} occuring in this section will be 
normalized as in Theorem 1, ie. Qy(%) = ky(—x)" + ..., Ry > 0, of 
Qn(—c)=+ 0c. The order J of the determinants considered may be 
even or odd. We discuss here a few elementary properties of the Wronskians 
(1.2) and of the discrete Wronskians (1.3) defined in the Introduction. 
We use the symbol W(n,1;%) as defined by (1.6). 


1. Leading term of the Wronskian W (” ,.1; x). This Wronskian 
is a polynomial in ¥; its highest term will be, apart from trivial positive 


constant factors, the following: 


1( 1-1) 
In + 
(6.1) (—1) 2 = gh, 


If the normalization is such that the highest term is ky,x”, ky>0O, the 
leading term will be x. 

For the proof of (6.1), we multiply the rows of (1.2) by 1,%,%7,..., x/-! 
and the columns by *-*, %-"-',...,%-"-+1, respectively. For * -> co we 


obtain, apart from positive constant factors, the limit 


1 1 Sas 1 
n n+1 es n+Il—1 
ee yer tater" n(n—1) (m+1)n ... (n+1—1) (n+1—2) 
n(n—1)...(m—l4+2) . w. (n4/]-1) (n4l-2)... (n+1) 
1 1 Bas 1 
n n+1 re na-b—1 
ne LEED 
=(—1) ""2 n? (n+1)° he (n+l—1) |; 
n-1) (m+1)-! we (ntl—1)F"' 


the second determinant arises from the first one by appropriate combination 
of the rows; it is a Vandermondian and its value is clearly positive. Hence 
the assertion follows. 

We point out the following important consequences of (6.1). If * is 


large positive we have 
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(—1)! if J even, 
(6.2) son W(n,1 5%) = es em 
If x is large negative we have 

(—1)/? if 7 even, 
(6.3) sen W(n ,1;%) = ae Pee, 


2. Discrete Wronskians. Let {Q,,(%)} be associated with a discrete 
measure and normalized as in Theorem 3. In the sequel we shall use the 
notation (1.3) and in particular the symbols “(7 ,1;7) = Un(7) ; 7 = 0, 1, 2, ...; 
defined by (1.11). 

We have the following “mean value theorem” : 


(6.4) Jeeta on) 


Si) ny PREY coos CART 


Xo Xi Xj-1 
fetes 5) 
Qn (Eo) Quai (Ex). Ongena 
Q'n (Eo) Ona (Et) =, Ona e pe 
Oe Eo) ONE) ee ae 


where %<%i<...<%-1 and &1,..., G1 denote certain real numbers 


satisfying the inequalities 
(6.5) fo=% , Gos €1< % » er on tae eee ae 


We refer to [11, Vol. 2, Chapter 5, Problem 96, p. 54]. The first determinant 
is, apart from trivial positive factors, a Vandermondian, cf. 1. Hence the 
sign of the discrete Wronskian (6.4) is the same as that of the second 
determinant occuring on the right. We note the following consequences. 

1 (1-1) 


; OW lea aes amd 
a ) = oe 
(6.6) sgn Q (a eae a (—1) oe NG <N eee 


(Of course this can be proved also directly by combining the columns). 
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Moreover let %) > + co so-that all variables x, > -++ co; we have then: 
(6 ah lim s nQ n,n+ ie neg ed -. ( fee 
; 8 ( MO Vis vee 5.201—1 ) id 


Xo>+@ 


> 


20 SR cay Ms 


This follows from (6.4) proceeding similarly as in 1. 


3. Finally we mention the following important information: 
(—1)'? if 2 even, 


= I-1 


ae.) 
(aut Gad. 


COG Gi D ese 5 Cit 


(6.8) sgn o( 


This Wronskian is actually the first term “(,/;0)=4,(0) of the sequence 
{Un(r);7=0, 1, 2,...} occuring in Theorem 4. 

The first part of (6.8) is in fact a special case of Theorem 3 to be 
proved in §8, cf. (1.12). Let us consider the second case, 1 odd. We shall 
prove the sharper fact: 


I-1 


be 8) SC role a: 


A sp ONeg eters CCL 


(6.9) sgn o( 


Here we shall make use of Theorem 3. This sharper inequality is definitely 
not true for even / as can be seen already for /= 2. 

For the proof of (6.9) we note that the expression on the left of 
(6.9) is a polynomial f (*) of degree u+J—1 which is a linear combination 
of the polynomials Qn(*) , Qn+i(*),..., Qnsi-1(%). The coefficients of 
Qn(*) and Qnyi-1(*%) are not zero [cf. (1.12), 72 even]. Suppose that 


SF (%o) = 0 for some %o , %» S40; we conclude that 
f %o) = 0, f(a) =0,..., f (4-1) = 0, 
so that 
Ff (*) = (%—%0) a1) ... (4-1-1)  (*) 
where ((*) is a polynomial of degree »—1 not identically zero. Now, in 


view of the orthogonality of the Qn (), 


ao 


(ae i f (*) @ (*) da (x) = i (%—%0) (x—ay) ... (V—ay_1) [p (x)]’ da (x) 


~ y (4,—%0) (@/—41) ... (@y—4)-1) [? (a,)]’ + 4 


r=5)) 
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where j,>0 is the jump of the distribution function a(x) at =a. 
In the right hand sum we may suppress the terms 7= 1, 2, ..,4—-1. The 
term r= 0 is of the sign (—1)~'=1 and the terms 72/ are also non- 
negative and not all zero which is a contradiction. Hence (6.9) has a 
constant sign for *<a. Letting *>—co we obtain the term with 
Onsi-1(*) as the leading one; its algebraic complement is, according to 


Theorem 3, of the sign (—1)"/’. 


§7. Theorems 1 and 2, general measure. 


The purpose of this section is to prove Theorems 1 and 2 formulated 


in the Introduction. In these Theorems / is even and odd, respectively. 


1. In order to prove Theorem 1, / even, we assume that 
W(n,l;x)=0 holds for some real *=%0; we conclude the existence 


of certain real constants Ao , 41, ..., Ar-1 not all zero such that the polynomial 
(71) f (4%) = do Qn (%) + Ai On+1 (~)+..+ Mos Onttad (x) 


satisfies the following equations : 
I a) = 0%, Fa) = O57, J 9 (ae) =O 


Hence f(%) would have a zero of multiplicity at least J at %). On the 


other hand, in view of the orthogonality property we have 


f £@) 40) da(w) = 0 


=) 


where q(%) is any polynomial of degree »—1. In the usual way [cf, 13, 
p. 44] we conclude that f(x) must have at least nodal zeros. 

If %o is different from all these nodal zeros, we have found in the 
whole ~+J zetos which is a contradiction. If %o coincides with one of 
these nodal zeros, the multiplicity of x. must be odd, ie. at least 7+1. 


Thus we have located at least m—1+1+41 zeros which is again a 
contradiction. 


We proved that W(n,1;%) keeps a constant sign for all real %; now 


we use (6.2) or (6.3), 2 even. This establishes the proof of Theorem 1. 
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2. The simple argumcen: used above permits also to obtain information 
about the sign of the Wronskian W(n,l;«) for odd 1 provided the 
spectrum is in a finite or half-infinite interval and x is situated outside 
of the spectrum. 

Let J be odd. We assume that a(x) is constant for *<a so that 
the spectrum will lie in [@,+%). The previous argument yields that 
W(n,1; x) can not vanish for any *=%9<a; assuming the contrary, the 
function f(*) formed as in (7.1) would have again nodal zeros which 
are in this case all to the right of @ hence different from %). This yields 
n +1 zeros, i.e. a contradiction. Now for x >— oo we have (6.3) so that 

I-1 
(7.2) sen W(n 1; %)=(—1)? , lL odd, x<a. 
In a similar fashion we can show that if a(x) is constant for 


x=>b, we have 


-1 


if 
(7.3) sen Wn fe ays (21) = , Boddy #= 6. 


3. Now we proceed to the proof of Theorem 2, / odd. In order to 
show the Sturm character of the set W(n,1;x), n=0, 1, 2,...,% real, 


we follow the instructions of §2.1. For 7 =0 we have 
= 


(7.4) Wo, 1; x) = Qo(x)Q's(x) ... OU" (*), sgnW(0,t; %)=(—1)? . 

The key formula from which our deductions flow, is obtained by 
invoking the Sylvester identity (4.10). We consider W (n—1 ,/+1; %) 
and strike out one or both of the last two rows as well as of the first 


and last columns. In consequence, 


(7.5) W (n—1,14+1;%)-W(n,1l—1 ; *) 
Pa W(n—1,1; x) W (n , 1; x) ee 
a DW (n—1,1;%) DW (n , 1; x) : dx 


By Theorem 1 the left hand side is strictly negative for all real ¥. 


It follows that 


(7.6) W(n—1,1;x)-DW(n,1;*)<0 when W(n,1;%*)=0 


and 
(7.7) W(n,l;y)+DW(n—1,1;y¥)>0 when W(n—1,/; y)=0. 


These relations yield the properties asserted for the zeros of W(n,/; x); 
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cf. §2.1. We have to take also the second part of (6.2) and the second 
part of (6.3) into account. 

If the spectrum is restricted to a finite or half infinite interval we 
infer the same Sturm character in the respective interval. We have to take 


the remarks of 2 (see above) into account. 


§8. Theorem 3, discrete measure, / even. 


1. The proof of Theorem 3 is based on induction in a definite sense 
to be explained below. We denote generally by (4@,) a sequence of the 
element a of the spectrum repeated & times. Let (%)=(%0, %1, 3., %1-1) 


be defined by the following sequence in the order indicated: 

(8.1) (%) : (@y , Vr) rat, Vr41) ». (Gs 5 Vs), Ve F Vet +... + Vs = l, 

where V,, Vyi1,..., Vs are all positive except possibly v; = 0. (The condition 
Vv; = 0 means that 4; actually does not occur. Such a sequence can always be 


“glued on” if we care provided that Vs-1>0). The induction is based on 


the elementary step replacing («) by (*’) where 
(8.2) (%’) : (a, W) (@rat , Vr4t) -.. (@s—2, Vs—2) (@s-1, Vs—1 — 1) (4s, Vs + 1). 
Here Vs-122, Vs20. With the aid of such steps the transition from 
(a,,/) to any sequence (x) can be performed as follows: 
(a, ,/); 
(ar ,4—1) (Qr41, 1) 5 (4r, 2-2) (Art, 2)5 203 (Gr, Vr) (Grr vy) ; 


(4p, Vr) (rt IV —1) (Gr42,1)5 «25 (Ges Ve) (rat, Vegi) (Grae, 1—V,—Vr+41) ; 


The induction consists of assuming that (1.9) holds for the sequence (x) 


and proving the same for the sequence (x’). We point out (1.10) which 
corresponds to (x) =(a,,/). 


2. We consider the exptession on the left of (1.9) where (x) has 
been replaced by (%’), that is 


one o(" phat eee eal. 


,/ ee 
esis coo. CEA 


We form a polynomial f(*) of degree »+/—1 by replacing the last 


element %7_1 of (%’) by the continuous variable x; this polynomial is a 
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linear combination of Qn€%) , Qnii(*), .., Qngr-1(*%), and we have in 
view of (8.2) 


ey WF Ga = fO-Mayao, har, 7 +1, ., 8-2, 5, 
SF (45-1) = ie (as-1) =.= f%s-1—) (as—1) =0. 


Hence 
(8.4) f (x) =(%—a,)’r ... (x—as_2)"s—2 (x—as_1)"s-1—! (x—a,)"s @ (x) = f(x) (x) 


where (x) is of degree m. The induction hypothesis implies that 


(8.5) (—1)% J Cs-1-) (a,_1) > 0. 
To bring the induction to completion we need to prove that 
(8.6) [2 (@) > 0. 


In view of (8.4) the inequality (8.5) means that @(as-1)>0; similarly 
(8.6) means that (4;)>0. Now suppose to the contrary that @(a;)<0. 


Then @(x) must have at least one zero B in 
Ms-1< %¥ Sas , p(X) = (*—B) oils). 


By using the orthogonality : 


oo 
J f:@) @— B) [oi @F da (x) = 0. 
—~ 
The polynomial f: x) (x—B) is of degree J; it is zero for % = 4a,,..., 4-1, 
it is non-negative for x= a,, and positive for *= a; where 7>s or 1<7 
(J even). Evaluating the integral we observe the contradiction. 


This establishes the assertion of Theorem 3. 


3. Remark. In this induction procedure, we used only the following 


two properties of the polynomials Q,, (*): 


(a) Qm(%) = km (—x)™ + ..., Rm > 05 
(b) {Qn (1) x? dee) =0, 0<n; m=n, n+1,....n+1-1. 
—% 
With other words we did not use the orthogonality of the system {Qm(%)} 


fully, only the orthogonality of the polynomials One), cts Onvit Ss) 


to every %?. 
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Hence we proved in fact the following generalization of Theorem 3: 
Let {¢m‘x)} be any system of polynomials satisfying the two conditions 
which arise from (a), (b) by replacing Qm(%) by m(%); let / be even. 


Then on the same spectrum as before (i.e. %, have the same meaning as 


before) 
(8.7) (1)? [Qn+u (xy) o 220: 


In this determinant w and v run from 0 to /—1. 
However, this is a trivial consequence of Theorem 3 since under the 
conditions mentioned : 


i 


Inu (*%) = Yo un Ose (4)y. - w= Ogee eat 
k=0 


with certain real constants Oy, %un >0O, so that the following matrix 


equation holds: 


(Qn+ nu (%v)) ~ (tur) (Qntu (%v)) - 
Passing to the determinants, (8.7) will be obvious. 


This remark will be useful in the proof of Theorem 8, (b) and (0), 
ef. 822. 


§9. Theorem 4, discrete measure, / odd. 

1. For the proof of Theorem 4 we note first that the sequence 

(@(0 ,2; 7) = u(r) ;7=0, 1, 2,...} has no sign variations, 

sgn o(7). - (= 1)" 972 
cf. (6.6). Also sgn %,(0)=(—1)"—/? according to (6.8), and u,(r) has 
the sign (=1)"*0—0 for latse 7; <f. (6-7). 

The proof resembles that of Theorem 2. Its validity leans heavily on 
Theorem 3. A suitable application of Sylvesters identity (4.10) yields: 
u(n—1,l;7r—1) u(m,l;7—1) 
u(n—1,1;7) u(n,l-r) 
Un—(Y—1) — u,, (y—1) | 
iit) tg) 


where the sequences {u(n,J; r)=4,(r)} on the tight are defined by the 


(9.1) «(2,11 57) u(m—1,14137—1) = 
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determinant (1.2) of order / whereas the sequences on the left have the 
orders J—~1 and /+1, respectively. By Theorem 3 the left hand is 


negative so that we have the fundamental inequality 


(9.2) Un—1(7—1) %,(7—1) 
; ty) (7) u, (7) 


This shows that no two consecutive members of the sequences 


=< Or 


bes ty) peu, 1°22". 


can vanish, i.e, the associated function u,(%), arising by linear interpolation, 


has only nodal zeros and no nodal intervals. 


2. Let a and B be two successive sign variations in the sequence 


iu,,—1 (7) 7 = 0, 1, 2, ...}, 2a<B. Let us assume that 


Un—1(a) = ADO, U,1(a—1) = —B 50; 


(9.3) thas (B) = —) < 0, (pce (B—1) = (¢ = 0. 


Hence there is a nodal zero of “,~1(*) at a —1 if B=O and one inthe 
open interval (a2—1,a@) if B>0O; similarly for C=O and C>0. Writing 
y=a and r=6 in (9.2) we obtain 


(9.4) Au,(a—1) + Bu,(a)>0, Cu,(B) + Du, (B—-1)<o0. 


We conclude that at least one of the numbers %,(%—1), ™,(@) must be 
positive and at least one of the numbers ~,(B—1), #,(6) must be negative. 
This yields a nodal zero of ™,(*) between a@—1 and B. We must make 
this assertion more precise by showing that u,(%) has at least one zero 
between the zeros of “,—1(*) mentioned above. 

Assuming first B= 0 [so that u,-1(x) has a zero at 4—1] we see 
from (9.4) that Au,(a—1)>0, hence u,(%) has a zero >G4—1. Further 
let B>O [wn—1(%) has a zero in (42—1,a)]. Now if 4, (4)=0, q(x) 
has a zero at &; and if u,(a)>0, it has a zero >a. Thus the only 


interesting case to assume is the following: 
u,(a) = —A’<0, %(a—1) = B’>0, AB’—AB>D0, Ba OB SO 
In this case both wy—1(%) and u,(x%) have a zeto in (4—1,4), say 


a—i+p and a—1+9’%, respectively. Since 
em! we Ps 3 Pe 


B An ob. A’ 
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we conclude that 
2a Nee ae 
oir gis 2 Fae 
so that the zeto of #,(x) is to the tight of that of u,—1(%) (in the strong 
sense). We show in a quite similar fashion the existence of a zero of 
u,(x) to the left of that of u,-1(%). 
Between two zeros of u,(x) we can locate one zero of My—1(%). 
As to the existence of the proper number of zeros we take the 
instructions of §2.1 into account; cf. the remark above concerning sgn Uy (x) 


for *=0 and %*# > oo. 


§10. An induction process. Applications. 


The following counterpart of a theorem of Christoffel [13, pp. 29—31] 


is valid for distributions of the discrete type. Let 
1Qn (x) 7 k, (—x)" a ae Be, s 0} 


be the system of orthogonal polynomials associated with a distribution the 
spectrum of which consists of the points @<ai<42<.... Let J be even. 
If b;,0.,..., 6; denote a system of “successive” points of the spectrum, 
the polynomials {G, (%); = 0, 1, 2,...} defined by 


N,nN+1,..,n4+1 


Oss ssh, OF 


(10.1) Q ( = (—1)!? («— by) ... @ — 8) G,, (x) 

are orthogonal with respect to a distribution whose spectrum is the same 
as the original one except for the points 0; , b2,..., 0; which have to be 
discarded. Several of the 0; may coincide, cf. the explanation to Theorem 3 ; 


the masses of Q,,(%) and G,(x) are, of course, generally different. According 
to Theorem 3 


(—1)720 ine ey MH oe ur 
Dy onal 
so that the coefficient of x” in G,(«) is different from 0; it is again of 
the sign) (—1)". 


The proof follows the same line as loc. cit. The left hand side of 
(10.1) is divisible by (% —},) (% — bo) ... (%—b;) and the latter polynomial 
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is positive on the spectrum except for the points b; where it is zero. The 
orthogonality property is obvious. 


Several applications of this simple remark will be presented. 


1. Another arrangement for the proof of Theorem 3. The 
following argument is also of inductive character but slightly simpler than 
that of $8. 


We assume that / is even and the theorem is already established for 


determinants of the size (/-2) X (/-2). We aim at the proof of the inequality 


- i— 
(10.2) (=1"9 ‘ ee j >0 
MO 5 ip) eg = 


zit 


where %0,%1,..., %/-1 are “successive” points of the spectrum. We define 


the polynomials {G,(x)} by 


n,n+1,...,n+1—2 
% ,X2 


> 


(10.3) 0| 1 4) - 3 —Hi-1) Gp (2): 


Xj-1 


> tte 


The highest coefficient of G,(x) is different from zero, by the induction 
hypothesis. It has the sign (—1)”. Now we apply Sylvester’s theorem to 
the determinant on the left on (10.2) striking out the two first rows and 


the first and last columns; we obtain 


Seal eee} 


MO raced peace giv 


(10.4) Q ( 


X2 X1~1 


X]-1 


Cee | AC ahaa 
| 


La oy ere crag ed MO 5 025 «ey M1 


ee | ees | 


B15 N25 s-- Sime 02s ten ead 


By the induction hypothesis the second factor on the left is of the sign 
(—1)*-/?, we have to show that the 2X2 determinant on the right 
is negative. 

The factor of G,(x) in (10.3) is of the sign (—1)"-?/? for * = Xo 


and *=%,; Thus the determinant on the right of (10.4) is, apart from 


=6("7"") 
Xo, %1 


trivial positive factors, equal to 


Gnti(%1) Gn (%1) 


o>) Gni1 (Xo) Gy (%o) 
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which can be treated as the special case 1=2 of the theorem. If %) = %1 
we obtain a Wronskian which is trivially negative, by Theorem 1. If 
Xo<%1, we follow essentially again the argument of §8 but now in a much 
simpler setting. We consider the polynomial 

le = f(x) = (*«—m)@(x). 

Ro B54 

We know that (%1)>0 [cf. 13, (3.2.4)], and we have to show that 
p (%0) >0. Let (%c) <0 so that p(x)=0 for some Bf, 


%SB<m, f(*%) = @—m) (*—B) a). 


In view of the orthogonality : 


J (x — x1) (« — B) [G1 (x) ]’ da (x) = 0 


— 0 


and the contradiction follows in the same way as in §8. 


2. A generalization of Theorem 3. The previous argument requires 


only a slight modification in order to yield the following more general 


Theorem 3°: Let ? be even, Inequality (02) Shoes 
provided the set %0,%t,..;%-1 Consists of “blocks aeam 
Successive elements: Of the spectrum: each block containing 
an even number of elements and distinct blocks domer 


contain common elements. 


We may choose, for instance, the successive elements @1,..., @q for 
the first block, «© even, then the successive elements 0, ..; 48 for the 
second block, B even, etc. aa<bj,.... Again, the polynomial 


(%—a1) ...(%—aa) , (¥v—D.) ... («— Bg), ... 


will be non negative on the spectrum so that this case can be reduced to 
determinant of size 22 as above. 


3. A dual to Theorem 4. 
Theorem 4°: With the same notation and the same 


assumptions as in Theorem 4, the sequences 


ON CERTAIN DETERMINANTS... 43 


(10.6) Meh? )x % = 0, 1,°2, ...), Pa 041. 2... 


form a Sturm set provided / is odd. 

The dual character of this theorem to Theorem 4 is obvious. The 
sequence (10.6) of “number” 7 will have exactly 7 sign changes. The 
function w,(7) arising from ,(r7) by the usual linear interpolation with 
respect to ”, will have exactly 7 nodal points and no nodal intervals, i.e. 
Uy(r) and %—1(7) can not vanish simultaneously. The nodal points of the 


functions wy(7) and wy(r+1) strictly interlace. 


We verify easily the usual conditions for Sturm sets. We have 


beer tg (Fy = 41)? 3, by (6.6), 


(10.7) 
sgn Uy (0) = (—1)"-!?, by (6.8). 


From (9.2) we conclude that U%,~1(7) and “,(7) can not vanish at the same 
time. Also, in view of the complete symmetry of (9.2) with respect of 1 
and y we can use the same argument as in §9.2, interchanging m and 7. 


We find that between two consecutive sign variations of 
it, (7 —1) ; # = 0, 1, 2,...| 
there is one sign variation of {uv,(7);”=0, 1, 2, ...} and conversely. 
Finally we need information about the sign of %,(7) for large ”. For 


this purpose we use the construction (10.1) forming 


l-1 


cay nay Bat) © Ge de) ey 1) G0) 


X , Ayt1 5 0 5 Gri—1 


(10.8) o( 


where G,(x) is orthogonal with respect to a measure with the spectrum 


Go , A1, «., 4 , G41 , U74141, .... Moreover 
Bi 
ty (7) = (—1) *? (@,— 441) ... (Gr — Gy41-1) Go (ay) . 


Now [cf. Appendix, §31] we have if ” is sufficiently large, sgn G, (4,) =(—1)’ 
I-1 


so that sgn #,(7) = fi) 

These facts are sufficient to establish the assertion. 

The theorem just proved can also be generalized in a similar fashion 
as in 2. We take, as before, blocks of even length each one arranged in 
the natural order and we denote by {a’,} the remaining elements of the 
spectrum. In addition to the blocks we consider the elements bpd th s4ty Gey @ rtdmd 


where / is a fixed odd number; we order the total set of elements in the 
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natural way. The resulting determinants form again a Sturm set if 7 ranges 


from 0 to ©. 


§11. Application to the Poisson-Charlier and Laguerre polynomials. 

We apply the previously proved Theorem 3 to the special case of the 
Poisson-Charlier polynomials. An interesting inequality emerges which yields, 
after suitable transformations, Theorem 5 in one special case, namely for 


the Laguerre polynomials Le (x) with integer ©, 4—0,1, 2,.... 


1. We denote by c, (a; *) =¢,(%) the Poisson-Charlier polynomials 
normalized as in (5.18) so that ¢,(0)=1. The highest coefficient is of the 
sign (—1)". Further we denote by Q@ (x) =1@ (x)/L@(0) the Laguerre 
polynomials normalized by the condition Q(0) = 1 [cf. Theorem 5 
and (5.16)] where the upper index o indicates parameters and not derivatives. 


We shall make use of the important relation (5.21) which we write in 


the form 
(i121) Cn(@; %) = 1)"a-*n! ( i OC (a) . 

Assuming that / is even, we apply Theorem 3 to the functions 
Qn(%) = Cy(@;%) choosing % =a, %1=a+1,..,%-1=4+1—1 where 
@ is any integer, a2”-+1—1. Thus we have the determinantal inequality 
(11.2) (1)? leno (@ = 0 4- Vy ee Oe 


In all determinants occuring in this section the indices u,v designating 
the rows and columns, run from 0 to /—1. 


We transcribe inequality (11.2) into one involving Laguerre polynomials 
by making use of (11.1); we obtain 


na 0% 


I 
a)? [aye arm ren) (2) Qucsrnaio (a) 
lr 


i-1 
0 
or taking out trivial factors: 


dee G0 


[-1 
(omar > 


We write here * instead of a and replace | by J—1—w which 


amounts to reversing the order of the rows. [This means multiplication by 


(123) 
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(—1)'"]. At the same time~we replace a—n—J-+1 by a so that the 
following inequality results: 
Qiatv+u) (x) 


1 
2 n+l—\- ub 
ee es) (a+v+u)! 


| 04 
0 


ftomolas for G@= 0, 1, 2, .... 


2. Now we use the identity (5.17) which we generalize as follows: 


an 


k=0 
This can be shown indeed Ly induction with respect to ~; for m=O see 


(5.11), (5.12). Hence 


a) Pace ee) 
(11.6) = i »( Mace (ath)! 


k=0 


oe (x) ‘ OC: (x) 


ehs7) (atv)! es, (atv)! 


In the language of the matrix algebra, (11.6) and (11.7) can be written in 


the following concise form (u,v, run from 0 to /—1): 
(a) 2% +v) 
pees ) = ( Orn (x x) ) ; (") 
a! (a--v) ! u ‘ 


vert ) . ater (a) 
ee in) Pe, ((*) C2") Cememeapy, 


Passing to the determinants we obtain 


[—1 


nit xy, 


Qiarvrn) (x) y- 


-TI Co (a+v-+y)! ! 


Perret ceo 


a! 


09 @) 
(atv)! |: 


so that 


(a) te 1\/ rh Pe SAN (a 
(11.8) Oras OI, = (at) L> CED a 


Remark. Needless to say that all identities of this section, in 
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particular (11.8), hold for arbitrary values of a (a! etc. must be replaced 


by [(a+1)) although in their immediate use we shall assume that @ is 


an integer. 


3. We return to (11.4). With the aid of (11.5) we can write 


(Gt+V+) (4 [EN Gee (@+v+U+k) (x 
ia la (x) = »! (' i ay x) Or ( ) 
(a+v-+p)! R (at+v+u+h)! 
l—1—p Qari 2 (x) 


eae: : 
= D ( : inne (atv+t—1—&)!? 


the second sum arises from the first one by replacing k by /—-1—yu—Rk. 


In the second sum we may extend the summation over 0 <k<l—1. 


Hence we have the further matrix identity 


Q(a+v+l—1—p) (x) 


Qe H), (x) ht ee ear 
( se \= ray (( ; :) eco a me ) ( (a+v+l—1—n)! ). 


We pass to the determinants and replace in both determinants on the right 


u by 2—1—yp. We obtain 


tut 
| oe 


(a+v+p)! 


: Ten ean (x) (=4 
= U ) (| 3 | 
Vv 10 (a-+v+ 1) ! 0 
Oeaar (x) [=1 
rece 


Comparing this with (11.8) we find 


P Ar OC 
OTT IT shes: = oy (TP ‘I ee I 


v—0 


so that in view of (11.4) we obtain indeed the special case of Theorem 5 
mentioned above, i.e. the case of the Laguerre polynomials ae (x) with 


Inte gery 0), C—O" 1.72 ee. 


Chapter 3, DETERMINANTS OF THE TURAN TYPE 
§12. Theorem 5. Legendre polynomials: An identity. 


The complete proof of Theorem 5 will require lengthy considerations. 
First we shall deal with the special case of the Legendre polynomials in 


which case a comparatively simple argument leads to the required result. 
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Then we shall proceed to the more complicated general ultraspherical and 
Laguerre polynomials, and finally to the Hermite polynomials; the latter 
case will offer only minor difficulties. 

In all these cases the argument will be based mainly on a certain 
transformation of the given determinant of the Turan type into one of the 
Wronski type. We shall prove then that the latter one never vanishes on 
a proper range, provided the order of the determinants is even. We use 
the symbols T and W as introduced in §1. 

We denote by P,(%) the polynomial of Legendre, by T,,(*) that of 
Tchebychev both of degree ~. In Lemma 1 the number / is an arbitrary 


integer, in Lemma 2 (and in Theorem 5 of course) / must be even. 


1. We prove first 


Lemma i: Using the notation of §1, we have for all> 
integer / and n,/2>1, n21, the following identity: 


tt2.1) ee, (x) “ Pes, (x) Breeaie Posit (x)) 
e(—1) 


— Am (x?—1) ‘. ‘XE e: Puls (w) ry Ti+: (w), ere qf imt ()) SS = 


ae 
Ve?—-1 


Here A, is a constant depending only onl and ™; we have 


a I—1 n—1 
(12.2) bless] [eG 03. 
p=0 q=0 


We note that (12.1) holds also for »=0 provided the Wronskian 
W in (12.1) and the second product in (12.2) are suppressed. Thus we 
have the formula 


I-1 1(—1) 
Sizes) ) 2 (P4(%), Pils), oc, P1(@)) = TI 2'—*P . (x? —1) 


pHi 


which agrees with (4.9). 


The special case /=1 is also remarkable. We have then the 


representation 
n—1 n 
pe Pi) — ipa] era} @—1)" 
q=0 


mY (Th), Po (%), cay dn (4) 


Concerning “=O see above. 
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The Wronskian W=W, occuring in (12.1) is formed with respect 
to the variable «. More generally we shall consider the Wronskian Wy 
of the polynomials Ty (“), Tpi1(¥), ..., Uprn—t (vu), OS P</1; since these 
polynomials are linearly independent, Wy» is a non-identically vanishing 
polynomial. According to (6.1) its leading term is for “> co, apart from 
trivial positive factors, #?”. (See the remark to (6.1); the highest coefficients 
of the Tchebychev polynomials are positive.) For +> +1 we have “ > oo 
so that in view of (12.1) and (12.2) we find the following (cf. § 1.8): 

The determinant T on the left of (12.1) as a polynomial 


1(g—1) 


in * has a zeto of order at = 1 ands 


Moreover sen? =(—1)" for x<—1 2 So forse. 


2. Let 121, ~=>1. For convenience we assume first that ¥>1 so 
that “<—1. We proceed as in §4.2 where [A] is now the determinant 
T, Quy = Prsurv(%). We choose H according to the condition Myp=0 


for 4>P moreover so that the polynomials in ¢ (¥ is a parameter) 
2 ——— 

(12.5) y up (% + V x? — 10) = hy (8) 
u=0 


satisfy the relations 


+1 


(12.6) a (t) hg (t) (4 + Vx? —18) a 


Vise 


= 069,00 == 0, bere 


(We take Vx?—1 as positive). With other words, the polynomials hy, (Z) 


will form an orthonormal system relative to the weight function 


(Vx?— 1)" 


(257) —(¢—u)" - ae KGS ie ee | 
S Vi-? V 1 is 

Indeed, we have then, cf. (4.5), 
(12.8) Big = Stuy Guy hiyg = Y" hue hyg Pasuty (x) 

+1 

1 —————s ne 
=f Vitel + VPN Oe VPI OP yoann 
at me 


Sopthats| S| 2-315 
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3. The orthonormal polynomials just introduced can easily be 
determined by using a formula of Christoffel [see 13, pp. 29—31]. We form 


the polynomials in ¢ (# is a parameter, T»(w) has the same meaning as in 


Lemma 1) 
Tp (t) T+: (4) es. 2 pin(t) 
Tp (%) DP p41(¥) oo. Lp4n(%) 

es) Toate)... Tiga) |= @4+V¥—10%2, 0 
Roe CN ae Meee C2 2 ieee te (wv) 


where gp(t) is of the precise degree p (cf. below). Clearly, g,(t) is orthogonal 
to all polynomials of degree —1 relative to the weight (12.7). Hence 
the polynomials gy(¢) will yield, apart from appropriate constant factors, 
the required polynomials p(t). (The constant factors may depend on the 
parameters x or 4%.) 

We find 


(12.10) gp (t) = (—1)* - (V2? — 1)-" + 224-1 - Wy (u) - i? 

where W,(u) stands for the Wronskian defined in 1. All determinants 
W,(u), OS PS/, occuring in the present proof are of the same order 1. 
They are different from zero from “<0 (cf. Theorem 1), and the leading 
power of W,(u) is u?", sgn Wy(u) = (—1)?". Now 


(12-11) £ fers x? —14)"[ ep)’ ve 


t? 
7; t? dt 
= (—1)" - (V x21)" + 224+ - Wy (u) - = { @4VPA t)” & (t) Vict 


-1 


—— t? dt 
= (yr (VFA HWW ol) f TO 


= (—1)" (V1) 2°!» Wp (u) Wii™) = fe > 0. 
[The positivity of yp follows from the nature of the left hand integral, 
x>1; we see this also from sgn Wp (u) =(—1)?"]. 


Consequently, 
(12.12) hO= 1h” &O. 
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This yields for the coefficients hop of hp(t), che (1225); 
hop (V1)? = 751? + iy Val) 2 a 
R21) ety eat) as (—1)" (Vx? —1)-* + 2°? - Wy (4) Wo (4) 
+ Oe (p+n—1) [W >» (u)|-? : pb == Ou eee [5 : 
so that 


W1—1) , In jis 


Ss: Ww ; 
(12.14) [4]=[H]?=@—-v ? ? (ue pes fay 


p=0 
1(I—1) In EX 
— (x? — 1) 2 ohh a (1) | ete : W, (ey 
p=0 Wo(“) 


Inserting the constant value 


n—-1 


(12.15)  Wo(u) = To(u)Ts() ... T%>9 (uw) = 2 Th 2733) 


we obtain (12.1). We proved this formula under the assumption *¥>1,; 
it holds of course for all x and in particular for —1<*<1 in which case 
uw is purely imaginary. 

In the case »=0 the following changes are necessary : 


1 
he () =V2e0)=V2T@, Soest hgg = 2 op ls 


ho (t) = g0(t) = fo = oo = 1, 


§13. Theorem 1, Legendre polynomials: The Wronskian. 


We turn to the discussion of sgn W where W = W, is the determinant 
of Wronski type occuring in Lemma 1; we assume now that / is even, 
—1<%*<1, hence “ purely imaginary. We assume also that 21. The 
condition that the order / of the determinant T is even is essential; indeed, 
for instance, for /= 1 we have T=P,=P,(%) and this function changes 


its sign ” times in the interval —1<%x< 1. 


1. In this section we prove 


Lemma 2: Let J and ™ be positive integers, J even, 
N71. We have then 
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(13.1) (1)? W (Ti) eT), «., Tren (®)) = (—1)"!? Wi (uw) >0 
provided “is purely imaginary (=O included). 

For #=1 we have W,(u)=T;(u) so that the assertion is clear. 
We assume that ~22. We may also assume that />2 since the case 
l= 0 is trivial. 

In the case / odd, m=1, the polynomial W,(u) vanishes for u-—=0. 
For /= 1, n=2 we have W;(u) = 2u?+1, and for 1=3, n=2, complex 


(not purely imaginary) zeros appear. 


2. let % = + (v +v—), v purely imaginary, |v] 21. We have for 


any integral value of h 


Me ee 2 ci fey ae d \h 
elgg, | tte ed ales al 
where 41 ,%2,...,%-1 are certain functions of ™ (or v) depending on A. 


This formula can be verified by induction. But denoting by A(w) the 


Pxronskian of Jy, ji, ..., Tisn—1 with respect to v, we have 


du \1+2+... +n-1 
(13.3) sw = (7 a AOY 
v 
: du 1 ; oe 
Since Sr ae A ee, is real and positive, the problem reduces to the 
v 


evaluation of the sign of A(w). 


Now 77(«) =—Wi+o- so that the first column of A() contains 
the following quantities : 
Wl 4o-), Sr $5 (Dot,..., 
s10— 1)... @—m + 2) vl-*** + = (—/) (—I— 1)... (-l—n+2) 00". 


The later columns arise by replacing / by /+1; b+2,..,/+n—-1, 
respectively. Multiplying the rows by 1,7, Wa. vi", respectively, we 
obtain for 2"v"@—-)!? A (uw) the elements 

vty Wi +(—lo?,..., 

(oye — +2) ee (&) (1) a (_l—n + 2)07 


in the first column, and correspondingly in the later columns. 


(13.4) 
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3. Since J is even and v purely imaginary, the elements of the first 
column are real, those of the second purely imaginary, those of the third 
real, etc. Suppose now that A(v)=0 for a certain purely imaginary value 


of v, |v|/ 21. There exist then certain real constants M%, 01, ..., On—1 not 


all zero such that writing 
(13.5) do + 01% +424 (%—1) +... + Gn (¥—1)...(¥— + 2) =4(%), 
we have 
(13.6) ao@vtaC)vt=o0, alti) + a(—l—1) 0" = 0... 

a (l-+n—1) vte—! + a(_I—-n+1)07-"" = 0. 
Hence for x =/, 1+1,...,4 +”—1 we find that 
(13.7) B(x) = a(*) a(—*x) = —[a(—*)P v-* 
is of the sign (—1)/"! , (1), .... (—1)4*-”, of 0. (We recall that v is 
purely imaginary.) Since J is even, we have 
(13.8) B@)so,BE+1)20,..., iv BE+n—-1)2 0. 


We note also that B (0) = 420, moreover that B(x) is an even polynomial 


Of deprce 27 — 2). 


Thus we conclude the existence of certain values %1 , %2,..., %n such 


that 

(13.9) O<%<l<m<l+1<..<l+n—2<%,<l4+n—1 
and 

(13.10) B’(%1)<0, B’ (%2)>0, ..., (—1)" B’ (42) > 0. 


Consequently the odd polynomial B’(*) of degree 27—3 vanishes for 
certain %—1 distinct positive values of x, and of course also for the 
corresponding negative values. The total number of these zeros being 


2n — 2, B(x) must be identically zero which is a contradiction to (13.10). 


4. In order to evaluate the constant value sen W;(u), u purely 
imaginary, we use the remark in §12.1 according to which the leading term 
of W,(w) is w”. Since w is purely imaginary and 1 even, the sign in 
question is indeed (—1)!"/?, 

Finally the assertion of Theorem 5 (for Legendre polynomials) follows 


readily by combining Lemma’s 1 and 2; if J is even, we have indeed by 
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fil), (42,2), (13,0) 


—— In l 


Pee igre Po aye = G1)°. 


§14. Theorem 5, ultraspherical polynomials: An identity. 
1. Our further aim is to prove the following generalization of 


Lemma 1. 


Lemma 3: The following identity holds for all 
mytecer values of / and », 1/21, 221: 


| Pie) Pe) (a) Pee) 
Peete ie ip leet es 


I(I—1) 
—— + — 
(14.1) = AP (1)? 7? WIP), PIM), ..., P™_,@). 


where the constant A%) depends only on /,n,A; we have 


I—1 n—1 
(14.2) A) = (—1)" [J (Cee ee+n)-' 99} + (org). 
p=0 q=0 


The quantities 0p, o are defined by (14.5). 
The parameters A and wu will be always connected by the relation 
=A—S. The case —1<%<1 is again of main importance; then ™ is 
purely imaginary. Lemma 1 arises for A=-, t=0 which is actually a 
limiting case, cf. (14.8). The Wronskian W is formed of course by 
differentiating with respect to the variable #. The sign of Aj’) will be 
discussed at the end of this section. 
For #=0 the Wronskian in (14.1) and the second product in (14.2) 


must be suppressed and we have the formula 


PAY(x) P@) (x) ‘a ) (x) | l—1 1(J—1) 
14.3) T(— ge maths Tie {o-* opt + (x?—1) ? 
( ) pie P)(1) ia Pi (1) uf u PS 
In the special case /=1 we have 
P') (x) 

n n 1 i ee 19) 
(14.4) Pay. at)" 0 TP oe! Nis aes 1) 

n q=0 


W (PO (uw), PO (wu), PO (W)). 
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The cases h== and A=O are “singular”; it is advisable to treat them 
later as limiting cases. 

As in §12, the determinant T on the left of (14.1) has a zero of order 
= 
Alsat, at 

2 ~ 
provided that A>0. If ——<A<0 the same holds for (—1)/T. 


=+1 and sent =(—1)" for a<—1, DP >O Morey 1 


2. In what follows we shall make use of the familiar properties of 
the ultraspherical polynomials referring in particular to the formulas 
(5.3)—(5.10). We shall use the notation adopted there. We introduce 


the following symbols: 


1 
45) =k ee 2" nth—> o a Her, Oa 
(1 5 (Qn ie ial | Bs > n (A) n 
il 
< ee (eee 
sea ac 2 ' 
n+ir— : 


We have oi Oo=—1. 


3. Since (14.1) is an identity not only in x but also in A [P® (x) 
is a polynomial in A, cf. (5.3)] we may assume for the proof that A>s, 
ie. W>0, and ¥>1, ie. US>—1; also let Ve— 1>0. Following closely 


the argument of §12 we can be brief. The polynomials 


hy (t) = hop (4+ V ® — 120)? +... 


of (12.5) must be generalized now as to satisfy the orthogonality relations 


(it #1 
(14.6) TU “rQ) hp (t) hg (¢) (+tV 1 ty" (i—2) Gp = S5q Ff 


1 
u-— 
[We note that (1—?)-t= (v—P) 9% sorthar formes =20 ewouate 


hp (t) = const. P(t]. We form therefore, in generalizing (12.9), x and 
are parameters, 
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f(t) Ff prt) us Spin) 


fp) fori) .. “fren (2) 


(14.7) = (x+V %?—1t)" gp (i); 


FeO) FEO ae ARP 
fr = PPO = ppt? + 


where Op, and later 6p, have the meaning (14.5). We generalize (12.10) 
and (12.11) as follows: 


gp (t) = (—1)"* Vx? —1)-" + Opin Wo(u)-#P +..., 


x r(+ ) = waa 
* ay f + V8 10" leo OP Py at 


= (—1)"* (V2? =1)-" + Opin» Wp (4) Wo (u) 
ees) ae 
any) fre a—e)— dt 

= (1 V1)" + SEE «Wp (a) Won (4) 09 = To 


where W,(u) stands for the Wronskian W ee (w) , eta (th) ace, ee (u)); 
p=0,1,...,.4. We made use of (5.7). The left hand integral makes it 
clear that 7p» is positive. (This follows also by observing that the leading 
term of W »(w) is, apart from trivial positive factors, u?", see (6.1), hence 
the sign of W,(u) is (—1)/"). Thus (12.12) holds and 


hop V #1)? = 7p 2 -(—1)? + (V2?—1) + pan Wo), 
hyo = (x1) (—1)" (V 7-1)" «(0p Open)" Op 
-Wo() Wois(%) - (Wem, 
p=0,1,..,4—1. 


Consequently, 
A ee W,(u) 
2 + - l 
[4J=T=(-1)"@—-1) 7 7: II \(Op Pp+n)' 5p} - Wo(u)’ 
P= 

n—t 
In view of Wo(¥)= Il (0,9!) we obtain (14.1), (14.2). 

q=—0 


The modifications necessary for ” = 0 are obvious. 
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4. A brief analysis of sgn AW will be useful. 
Let A>-> and J arbitrary (even or odd). The factors of (aie AG 
are all positive when Le The only zeros or poles appear for hes 
(Legendre polynomials) and 4=0 (Tchebychev polynomials). We find in 
pep 2 1) the «tactor A—> and in Op,P22, the factot A(A—sy; 
moreover (9 =Oo=1 and 6; has the only factor (A—+). Thus the only 
“essential” factors of (—1)” AW are C= me \-? where the second 
factor is non-existent if /< 2. 

Now we factor out from W = W,(u#) the highest coefficients 
01, OPl+1, +, OPl4n-1 Of the ultraspherical polynomials occuring in W7(w) 


and form the product 
(—1)” A® + oO 141 «. Ol+n-1 3 


this expression will have the only essential factor 4’? and the quantity 
(01 0141... Ol4n-1)~'+W,(u) (to be denoted later by W(A,u), cf. (1 5.3)) 
will be regular and not identically zero for l>—. Hence the determinant 
[A] = T vanishes identically in the Tchebychev case A>0, 123, and 
only in this case. 

If 4 > 7 , | > O we obtain, as a limiting case, Tchebychev’s polynomials 
(see the footnote to (5.3)): 


De 2 PIES 
(14.8) pose ol, Gp a Pun (x) se 220) he 1s 
Then the Wronskian occuring in Lemma 1 follows. 
If A> 0, b> — > we have 
3 
Up = r 
(14.9) p= 2"| ) Cac =). N22 oe 
n n (n--1)(n—>) 


and the product A~’~)T tends to a limit which is (apart from familiar 


factors) the Wronskian of the functions PIC lu) [cf. 13, p. 384, Problem 62]. 


§15. Theorem 5, ultraspherical polynomials, 7 even: The Wronskian. 
1. We prove now the following 


Lemma 4: Let J and » be positive integers, 1 even, 
n2z1. We have then 
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(15.1) (—1)"? W (P) (u),-P@ (uw), ..., PH _, (u)) = (—1)" W, (u) >0, 


I+n-1 


ha 


r>? 
provided “is purely imaginary (w=0 included) and A>=. 
For —7<l<s the constant sign of W,(v) is (—1)"/?2+", For 
h=3, M@=0O the Wronskian vanishes identically but 
taking out the factor (A——)"= pr" it reduces (apart from 
trivial positive factors) tothe Wronskian considered in 


Lemma 2 and it has the constant sign (—1)"/2, 
The cases #=1 or /=0 are trivial. We assume that n> 2, 1>2. 


The proof is based (a) on induction with respect to » (for »=1 


the assertion is obvious), and (b) on the special case h=s, &=0 which 
was settled in Lemma 2. The method is completely different from that used 


fe 1 
in the case A=. 


2. Using (5.3) we find 


(P/2] 1 
ee) r(p+1) 
ti2) 0, P(e) = 1)" ~2v yp-w 
a mt T(p+a—s) Tvt+1)T (6—2v+1) 
WP 
Now we form 
(15-5) (01 0141... Ptyn-1)7? > Wi(¥) = WO, 4). 


This is a polynomial in w and a rational function of A regular for A>—> 


(incl. A= 0c). We can indicate its structure as follows: 
W (hj wy =W ful 4h, wey WHE, Weary ony WEE, Wraneth 


where (A,%)» designates a polynomial in ™ containing only the powers 
ubP—?  yP—*, ..; (A, u)p is a rational function of A regular for A>—> and 
vanishing for A> co. The coefficients are all real. 


1 and then the columns 


Multiplying the rows of Ww by 1,4, 47, ...,u" 
by w—, u-—t, ..., ut! we obtain w-™ W, its leading term about 
u = co will be the Vandermondian of the constants /,/+1,..,/+n—1 
(cf. §6.1). Thus «—” W is a rational function of A, regular for 4> —> 
(incl. A= cc), and a polynomial in —; it will reduce to a positive constant 


independent of A as “ > co. Consequently, & being a given positive number, 
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we can find a positive constant Vo = Uo (1,7,£) such that 


(-1)"2 W>o for w=iv, v real, |v] for all values of 


A,Az—yte. 


3. For an arbitrary 4 we consider now min (—1)"/2? W=m(A) in 
1 : ‘ 
the finite real interval |v] <v0; we have m(A)>0 for A= = (this is the 


. . . 5 . . . . 
special case considered in Lemma 2).©) Since ™ (A) is a continuous function 


of 4, we have just two possibilities: either ™ (A)>0 for all Az—s +6, 
or there is a value A=Q’, NMa—ste, for which m(V’)=0. Let w=’ 


be the value of « (or one of the values) for which m(4’)=0 is attained ; 


u|<vo. Then we have necessarily for A=)’, w= wu’ 
a ow 


4. We prove that (15.4) leads to a contradiction. We make use of 
the differential equation (5.5); denoting by L(y) the operator 
(15.5) Ey) = (i wey eee 
we have, for’ y= p75) Pi) (#) the identity Ly = 7 97 — 7s — PG 28). 
The general (p*) column of W can be written as 
(15.6) Medes ofa eamta te v0 (4). p=1,t+ ile .. L+AM—l1. 
Let m be even; replacing the elements (15.6) by 


CES) Pe Ly Ly ht, (Lay) ei gti an (Leia): 
: — nN nN 
we obtain (1—u’)"”W, m ans oe i); but (15.7) is identical with 


(15.8) Voy AVETY AT oh Vitec ay 
yy, P= baled 5 be 1 


We note that omitting the last row in (15.8) and keeping the first ~—1 
columns, P=/,/+1,..,/+n—2, apart from a certain power of (1—w?) 


the Wronski h ials PO (; - sien 
ian of the polynomials P( (wu), .., PU) _,(%) arises which is 


different from zero, by the hypothesis of the induction. 


Saeelt does not seem possible to start the subsequent “continuity argument” 
with A=0co; indeed, for Aco the functions (15.2) will become yl, y/+1 yl+n—1 
bart 
and the Wronskian of the latter functions vanishes for u=0 
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We make now use of the hypothesis (15.4) by differentiating the 
single rows of the determinant whose #'" column (15.8) is, 7 = ee 
p=1,1+1,...,/+m—1. Differentiation of the rows in which the 
elements y,7V,7°¥,... occur, leads immediately to 0. Now let us 
differentiate the second row represented by ’. Combining this differentiated 
determinant with the original one and taking (1—’) y” —(2u41) uy = ry 
into account, we see that the resulting determinant is again zero. The only 
exception is the last row; differentiating the last element in (15.8) and 
combining this properly with (15.8) we obtain 7”/* y. Thus the determinant 


for which a typical column has the elements 
(15.9) 1 ESS Pe EAS ob i ame ae IP 
te OO) Tes 
must also vanish. 
We multiply every even numbered row of (15.8) and (15.9), except 
the last row of (15.9), by 7. Then all elements of (15.8) and (15.9) 


become real if p is even and purely imaginary if p is odd. We conclude 


the existence of four polynomials 


fo) =a04+ tt iu. t+ Qapirt?, 
A:;O=b + b¢ +...4+ b,j2-00e 
feO=—Cotat+..tepn mi? , 
f3@) = dot hit +... 4 dyjo2 el? , 


(15.10) 


with real coefficients such that the following equations hold: 


(5.11) foyth@Miy=0, Aiy+ sii’ =0; 
=p, Py) (), tae ee p=l,t+1,..,¢+n—1. 
We note that by/2-140 and ¢yj.~0 (otherwise we arrive at a contradiction 


to the induction hypothesis (a)). Since y and 7y’ are not zero for “~0 


and at any rate not both zero for “=0, we have 
(15.12) ANAN-AM AM =o. 
; n n 
This is an algebraic equation of the precise degree SiR 1 sey =n—1 


which is satisfied for distinct values of 7 = 77, 7141, ++» fI+n—1; this 
is impossible. 
Let ” be odd. Then (15.7) and (15.8) must be modified as follows : 
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Pe LILY) pep LO LO Ee ae 

DP REV TY Me Tn Ta an ae 
Instead of (15.9) we obtain now 

VV ATV GP V ee Tor ae, ee 


so that (15.11) holds again; but this time the degrees of the polynomials 


occuring in (15.10) are 


respectively, and the degrees of /fo(#) and f(t) are precisely (w—-1)/2. 
Since (15.12) holds again, the contradiction follows as before. 
Thus W keeps a constant sign for purely imaginary “ which is 


(—1)”!? since its leading term is u’”. 


This establishes the proof of Lemma 4. Combining the result with 
Lemma 3, in particular with (14.1), (14.2), and taking the remarks of § 14.4 
into account, Theorem 5 for ultraspherical polynomials follows without 
difficulty. 


§16. Theorem 5. Laguerre polynomials: An identity. 


In §11 we have proved Theorem 5 for the Laguerre polynomials 
1) (x) | LO (oy = 07 (*) under the restriction that the parameter @ has 
an integer value. In particular we know that Theorem 5 holds for the 
case of the Laguerre polynomials L(x) =L,(x). Based on this fact, we 


shall prove in §17 that Theorem 5 holds for all bs (x) /L@ (0) =0'7G) 
n ? 
a arbitrary, a>—1. 


1. In the present section we Prove as a preparation the following 


Lemma 5: Let/l and 1 be integers, [21 m1. Weheave 
the identity 


Lo J (ct) 
(16.1) t (ae Gly, x Le @) 
me ey Leys 


= A(®) og} U1) In WAH) , Ary (u), seciguh Tene). ete = 
% 


. 
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ofl 
where the constant A™ depends only on 1,n,®; moreover 


(16.2) Ap (u) = (—u)P L-8-20) (y=) , 

We have 

(16.3) A= (— <ae D+ in 11 { K Dee 1 T (a+1) 
I (a+2p+1) 


ee 
ee yy 


The Wronskian is formed with respect to the variable « which will 
be always connected with x by the relation w= ——. We note that 


I(I-1) 
(16.4) sgn A‘) = (—1) 


+In 


In the case %=0 the formula is still valid with a slight modification : 
W and the second product in (16.3) have to be omitted so that the 


following simple analog of (12.3) and (14.3) arises: 


Th (x) LL (x) Lie) (3) 
(16.5) ( 


L@(0) * Eo)? LA (0) 


fot 


ACGME A+ xl(l-). 


1 (i-—1) 


i) 1!2!... (7-1)! [FP (a+1)/ 


Yr (a4l) PF (a4l+1) ... 0 (a+ 22-1) © 


In the other remarkable case 1=1 we have [cf. (12.4), (14.4)]: 


-1 


q=0 


~W (Ay (4) , Ar (#), «0, An (%)), Thee 


2. In order to prove the identity (16.1) we may assume that * is 
negative so that u>0. We may also assume that % is “sufficiently” small 
in a sense to be defined below. Finally let a >—1. We see easily that 
fet? (5.11)} 

p oe p—v Pp — po 
—a—p\ (—%) =; Cp y—1 
a i ea 
p 


(16.7) 


as +( 


_ 
#*s 
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The following differential equation holds : 

(16.8) WAZ) + [1 +(a+1) 4] Mo (H) — p C+P) hy) = 0- 

This can be ascertained either from the differential equation of the Laguerre 
polynomials [(5.13)] or directly : 


le ty (vo) a + [1+ (a+1) u] vw! — p (ap) w} 
Vv ‘(p-y)t 


v=0 


a ae Veeoys ( ye + (a+1)v—p(a+p)} uw 


v=0 y 


p dates 1 Bypass 
( v (6—)! 


Equating the coefficients of “” the identity follows. 


yl 


The leading term of the Wronskian 
W (Ap (u) x Apat (uw) eters Apen—1 (u)) = W> (w) 


is (apart from trivial positive factors) u?” so that W»(«) is positive provided 
« is sufficiently large (or % is sufficiently small negative); =O, 1,..., /. 
From now on we assume in this section that W,(u)>0, OS PS/; this 


is the condition regarding * mentioned above. 


In view of the remark about the leading term we conclude easily 
that the determinant I’ on the left of (16.1), as a polynomial in x, has a 
zero of order /(/—1) at x=0. 


As a further preparation we note that, cf. (5.16), 


Lh (% ) @ 
C69) ey =P O=Y(") a= (") aoe. 
p=0 p=0 ‘ 
Sepee Cae) ee ea 
(16.10) ET ERP WETS Seat ees (4)? ho Ge) = 


Moteover we have the trivial formula 


1 - €i1+z)" dz n 
(16.11) oe { —- a ] 


ce z 
Ftesst 


where and 0 are non negative integers. The integration is extended over 
the unit circle in the positive direction. 


It is convenient to define the following operator K {f (z)} applicable 
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to any analytic function / (2) regular for |z| <1 


Rep (x 
sr f ye Fa. 


jzi=1 P=0 


(16.12) K {f (z)} = 


(The operator K depends on the parameters a and x). We cite the following 


example: 


(16.13) K {2°} = ky (x) = (xp, 


3. Following the procedure of §4.2, §12 and §14, we base the 
evaluation (transformation) of the determinant T=[A] of (16.1) on the 


construction of certain polynomials 


(16.14) hy (z) => Me hup (1 +2)4 


HSpP 
satisfying now the following “orthogonality relations” © 


“ n+utv 
(16.15) my up iit (x) hy, = 4 kp (x) y hup ( ; ting 


LV=0 te I Te ! 


l4ag)rtety dz 
= 3 Bo) 2ni = ie ones 


0 if pq, 
(—1)?*" Wy (u) Woir(u)a-" if p=q, 
Da 2 Or 1,81. 


= K {(1+2)" hp @) h4@)} = | 


The last expression (normalization) has been chosen conveniently as we shall 
1 
see later; it is of the sign (—1)? since *<0, u= st atgt and x has 


been chosen so small that all W,(w) are positive, OS P</; see 2. 


If such polynomials exist with real coefficients yup and hpp#O we 
shall have (§ 4.1) 


I-1 I—1 
(16.16) T=[4]=]] 47 - [TL 42 Wen Oo. 


p=0 p=0 


6. We are concerned with the construction of certain orthogonal polynomials 
{hy (2)} 5 {f,(@}, see below, without discussing the question of uniqueness. 
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4. We form first, *=—wu7' is a parameter, 
(16.17) Fp (2) = Ap" 2) = Ap (— 42). 
These polynomials satisfy the “orthogonality relations” 

0) if pq, 
eee = 
(16.18) K {fp(2) fa (2) (1 a+2p—1\ F(a+1) it poe 
T(a+2p+1) 


Indeed, from (16.7), (16.13) 


K {fp(2) 2} = y ian | < K(x" 2)?” 2°] 


! 
= p- Vay 


= aes i obo (ye ee 


7 vt T(a+p—v+p+1) 


p-v 
= T(a-+1) oar (34) Ges) 
(a+p+or+l) 4a \ p—v v 
0 tf Ope 
(16.19) = EF (a+1) Ed 0 é 
cory ad 0 


The two latter equations follow from 


(Q+8)-*-? (1+ E)t ete = (i +é/. 


Now 
fo (OPN ete, 
p 
» _ {4+2p—-1\ _ T (a+1) 
K {[/e@)} = | ‘ Js om WCRETSoyen 
Feats aes LG. ie 
p | F(a+2p+1) 


so that (16.18) is valid. 


5. Finally we proceed to the construction of the polynomials hy, (z) 
(depending on the parameter x) which satisfy the relations (16.15). We 
write as in Christoffel’s formula: 
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(lt - 2y hy(2) = 

fr® Soi fen (2) 
is(=1) frai(—1) .. Span (—1) 
Pied p=1) Feet oe af pan (—1) 


(16.20) 


ee a ee (1) 


fr) SF p+s (2) es gf ben (2) 

Ap (#) Ap+s (2) we Apin (¥) 
== E» > (u) Mp4 (u) nee Men (w) 

or (u) Le (2) oe AG) 


where the real quantities Dp and Ey, must be chosen properly, D,#0, 
E,7~0. Of course Dp, Ep depend on , 1,4, %. Incidentally, 


Ep, = Dg+ 4-1-?- 41, 


In the second determinant appearing in (16.20) the factor of /p(z) is . 
W p11 (%), and the factor of fpin(z) is (—1)” Wp(u). We have W,(u)>0, 
O<p<l. In view of (16.18) we conclude easily that (16.15) holds for 
PF 4. 


Now let us consider the case P= q. We have 


a--2p-- 20 —1 


hip (2) = Ep + (—1)" Wy (w) ce | aes 


Jato 


a-+-2)--2n—1 

hep = Ep + (—1)" Wy (u) - Eat gf it 

a+2p+2n—-1 

KAQ4 9) Tip @)}) = Bp CW (er (" gt if 
» K {(1+2)" hy (2) 2?} 


= E> .(—1)"W, (u) Woy (u) eee 7 -K {fp (2) 2} 


1 aioe! 
7 Ee ee pr An F(a+1) 
= EY -(—1)?*” Wp (#) Wot (u) “x? | p Lm : T(a+2p+1) La 


Here we took (16.19) into account. Comparing this with (16.15) we find 
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2p+2n—1 r(a+1) 
ees 1=E (3 pt+a2n 


pn r(a+2p+1) 


so that Ey is indeed real and it depends on p,”,@ (it is independent of *). 
Also 


a+2p+2n—1\)" T(a+1) W 2 y2pt2n 
(PP resp mor 


Consequently, using (16.16), 


El fy +2n—1 —1 T (a+1) ‘ made 1 (%) oe 
r=(4l= TTI" se ) ret2pti) W, (w) | 


I(l-1) 


os Cia te ke. W, (w) ey r (a+1) 
p=0 


vee ptn T (a+2p+1)] 
Since 
n-1 : a 
Wo (ue) = ho (u) Mis (uw)... MPH) = TT lea i | 
q=0 


the Lemma will follow. 


Of course, the restriction on * is unimportant. 


6. The following remark is immaterial at the present moment but it 


will be useful later ($28.3). Let 7 be any integer, r =p; we obtain 
from (16.19) 


Ky h@l=("\ Ki =) (") re co) 


A\j 7) F(atp+s+1) 
(16.22) 


ms T (a+1) ee 
(7) Fatapti) | Ore) 


I=P 


§17. Theorem 5, Laguerre polynomials, 7 even: The Wronskian. 


1. We prove now the following 


Lemma 6: Let l and m be positive integers, J even, 


n21. We have then 


(d7.1) W (A; (2) > Ar41 (2) ee 5 Ajtn=t (x)) V7, (u) 70 
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provided is negative, a>—1; the polynomials A,(u) are 
defined by (16:2), (16.7). 

Under the assumption that / is even, we shall prove that the Wronskian 
Wi(u) keeps a constant sign for “<0; according to §16.2 the leading 
term of W,(«) is (apart from trivial positive factors) w!” so that the constant 
sign of W,(u) will be positive. Combining this with (16.1) and (16.4) 
the assertion of Theorem 5 will follow. 

As explained at the beginning of §16 the proof is based on the 
hypothesis that (17.1) holds for a=0. A proof of that fact was given 
in §11. 

We assume that />2. Induction will be used with respect to M. 


For 7=1 we have, by using the second formula in (16.7): 


Foe 
1 =y L 
i = —t 4a+14+v-1 4 v 
wiawarcriyy pieces dt (,)" 
v=0 9 


(oo) 


— - aad BIN —t 4a+4/-1 1 
ean eZ #+1-1(144u)!dt > 0 
0 


for all real since / is even. 


2. Now a similar reasoning follows as in the case of the ultra- 
spherical polynomials so that we can be brief. As in §15.2 we take out 
the coefficients of the highest powers wu’, wt", ..., u/*™" occuring in the 


first row of W,(u“) and we find that 


I+n-1 


bale -W,(u) = W(a, 4) 


mal 


is a rational function of a, regular for a> —1 (incl. @= 00), and a 
polynomial in “ with a leading term which is the Wronskian of the powers 
mentioned. If ¢ >0O is given, as in §15 we find readily a positive 
number Up =U(1,”,&) such that W>0 holds for “<0, |u| v0 and 
for all a, a2—1-+6. 


3. The further part of the argument centers around the quantity 


min W = m(a) in the finite interval «<0, |u| <0; a slight modification 


68 S. KARLIN and G. SZEGO 


will be necessary due to the point “= 0. We show first that W,(%) can 
not vanish for “=O where @ is arbitrary. 

It is convenient to conclude this by making use of the identity (16.1) 
proved above and discussing the determinant T occuring on the left of 
(16.1) for large values of %. Indeed, lim x-!-)-I"T agrees with W;(0) 
apart from a constant factor different from zero. In view of (16.10) the 
leading term of L( (x)/L®(0) = QW) (x) is 

T+) Cy 
T(a+n-+1) 


so that the leading term of T will be given by the determinant 


F(a+1) 
[(a+n+u+v+1) 


[—1 
(<yer | wyy=o1,.., 0-15 
0 


hence (—x)-!¢-)-"T tends to 


T (a+1) ir 
T(a+n+u+tv+1) 


0 


as > oo, Taking out the elements of the last column we obtain after 
appropriate combination of the columns, the Vandermondian of the numbers 
0,1,...,2-1; the columns appear in the reverse order. Thus the limit 


is #O and W,(0)+0. 


Starting out from the fact that m(0)>0 (this was proved in §11) 


= ow 
we deal with the hypothesis W=0, ye for a certain @ and u; 


we can assume now that “<0. In the further course we use the operator 


[cf. (16.8)] 
Lh, = wh,” + [1 + (a+1) 4] A,’ 

so that Lip=P(a+p)Ap. We observe also that in view of (16.8), Ap 
and 4’, can not vanish at the same time, uO. 

The rest of the argument is quite similar to that in §15. 

We proved in fact more, namely : 

The determinant W,(u) in (17.1) is positive for all 
real wif lis even; it is POSitive {On He Oa lepemodd: 


Thus, the quantity (—1)/?T is positive for all real x if J is even 
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[except for x = O where it has a zero of order 1(1—1)]; moreover, 
(—1)""""T is positive for x<0 if 7 is odd. (Cf. (32.8).) 


§ 18. Theorem 5, Hermite polynomials. 
1. This case can be settled in a simple way. We prove 
Lemma 7: If H,(*) is the nm Hermite polynomial, we 


have the following matrix identity: 
(18.1) (A, (%)) = Au (*)) (Ans usr (*)), Ub set OSI boee 1—1, 


where Aw(*) are certain polynomials depending on w,v 
but not on™; moreover Aw(x)=0 for px<v, dAgu(x)=(—-1). 
Passing tothe determinants we obtain the relation 


1(/—1) 


(18.2) Ve (in (a(S) 5, gi (4) = (1)° 7 
SOGOU IN debe (ea peat s Pau kate 9) 
Let / be even. Applying Theorem 1 to H,(—%) we see that the 


Wronskian on the left is positive for all real values of %. Hence 


sen T =(—1)!? follows from (18.2) immediately. 


2. The proof of (18.1) is based on the simple identity (5.15), 


second part. Repeated application of this formula leads to 


UL 
(18.3) ite (x) = e Auk (x) Ay +k (x) 


k=0 
where the polynomials Ay,(*) have all the properties mentioned in the 


Lemma; Ayy(*) = (—1)” follows by induction. Hence 


Fi 


AA (x) -— ys Auk (x) fs Pe we (x) 
k=0 


which is identical with (18.1). 
This completes the proof of Theorem 5. 


§ 19. Theorem 6, classical polynomials, / odd. 


We present the proof of Theorem 6 for Legendre polynomials. The 


proof for the other cases does not offer any new difficulties. We follow 
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the instructions of §2 taking the identity (5.2) into account. Essential use 


will be made of Theorem 5. 


1. We employ the abbreviation 
ty, (Pn (x) ? Pri (x), sony Pasimt (x)) aaa tn (x) 
where J is a fixed odd number. We verify easily that 
(19.1) fa(—*) = (—1)" fn) = (— 1)" fa *)- 
We know [cf. (4.9)] that fo(*#)#0 in --1<*< 71. 
As a further preparation we establish the sign of /y(%) in the left 
neighborhood of *=1. Conveniently we use Lemma 1 of §12; if x is 


near 1, ™ large, the leading term of W is (apart from trivial positive 
x 


In 
factors) ul? = Ee so. that. for t= 1 —e€, © 0. 


17-1) 1(I—1) [= 


sen fx(%) == sgn [1 (teat)? o (—xy"| =(-1) 2 = (-1) @== 


Thus all /,(%) have the same sign for *=1—e and the signs of /,(%*) 
alternate for x = —-1 + [by (19.1)]. 


2. It remains to prove the following: 
No two consecutive functions f,(%) can vanish fer 
the same * in —1<*%< +1. More precisely, if J,(@)=s0e 


we have 


(19.2) int (2%) Jina) <0: 
AUlisionhotmthers amen. 
(19.3) Fut (*) fn (x) > 0 


so that the zeros of f,(*) are all simple. 


Inequality (19.2) follows easily by applying Sylvester's theorem to the 
first and last rows and columns of the determinant fe Oe ea Pati) 
where P, = P, (%). We obtain 


DP (Pat, Pay. sPnyrs)- L Putiy Paes ee Pris) 


fn (x) ‘ie (x) 
Fn(%) —— fngs (2) 
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In view of Theorem 5 the left hand product is of the sign 


(—1)9/2 . (—1)-? = (-1) < 0 


so that 


(19.4) Sn-1(%) Fngs (%) — [fn ())? < Ole = I ie 
This yields (19.2) 


3. We pass now to the essential part of the argument which is 
the proof of (19.3). For this purpose we note first that certain real numbers 


Go ,4%,..., 4-1 exist not all zero such that 
Be) eh ae Met waht Ora Png = 0, = 0,1, «.,2—1. 


The two extreme constants @ , @—; can not be zero, otherwise a determinant 
of type T and of even order J—1 would vanish which contradicts 
Theorem 5. Let @=1. We form /’,(*) by differentiating the individual 
columns of /,(%) and adding the resulting determinants. Indicating these 
determinants by the elements of their first row we have 
I-1 
fin (*) = >, (Past ntses. Paty, 2 nity, Papesrs sis Pages) 


y—0 


We multiply the columns of number 1, 2,...,/—1, except the column of 
number v, by @ , @2,..., @i—1 respectively; adding them to the column of 


number O we obtain in the first row, in view of (19.5), 
(—a, Paty ? Pri POOR} Patv—t > Paty > Privti ce OGRE) Pyat-1) 


ze (a, pee , | eee att Paiy—t > Paap > Prayers p89 Pies) 


so that 
I 
I'n (x) ae Ne (a, P'nsy > Pry ee) Pin) : 
v=0 
Multiplying further the single rows of number 1, 2,.., b= by 


a; ,@2,..., 4-1 and adding them to the first row (of number 0) we obtain 


in the first row 


/-1 
( Da ay ay P'ntuty A Ger 0} ? 
u 


40 
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here the minor of the first element is T(Pn42,..., Pnit) which is of even 
order 1-1, hence of the sign (—1)"", Thus 


-1 [Ei 
2 


: sgn Ds au ay Pou 


[2 V=0 


(19.6) sgn fn (x) = (-1) 


4. We discuss now 
foal’) = 1 Prats pee a: 


Multiplying again the columns of number 1, 2, ..., T—1 by @1,42,...,@—1 


and adding them to the first column we obtain in the first row: 


1-1 
( ay Pee 5 PB > ee Pasta) 3 


y= 
the further elements in the first column are all 0. The minor of the first 
element of the first row is T (Pny1, ..., Pn4s-1) the sign of which is (—)¢-)/? 
so that (19.3) is equivalent to the following inequality : 


l-1 I-1 


(19.7) a Ay, Ay (1—%") Prat uty: y ay Phiy—r > 0. 
6, v=0 ==) 
We note that the second sum is different from zero, otherwise fn—1 (x) 


would vanish in contradiction to (19.2). 


5. With the aid of the identity (5.2) we write the first factor 
in (19.7) as follows: 


7-1 


y Ay Ay (N+U+V) (Papury—1 —*Prtuty) = 


w, v=0 


I—1 1 


jlo 
= y (n+-v) a” be au Priurv—t ES s an eee 


v=0 u=0 = 
1-1 =k Hees 

ap » Hay 1 ay Paantv—t 2 eaeen 
w=) v=0 v=0 


The sums in the curly brackets are 0 in view of (19.5) except the first 
for Y= 0 so that we obtain for (19.7): 
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1 I-1 I—1 2 
Nao % ay | eae ‘ oi ay | geen a) =n (y" au Pete} => (0), 
=0 v=0 u=0 


Thus the assertion follows. 


6. No new difficulties arise in the other cases of Theorem 6. We 
must use the following formulas: (5.6) ; (5.14) ; (5.15). Moreover we employ 
the identities (14.1), (14.2), (14.3), and the remarks in §14.4; also 
(16.1), (16.4), (16.5) and §17.3. 


§ 20. Theorem 7, special discrete measures, / = 2. 

In this section we follow the notation introduced in §5.3. The 
proof of Theorem 7 is very simple in the cases (a), (b), (c) and somewhat 
more involved in the case (d). In all cases we form a suitable generating 
function and prove that it belongs to the Laguerre-Pélya-I.Schur class 
(or in the finite case it is a polynomial with only real zeros), provided x 


is on the spectrum. 
(a) Poisson-Charlier polynomials: 
ete) = bp (A) Cn (2) 


The following generating function holds: 


(20.1) } on (X) a= eF (.-2} [13, (2.81.3)]; 


this formula is valid for any %, integer or not. If % is a positive integer, 
the function on the rigbt will be indeed of the Laguerre-POlya-I.Schur 


class. This yields the assertion of Theorem 7. 
(b) Meixner polynomials: 
Qn (x) = Mn(B, 7; *) = Ma(@). 
The following generating function holds: 


7. Our ¢,(a;x) is identical with Erdélyi’s ¢, (xe aye t2,: Vol. 25) ps 226). 
Formula (6), loc. cit. must be corrected, replacing e-* on the right by e+. 
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(20.2) ye ame iF, (=; ps(+—a}¢} 


where iF; is the standard notation for the confluent hypergeometric series 


(13, (5.3.1), (5.3.3)]. If % is a positive integer, the right hand expression 


becomes 


(20.3) {Pe ‘oe L'®—) (z (1/7 —1)) 


x 


and this function of z is again of the Laguerre-Polya-I.Schur class. 
For the proof of (20.2) we note that the left hand side of (20.2) 


can be written as a double sum as follows: 


asia ea Dag yo Lee = yee 
Yt (op) ar: tee ote ey 


where we follow the notation: 
(a)o= 1; (@) =a(at+i1)(a+2)...(@+v—1). 


Now we carry out first the summation with respect to », m2v, and then 


with respect to v. This yields the formula (20.2) without difficulty. 


(c) Krawtchouk polynomials: 
On (*) = Fn (x) / Rn (0). 


The following (finite) generating function holds: 


N Rn x 
(20.4) y (| @) 2® = (1-+2)4—* f ee | , “== 01,2, 20,.N. 
n=0 


n} k,(0) 
Indeed, 
N n 
N—x\|[x y 
opal ei eal Ey = 
Ds @) 7) ne ) n—Y¥ 7 p ‘ 
x N—x+v y 
Vv “| 9 Vhgih 
— yi: al (— 1)” | (2) 2” 
a 2 —v Y p 
and this yields (20.4) as well as the assertion of Theorem 7. 


inte 1 
Replacing ( y h, (0) by p-" in (20.4) and extending the summation 
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from =O to m=oo, the same generating function arises as in (20.4); 
here ¥% is arbitrary. 


(d) Tchebychev’s polynomials of a discrete measure: 
On (x) = by (x) Pt, (0). 


The polynomials {t,(*)} are defined by (5.29), cf. also (5.31). We prove 
the following generating function: 


(20.5) Ge.a=) ee : aa : ay ae #3 


n=0 n=0 
Batol 
eee) 
where % is an integer, x= 0, 1, .... N—1, and 
(20.6) mau 1h, p= Nf x 


The right hand side can also be expressed in terms of certain Jacobi 
polynomials; see below. 

For the proof of (20.5) let us consider an arbitrary positive (not 
necessarily integral) value of x, a fixed positive integer N, and let O<0<1. 


In view of (5.29) we form the following infinite series : 


Sees n(x) e=Pycun|(" He ean 
Oars jel. |" 


where the range of the summation is n20, VZ0, #2v. This series is 


1 ; 
absolutely convergent provided |z| is sufficiently small (sy l2| =) since 


hens [UIs se) s 


Vv Ant n n 
x+v— * 
eau 


1 
Hence we have for |z| a and for O<p<1, 


W 


Gas 


\s G Aeae eal s N a= [x] j 
n 
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Ze ee x xtv—N 
n i —Z nu—vV o” 
a) eer Pe | ada 
n=0 J=0 =) » 
Be ye oo { ze)" (1 + pid etv-N e-iv8 dQ, 
v DHE 
Indeed for a fixed Vv, the sum De can be written as 
n—=v 


—N ; 
ESE oom LOT or cs 
(ss J n 


and to the latter sum we may add all terms ~<v. Performing the sum- 
mation in (20.7) with respect to Vv, 


we 


Sty (%) 1 : io)! 1 id\x—N 
‘a ; gn a” = ; ih }1—ze-*9 (1 + pe!*)|-4— (i265 7) a oe! ) l a’ ' 
We IU 


n=0 =e 

The summation and integration are interchangeable since 
| io ae 
|2(1 + pe )| < 2\2| < "TE 


The right hand expression can be written as follows: 


- 


i ( Shp ed ae Beis Gi —z0-1)¥ Gisbecy>* oe 


al 
20.8 ; 
( ) 202 


iL : : 
Here disege O<o<1, and the integration is extended over the unit 


citcle |€]=1 in the positive direction. The meaning of the multi-valued 
functions is clear. 

Now let x be an integer, OS x<N-—1. Then #,(x)=0 for 
we iN (cf. the remark to (5.31)) and the lef hand sum terminaceeeein 
m= N—1. The integrand of (20.8) will be single-valued. We 


integrate over (€/=1 in the positive direction, with an indentation at 


¢=-—1; afterwards we may allow 9 to approach 1 and obtain the 
following formula: 
ey : 


aria e ami J [(1 -2) €—2)-#-1 (C— 2) (1-4 0)-9 de 
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ie 
be 


; 1 
Since | << Le we have For the contour of integration 


1 
ate 


any closed curve might be chosen which includes —~— and excludes 7) 


Now the integrand vanishes at € = 00 like (—'t*>-" | —-1 +%--N< —-2 
so that we can replace the contour by a small circle about € = —1 
described in the negative direction. Let 70. Introducing the new variable 
wu by 


zu 2 
C—2= — , (-2f-—z =— 
Gayney- UU )* ae 
. hee eee’: E 2 du 
1+¢o= = — ‘ 
(1—z) (1—%) I—z (1—u) 
the point €=—1 is transformed into “=1—2z?. The direction of the 


contour is reversed and we obtain 


N-!1 
ty (x) rat aia 1 u*(1—u)N-1-# 
(20.9) 2 ie Nie) aor (Le du 


where the contour encircles 1— 2? in the negative direction. 

This yields the generating function (20.5). 

Clearly, the function /(“) defined by (20.6) is a polynomial of 
degree N—1 in ™ so that the right hand expression in (20.5) is indeed 
a polynomial in z of the exact degree Pp—x+2(N—1—f) = N—-1. 

The right hand side can be expressed in terms of certain Jacobi 
polynomials by using Rodrigues’ formula [13, (4.3.1) and (4.22.2)]. An 


easy calculation leads to the following interesting representations : 


a) aes Oe a ae are 1) 


(—1) (1—2)"-'-* . Be er 22: — 1) ; 


Here x = 0, 1, 2,..., M—1 and both representations can be used. 

In view of familiar properties of the zeros of the Jacobi polynomials 
we conclude that fora fixed integer x ,O<*x<N—1, the generating function 
(20.10) as a polynomial in z has only real zeros. Indeed, in the first case 


Nt 


x2— (use the first formula) we have z=—1 as a zero of order 
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2x—N-+1 and in addition N—1—% paits of zeros different from zero 


and symmetrically located in —1<2<1; similarly for *< (use 


the second formula) we have z=1 as a zero of order N—1— 242400 
% pairs of zeros not vanishing and symmetrically located in —1<2<1. 


Thus all zeros are real and they are not all the same. This establishes the 


inequality of Theorem 7. 


§ 21. A discrete analog of the Jacobi polynomials. 

Concerning the finite system of orthogonal polynomials discussed in 
this section we refer to W. Hahn [6], Erdélyi [cf.2, Vol.2, pp.223-224], and 
[15]. The polynomials ¢,(@,6;%x) where a>—1, b>-—1, defined below 
generalize Tchebychev’s discrete measure polynomials ¢,(%), cf. (5.29); 
they arise for a=b= 0. 

From the polynomials ¢,(a ,6;%), by an appropriate limiting process, 
Jacobi polynomials arise [cf. (21.8)]; for this reason Turan’s inequality (J = 2) 
can not hold for t,(a,6;*) unrestrictedly, see § 3.3. However we shall 
prove that it holds if a=0; this corresponds of course to the ultraspherical 


case. 


1. Definitions. We consider following Erdélyi: 
(21-9) b= la) y= Nba Nee 


where @>—1, b>—1, N a positive integer. The jump function will be 
loc. cit (11)| 


(21.2) j(a,b; x) = B= 
x! (0), 
which is positive on the spectrum x= 0,1,...,N—1. The following re- 


presentations hold: 
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Melee | i) 
Caaie foe 
ee gans 


TN = 76 
( yt 
(N—1)! _P(@+a+1) 0 (N—«+0) 
| F(a+1)F(N+3) r(*+1)T(N—x) 


61.3) j(@,5;x)= ( 


The two representations appearing in the first row are convenient if 
a and 6 are integers, x arbitrary; the second row is convenient if % is an 
integer, OS x < N—1, but @ and 6 are arbitrary; the third row holds 


unrestrictedly for a,b, %. 


Further we form, following Erdélyi [loc. cit. (8)]: 


_ Crit 
(1) } eal aE ge ay Cad: 
al bia Dai 
b 
(8). (7)z i n+a\ [n+b 3 
‘oe tO) ‘a | n | n ) x+a\ |N—1—x+n+b 
ey) (eee | en N-1-x 
N-1 


(—1)"(N—-1)!_ PF (e+a+1)T (N—x+ +b) 
Tr (a+1)T (NV +0) [(*—n+1)T(N-*x) ° 


again corresponding to the three cases mentioned above. Also the last factor 
x—N 

of the first formula might be replaced by (-1)"*? ( ‘ He Hence we can 
n 


define the orthogonal polynomials ¢,(4,;%) associated with (21.3) as 


follows (the proof of the orthogonality is indicated below): 
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ee feud i, (4,03) 
| a b 
= yr n+a\ [n+b re: en me 
es | a b n+a n-+b 
eS ees eee 
% N-1—* 
n+a\ [n+b\ boii xta a 
T (*+a+1)r(N—*+0) ate 
T (x+1) Pr (N—~x) 
ete an E@tat tT N—stnt0) 
n! Pr (w—n+1)T (N—*) 
ieee wv { M\E @t+v+at1) PF (N—*—v+n+b) 
| 7 ue? Ge T(«t+v—2+1)T (N-—«x—v) 


The polynomials ¢,(a, 6; *) are identical with fna(x;B,7, 5) [loc. 
cit. (8)] where (21.1) holds. 
Now 
P@+a+1) 0 W240) -* FP G@tv+a i) tl (N= a) 
T (x+1)F (N—x) ; Tl (*+v—n+1)T (N—x—v) 


_ F@+v+a4+1) F(N—x—v+n+d) T(*+1) rN-oe 
Pp erGyety T (N—*x+0)  T@4ven41) Tl (N—x—v)’ 


the first factor is a polynomial of degree v in x +a, the second one is of 
degree n—v in —x +), the third one is of degree  —v in x, the fourth 
one is of degree v in x. Hence ¢,(@,6; x) is a polynomial in a,b, % (in 
particular of degree m in * in view of the first expression (21.5)). Also 
t,(@,@;%) is of degree in a. 


From the second formula (21.5) we conclude 


(21.6) t,@,0;0) = (—1})'”) Gigs ae m= 0, 1,7.., Vie 
n n 
For the sake of completeness we prove briefly the orthogonality relation 
N-1 
(21.7) Yi F@,b; x)t(a,b; x). = 0, P=0, 1, 407-1 


*=0 
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Conveniently we start with the second formula in (21.5). Since 


n n 


Pa (2) ce ie ncn | V0 1, dL, 


x +V—n N--1—x—v WieaO, (le eerie, 


teey 


is a polynomial in @ and 6 it suffices to prove (21.7) for non-negative 
integers @ and b. So we can use the first formula in (21.5) and proceed as 
usual. We employ the identity [/ (x) , g(*) polynomials] 


N-1 


N=1 
dA). 8) = — SF). Ag (1) + £() ¢ W-1)—F (0) 8 (-1) 


nN times. Since 


ae evita n+b 


, OS<v<n—-1, 
na n+b 


vanishes for x =O and * = N tthe conclusion follows easily. 


Finally, for fixed a,b,%*,n we have 


(21.8) lim N—"t, (a,b; Nx) = (—1)" P@- (1—22) 


No 
where P'?-")(x) is Jacobi’s polynomial. The proof of this formula is based 


on the same argument as in [13, p. 34] for the case a=b=0. It is 


convenient to use the formula in the third row of (21.5). © 


2. Generating function. The generating function (20.5) (which is the 


“Legendre case”) can be extended to the “ultraspherical case”. We prove the 


identity 
N—1—«%+ay Wa /N-1\ t,(a, 4; x) 
(Cea ae ey 
(21.9) Nout | n Saceen 
(?) (1 —2? 
= (—y-e(1 ap a) 


f (u) = w*(u—-1)?** , p= N-1-«, 
where % is an. integer, OS *SN—1, @>—1. Let 0<%<N —1; the 
polynomial in z appearing on the right has only real zeros not all of which 


8. Cf. [2, Vol. 2, p. 224, formula (13)] which must be corrected by deleting the 


factor Ga) on the right. 
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coincide (see below). From this fact Turan’s inequality (in the 2X2 case) 
follows immediately. 

Since #,(a, @;%) is a polynomial in @ and in view of (21.6), 
expression on the left of (21.9) is a rational function of a. The right hand 
side is visibly a polynomial in a. Thus it suffices to prove (21.9) for integer 
a and in this case we can use the first formula in (21.5). The argument of 
§ 20 (d) requires only a slight modification so that we will be brief. 

First let x be arbitrary positive. For sufficiently small |z| and 0<p<1 


we have 


x-+a N—1—*-+a 2 t, (a » 4, x) 2” of 
( ; ( » nt+a 


ae 


n+a eh (EO) Ne 
el) Z| a a CH n+a | n+4 J" 


xt+v+a % x+v—N 
(= A ea \n=9 2” on 
U ons a 1) | Vv aed | nt+a 


2 


= (—1)} amet 2. aoe de DiiGeaes ) eae” re 


—-m 


7 ieee (EP )i" Sp-s eats) Rae 
nta 


A 


n=y 
and to the last sum we can add all terms with —a<n<v. Hence 


N—1—-“%+a\ GQ i,(a,a;x) 
X , 4; 
(21.10) | i. na asa 
n( ) 


n=O 


A) : : . | | 
-: = i (L—ze7'9 (1+ 0e')}—#-4-1 (1 ze) (1 4 geid)*—N g-a g-iad GQ. 


—7 


Now let * be an integer, O05 * << N—=1:-From the first formula in 


(21.5) we conclude that t,(a, a: *)=0 for n> WN, and the left hand sides 
of (21.9) and (21.10) will be identical as o>. 
§ 20 (d): 


Hence we obtain as in 
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mr =| a —2) C —2}-*—4—-1 (fF — 2)" (1-4 2)" de 


» W* (1—u)N—!—a+0 
(1—2?—u)N—-* 


1 
=e 25° fia) ‘ a | du 


where € and “ have the same meaning as there. This establishes the 
identity (21.9). 


As in (20.10) the following alternative expressions for (21.9) can be 


obtained : 
Se a eet (or) 
(2isi1) peat 
oe 
Paws HIN ae eng og (etl) 
ee) 


where P‘*-P) (#) is Jacobi’s polynomial. 


§ 22. Theorem 8, special discrete measures, / arbitrary. 

In Theorem 8 only the three first cases (a) ,(b),(c) of the special 
discrete measures defined in §5.3 occur. (We were not able to prove the 
assertion of Theorem 8 for ¢,(%).) We follow again the notation introduced 
in §5.3 and we shall make use of some elementary facts mentioned in §5 
and §20. 

(a) Poisson-Charlier polynomials. The polynomials Q,(%*) = ¢, (*) 
satisfy the normalization Q,(0)=1. The proof of Theorem 8 is based on 


the following identity : 
x 
(22.1) Cui (%) — Cn(%) = Tt het Se n= 0, 1, 2,.... 


It is derived from the generating function (20.1) by differentiation with 
respect to 2 and equating coefficients of 2”. 
We generalize (22.1) as follows: 


(x—1)... (v—h+1) 
ah 


(22.2) A*c, (x) = Pate Cn (x—h) = cols (x—h) ; 


est th, Dax 
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where A stands for the first difference with respect to ”: 
Nan = Gnpt — Sn, 
and we use the notation 
[x], = x (%—1) ... (Wh +1) ; [x \o = 1 


For the proof we apply the operation A to both sides of (22.2) and 


obtain 
(AA* ic, (4) == Ale, (x) == (—1)" Me . - re Cy (x—h—1) 


so that induction yields the formula. Now we form the matrix product 
MM 
(Casey (*)) ( )y") ’ UP 0, Ly ws 1 . 
u 


Since 


I—1 


VY enenee (2) ( 5, (A = 8" Onan (x) = (1 he Creu (XV) 


R=0 


we have the following identity, valid whether J is even or odd: 


(22.3) T (¢,(%) , Cn+1(%), .., Cngr1(%)) = (19? fat feeds: 


* [Cru @—) a : 


In the last determinant 4 and v run from 0 to }—1. Hence T=O0 for 
¥—0,1,3.,1—2, Let x be an inteser 420 1, Rearranging the columns 


of the determinant we obtain, following the notation (1.3), Qn, (s)=t5 Ge 
that 


[ens u (4—v)]5-* = (—1)/ 92 0 My Ney re 1 . 
i te a ? wt 2, one, eal 


Thus we find from (22.3), in view of Theorem 3, 2 even, 


sen T = (~1)/@-0/7 3 (—1)@-)72 ‘ (—1)!/? = (—1)/? : 


The odd order determinants T (J odd and fixed) with variable x, 


where each integer selection % 21 induces a different sequence in %, 


constitute a Sturm set. This is an immediate application of Theorem 4’ in 
§ 10.3. 
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(b) Meixner polynomials, 7 even. The polynomials 
On (x) = My (B, ¥; x) 
satisfy the condition Q,(0)= 1. The proof of Theorem 8 is based on the 
following identity : 
1 

(22.4) Mast (B 5 73%) —M, (6, Vas x) ated ie 1) Ma(B+1 ’ eae 
It can be derived from the generating function (20.2), (20.3) where we 
assume, for ease of exposition that * is an integer, x20. Then the first 
part of (5.14) must be used, and of course (22.4) will hold as an identity 
in x. (Hereafter, in writing M, the dependence on 7 will be suppressed.) 


From (22.4) we conclude as in (a): 


h 
(22.5) AM,(B3) = (—1)(— 1) (EM Bhs x2). 


Here we use also the symbol 
(PBR t1) x. Gi—1) ; (8) = 1: 


As in (a), we form the matrix product 


(22.6) (Mauro (B ; *)) ( ou) . 
Since 
(2227) ane (B ; x)( : ) (—1)?* = A* My (B ; %) 


v 1 ” [x] yen 
= (—1) la 1) (B)y ° Mazu(B+v ; x ) 


we obtain the following identity : 


(22.8) PUM pe ey il yas (Pp 9%), oy Matt (B ; x)) 
iy (2: ats ee Ae [x]: [x], ye ies 
SS Cae) ORC 


Giuswacain 2 = 0 fore¥=0, 1,.-,¢—2. Henceforth we consider only 


integer values of *,*2/—1. By invoking the symmetry property (5.23) 


[Main (B+y; x%—v) |r? 5 


it is convenient to pass to the determinant 
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(22.9) [Mz—y (P-+¥; mty)firt = (1) 9? [Marty (B+I—1—-v 5 2g 
= (—1)-9? [Meira BHI 1p ; mtv) 


here we have first rearranged the columns and then interchanged rows and 
columns. 

Up to this point 7 may be even or odd. 

Now let us assume thatlis even. We are prepared to apply 
the closing remarks of §8 where ” has to be replaced by x—/+1. We 
have to show that the polynomials My,-j41+ ($B +/—1—w; y) (in order to 
avoid confusion we write y for the independent variable) are orthogonal to 
yP , o<“x—I1+1, relative to the measure defined by the following jump at 
y[cf. (5.24) where B must be replaced be B +/—1]: 


B41 (B+l—1), gs 


(22.10) iV”) = a- A , ORL 
Indeed, 
= (B+J—1)y 7” p 
YS aie aie ; M y-1+1+u(B+l--1—u ; vy) + y 
y=0 ¥ 
ee) are y 
=) apie EEE I at, ose BHI 
y=0 y 
(B+2—1—n + y)u VP 
(B+/—1—w)p 
since 


(Bt Ya 


(@)y = (@— Wy SE 
Now 


(B+J—1—p+)u ye 
(B+2—1-—-n), 


is a polynomial in y of degree 


U+e<x—lt+it+u 
so that the last sum is zero. 


This establishes the assertion of Theorem 8. 


(c) Krawtchouk polynomials, J even. The changes are insignificant. 
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We write (displaying the dependence of the polynomials on the parameter 


N since N will vary in some of the subsequent formulas): 


k,, (x) 


(22.11) Q) (x) = Pio eee 

We have 

(22.12) C—O) = — 708-1), nS N-1, 
(22.13) AF QM) (x) = CU ats on (x—h), n<N—h. 


The second equation arises from the first one in a similar fashion as in (a) 
and (b). For the proof of (22.12), let x be an integer, O< ¥<N. Denoting 
by f(z) the generating function (20.4) we have 


N-1 
vy ("5 *) 2 @)- 02 we =C1-9/ +O. 


Incidentally, this is the “Laguerre derivative” of f(z) with respect to —1 


[see 11, Vol. 2, p. 61, p. 246, Problem 128, € = —1]. The last expression is 


=(142)"* (1-42) {@- N) (1-42) — ie 1-2) +N(1—~ 2} 


1 


ee a(i =) ae = Pie. (ere BA ICS Ey 


n=0 


which yields (22.12). Of course (22.12) and (22.13) are identities in x since 
they hold for N+ 1 distinct values of x. Hence we have the further identity, 


n+21I—2<N, 


(22.14) TOO) gece Or 2) ) 


ea | INT, Sane aimee [Ona VY 


Thus T=0 for *=0,1,...,4—2. Using the symmetry relation (5.27) we 
see that also T=0 for x= N,N—1,..., N—1+2. Let % be an integer, 
J—1<*<N—/+4+1. We use the symmetry (5.26) and obtain the 


determinant 
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[08% (nwt = (19? (OO GN. 


Up to this point / may be even or odd. 


Now let J be even. Again we employ the closing remarks of § 8 


replacing there ™ by * — 1+1, and show that all polynomials OO ag (y) 


ate otthogonal to ?, o<*—J1+1, relative to the measure defined by the 


jump at y [(5.28)]: 


i(y) = eke pr gN-HtHty, = -y =0,1,..., N—I41. 
y 


The spectrum thus defined contains all occuring arguments n-+V since 
n+l-1<5N—1 41. 
Moreover no occuring degree x—/+1+ still exceeds N—/ +1 since 
x<N-—141. 


For the proof of the orthogonality we note that 


N—I+1 
N—1+1 
as ) py ght. ON (y) » yP 
y=0 
N-l1+4+1 
Nee Sep eee )or 
es gut t p? gia eee Oe te, (y) 5 Z 
y=0 yy, seca! peers, 
y 


The latter quotient is a polynomial in » of degree + 0 (vanishing for 


y>N —1+ 1) so that the sum is zero and the assertion is established. 


(d) Meixner polynomials, 7 odd. We return again to the Meixner 
polynomials and analyze now the oscillation properties of the determinant 
(22.8) of the Turin type for 1 odd and x belonging to the spectrum. 
We consider for each integer x«,x >1—1, the quantity (22.8) as a sequence 
in the variable m which we denote by the symbol w,(/, 8:7) = wz(n). 


We will also find it convenient to construct the linear interpolation px (¥) 
fot. VO 


Theorem 8’: Let J be a fixed odd integer and?’ 2 @an 


integer, ~2>/—1. Then w,(y) has for yO exactly «—l+1 
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nodal zeros. In particular, the sequence (22.8), w= 0,1, 2,. 
has precisely *—/1+1 sign changes. 
We note that the interlacing property is missing so that no Sturmian 


set appears. Still the argument will follow very closely the standard argu- 
ment of §2. 


We first establish the signs of the following quantities : 

Bee) i)s, Wey (2), #0, 1,2,..2 (ii): wh, (0), x 2l—1: 

(iii): Wr) for large n, x >1—1., 
Denoting the second matrix in (22.6) by H we form the matrix 
(22.16) BLE ee (iy (bp ok) Es. 
In view of (22.7) we obtain for the general element of (22.16): 

v u 
iy f= 1) i Y (4) Mase (BY 5 29) 


k=0 


ena hy oe ‘Lay c . 


(22.17) 


eh te yp Aa oi [x], [¥-V]u : a 3 
(—1)4#+ (= 1) (By (BLVs M,(P+p+v ; *-p—v) 


= (1) ee se bets My (B+ty 5 x—p—v). 


Here we used (22.5). Hence we obtain the following alternative form 
of (22.8): 


(22.18) Wx (n) — iat, (B 3 x) > M4; (B ; x) ptt Mites (6 ; x)) 


— Cas 1 tte M,,(B+p-+yv ; aa 


dure 

Now we proceed to the evaluation of the quantities (22.15). 

(i): For x =/ —1 all elements of (22.18) are zero if 
tiv} v= l—p—vS0, Spt’. 


Thus all elements under the diagonal »+¥v—=/—1 vanish so that since 


M,(B;0)=1, 
(22.19) sen Wr—-i (1) = (1059) 2 
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(ii): We use again (22.18) so that since Mi (ps y= 
fot 
Juty 
Pa (0) : 
peat: Oat fon (B)u+y | 


This determinant is 


1-1 
=I an | aan | 


where the first factor is positive. In the second factor we replace 4 by a 


variable ¢ and decompose in partial fractions as follows: 


a ie Pv 4 2v Ovy 


x+ +v—1 Vv 
cb genie at Ve 


Writing Ouw=0 for ~>Vv we form the matrix product 


1 
| eet (Om) 


where B + 4 +¥V—1 must be replaced by 1 for v=0. Now 


i Onv _ e-4] 
G Btutke-1(B+y), 


so that 
, it 1-1 
(22.20) sgn Wr(0) = sgn a Ovy + sgn Famed 
= (-1)9 4 = (-1) 2, 


As to the last determinant, cf. for instance [Pie Vole: p. 98, Problem 3]. 


(iii): From (20.2), (20.3) we conclude the following asymptotic 
formula valid for integer «,%=0, 1, 2, oe: 


1 x 
—~1 
22, M,, (6; RAV) 
(22.21) n(B; x) & (-1) @. 


Thus those elements of (22.18) for which 4 — r= 20. sarey | chon 22s ier 


aS Com 
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G-y" 


x (-1)"" wily Laie | (yyy 


7 (B)u+y ei 
~ x ] Le] e+» = 
& (-1 Seite / x—u—p 
a i y oO. 


so that for large n 
sgn Wx () = (—1)" sgn [ [*]u+v]q- 

In the 1" row of the last determinant we take out the factor [x], so that 
the remaining elements in the uw row will be 

1, *—p, (*—p) (~—p—1), (*—p) @—p—1) (*—-p—2), ... 
which can be reduced, after appropriate combination of the columns to 

1,—p,(—p), (—w)?,... 

This Vandermondian has the sign (—1)!-"/? so that for large 
(22.22) spa Wy (1) = (1) ee (S197? | 


Now having established the signs of the quantities (22.15) we apply 
the Sylvester identity to the determinant on the right of (22.8) (replacing 


l—1 by /) which is positive if its order is even, We have 


[Mn+u(B+v ; x—v)]h - (Mnsizu(Bti+v ; ¥-1—v) >? 
: | [Maru (B+y 5 xv) [Myiu(B+ity; 2-1 | 
[Map (B+; XY), * [Mnsi¢e(B+it+v ; x—1—v)}F" | 


In the present case J is odd so that both determinants on the left are 
positive. Taking (22.8) into account (this identity is valid whether / is even 


or odd) we obtain the following important inequality : 


| pr, B; 2) Wri(2 , B+1 ; 2) 


(22.23) 
we (2, B ; 2+1) we-i(l, B+1 ; +1) | 


As an immediate consequence we point out that the two elements in the 
first column can not vanish simultaneously so that W,(y) possesses only 
nodal zeros. 

The remaining argument is based on induction with respect to ¥. 


We shall not repeat the details which run parallel to those of §9. 
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Let x —1>/—1. We assume that p,—1(y) has exactly 
x—-i1—-l4+1=%-1 
nodal zeros for each choice of the parameter B, B>0. Between each two 
successive zeros of Wy—1(2,B+1;¥) we infer the existence of a nodal zero 


of wr(l,B; 4), and conversely. 

Further we make the usual observation about the extreme zeros. Let 
yi be the first zero of ri(l,B+1;y) located say in the interval 
n<y<n+1. We know on the basis of (22.20) that 


(yy id, B15; 2) 20 
and 
(—1)" 9? yi, B+1;2+1)<0. 
It follows easily from (22.23) that 
ae ar By) Oe 
Since 
(as 1) espe (EIB 0). 0 


we infer the existence of a nodal zero for Wz(7,B 3%) lying in the interval 
(0,1). Similarly, examination of the sign (22.22) in conjunction with 
(22.23) yields the existence of a nodal zero of wWz,(2,8;¥) which exceeds 
in magnitude the largest zero of wr1i(/,B +1; y). 

This finishes the proof of Theorem 8’. 

As to the Krawtchouk polynomials, by a similar method we can prove 
the following 

Theorem) 87: Let Jibe odd, We use the notaticaun (c) 
and consider in particular the determinant (22.14) of the 
Turan type which we denote also by Wre(%), its linear 


interpolation by y,(y). If x is an integer, 
= ie Ne 


the function wr(y) will have exactly ~—/+1 nodal zeros 
all located in the interval (0, N—2/+ 2). 


ON CERTAIN DETERMINANTS... 93 


Chapter 4. AUGMENTED DETERMINANTS OF THE WRONSKI 
AND TURAN TYPE 


§ 23. Theorem 9, classical polynomials, Wronski type, J = 2. 


1. In this section we investigate the nature of the zeros of the 
augmented polynomial system ©, (k ; *) = ,(*) defined by (1.19) where 
(Qn(*)} represents one of the systems of classical orthogonal polynomials 
defined in Theorem 5. Pertaining to the zeros of @n(*) the normalization 
imposed on Q,,(%) is clearly irrelevant. The normalization to be used below 
will be partly different from that of Theorem 5; it would rather follow 


the normalization of Theorem 1. 
The proof of Theorem 9 will be based on the differential equation 


of these polynomials which has in all cases the following form [(5.5), 
(225) and 13, (5.5.2)]: 


(23.1) 1(4) Q"n(®) + $(*)Q'n(®) + An Qn(*) = 0, 2=0,1, 2, ..., 


where 7(x) and s(%) are analytic in the interior and in the finite boundary 
points of the interval of orthogonality; 7(%) is positive in the interior 
of the same interval (spectrum). The eigenvalues A, are strictly increasing 
and positive. The emphasis of the differential equation is important because 
it suggests certain generalizations of Theorem 9 to determinants whose 
elements are successive eigenfunctions of certain Sturm-Liouville problems. 


Such extensions will be dealt with elsewhere. 


2. For the sake of definiteness we assume that 
On (%) = ky (—x)" +..., Ra>O, ie. Q,(—o) = +o. 


This is the case for the Laguerre polynomials; P“(—x) and H,(—%) 
satisfy also this condition. According to Theorem 1 the polynomial a+1(%) 
will be negative for all real x. Since Qn (x)/Qni1(%) is strictly monotonic 
exterior to the spectrum [cf. 13, (3.3.9)], we easily deduce that “p, (x) never 
vanishes exterior to the spectrum. 

Let %) be on the spectrum; two consecutive polynomials, say Pn (x) 
and (n+1(%) can not vanish for ¥ = % simultaneously; this is a consequence 
of the following simple algebraic remark which is actually the first step in 


verifying the Sturm properties of the sequence 
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(on); #=R+1,87 2, =n 
We simplify the notation by dropping the argument *=%0. The 
equations 
Qe Q'n—1 — Oe On—1 — Pn—-1 = 0, 
Qt Q'n — Q% Qn — Pn = 0, 
Qn Ont — QO Qnt1 — Pati = 0 


are homogeneous and linear in the quantities On, =O, — 1 sothar 


One Ona Pn—1 | 
| 
| 


Oe (Oe Pn = 0; 
Ont Qn+1 Prati 
Thus if @,=0 for *=%c, we have 
‘ n | Chee _— | 
Pn—1 Cn @ ae Pn+1 | e ; Qn : | ==) (Oke 
Q n+t1 QOn41 | Q n 0, 


Theorem 1 implies that both determinants are positive so that if 
Gn = Prt — 0 


we had also (,-1=0. Further application of this remark would lead to 


@r+1 = 0 which is a contradiction. Thus if @n(%o) = 0 we must have 


(23.2) Pn—t (Xo) Pn41 (%o) <0. 
For the same ¥ = %) we show now that either 

(23.3) (aXe) Pn a) Oe Or 

(23.4) @,," (%0) Pu—1 (%0) < 0, 


the second inequality holding when @y”(%o) = @n(%0) = 0 in which case also 
q, (%o) = 0. 

Executing the required differentiation, using @n(%o)=0 and the 
differential equation (23.1), we find (see below (23.10)) 


(23.5) 1 (%0) P'n (%0) = (Ae — An) Qe (%0) On (Xo) - 
If also Qz(%0) = 0, then Q’,(%0) AO and thus Qn (%o0) =O ©. Similarly, if 
9. Two of the classical polynomials belonging to the same system might 


vanish simultaneously. Trivially, in the case of the ultraspherical polynomials when R 
and ” ate both odd, then Q, (0) = Q,,(0) = 0. 
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Qn (%o) = 0, then Q’,(%0) AO and again Qz (xo) = 0. In this event we obtain 
Pn (%0) = P% (%0) = O but 
(23.6) 1 (%0) Pi, (Xo) = 2 (Ae — An) Qe (%0) Q'n (%0) 
and the right hand side is not zero. 

Thus, %o being a zero of Pn (*) we find that two cases are possible: 
(a) % is a simple zero in which case Qz(%)#0, Qn(%0) 40; (b) Xo is 


exactly of order three in which case 
On (Xo) = Qn (Xo) = 0. 


In order to prove (23.3) or (23.4) we derive an alternative expression 
for Pn—1(%0), when Py (%) = 0, as follows. Observe first that Py—1 (%0) 40 


as pointed out already. In case %o is a simple zero of ,(%) we have 


ie _ Qe (%0) (%o) | | Qn—1 (Xo) Qn (Xo) 
Pn—1 (Xo) caer “On (%0) | Cs (%)) 0’, (%0) 
Thus 
(23.7) 1 (Xo) P'n(%0) Pn—1 (%0) 


Qn—1 (%o) Qn (%0) ie 0 


ee) 10: (20 
Ppa mG EQ'sua (a0) O's (Xo) | 


If Xo is a zero of (Pn(*) of order three (the other possibility) then 
Pn—1 (%0) = — QOn—1 (%0) Qn (Xo) 
so that 
(23.8) 1 (%0) P)” (40) Pn—1 (Xo) 


Qn—1 (%o) Qn (Xo) tes 0 
Q'n-1(%0)  Q'n(%) | 


The two latter inequalities yield (23.3), (23.4); with their aid and by 


(23.2) we may now establish the Sturmian properties asserted in Theorem 9. 


= —2(A, —A,) [ Q'n (Xo ig | 
| 


We proceed as in §2 although 
Pn (%0) = P'n(%0) = P,, (%0) = 0 
is a possibility; in this case (23.4) [instead of (23.3)] must be used. 


Since @n(x) is never zero outside the spectrum we need only the following 


further information : 
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(23.9) sgn @n(—co) = —1, sgn Pn(+o) = (1 eae 


This establishes the proof. 
It is a trivial matter to construct orthogonal polynomial systems such 
that (Px42(%) has three real zeros so that Theorem 9 is not valid generally. 


We leave this to the interested reader. 


3. With the aid of (23.1) we prove now that the system {@n (*)} 
constitutes a complete set of eigenfunctions of a second order differential 
operator in the same sense as the classical polynomials are eigenfunctions 


of such an operator. The coefficients of this operator may depend now on &. 


First, by definition we have (dropping the arguments for the sake of 


brevity) 

Pn = — Qe Qn + Or On 
and by (23.1) 
(23.10) 1Q'n + Sn = (An—An) Qe On. 
Solving for Q, and Q%, we obtain 


rn +S Vn 


(23.11) — 
| : (Ae a a An) Or 

and 

(23.12) Oo (7 Pn +S Pn) O's Pn 


Cia Oe ees 


Differentiating (23.10) and using (23.11) and (23.12) we produce the 


differential equation which exhibits «, as eigenfunctions of a differential 
operator : 


ub, ot el « 
(23.13) (r Pn +5 ,)' — On (7 @'n +S Pn) = (Ag — An) Pp, 


n= 0, 15-25 208 
In deriving this we made use solely of (23.1) so that any function 


@n defined by (1.19) will satisfy (23.13) provided the involved functions On 


(not necessarily polynomials) satisfy the differential equation (23.1). 
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It should be also observed that the coefficient of (, in (23.13) has 
singularities interior to the spectrum, namely at the zeros of Q, and, in this 
respect only, the differential equation is not of the standard Sturm-Liouville 


type. 


4. Finally we deal with a converse proposition restricting ourselves, 
for the sake of brevity, to the cases of the ultraspherical and Laguerre 
polynomials. The necessary modifications in the remaining case of the 
Hermite polynomials will be slight. 

Let 7 be a constant, ® an integer. We prove that the only analytical 
solution f of 
20, 
Qk 


which satisfies certain regularity conditions on the spectrum (see below), is 


(23.14) a Mn te 0 Gft+sf=rf 


a multiple of ~, for some = 0, 1, 2,.., f=4Azr—An. To this end, we 


observe that analyticity of f requires 


(23.15) ti SS = One 
where g is again analytic on the spectrum. Inserting this expression into 


(23.14) and performing the indicated operations we obtain 
(23.16) Ore Ose =F F. 
The latter equation yields 
(23.17) Lor sh) = Oe" 1-82) 2 0, + 5.05) 
= On(rg" +88) + he Qe; 


in the last step we used (23.1). Combining (23.15) and (23.17) shows 


that g satisfies 
(23.18) Pet Sg (fy — Mh) e 


Now we proceed to the discussion of the two cases mentioned above. 
(a) Ultraspherical polynomials: 
1 
r(x) =1—2x? , s(x) = —(21 +-1)% , pa n(n 424), 4 >>: 


We assume [in addition to (23.14)] that f(*) is analytic in the 
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Elosed interval —14%S$1, and we conclude that f =const. Pp 
for some %. | 
It is well known [cf. 13, 4.2, 4.21, (4.7.6)] that the only solution of 


(23.18) regular at x =1, is the hypergeometric function 


1 1—%* 
g(t) =F (-a,a42hsh4—; ; ). 


If axn or —t—2A, n=0, 1, 2,..., then all coefficients of this series F 
will be different from zero and asymptotically of the order m‘—*!? where 
m > co. Consequently this function or its first derivative tends to co as 
C—O 

Thus g=F must be a polynomial and it is easy to show [13, p, 62] 
that it must be an ultraspherical polynomial. Hence in view of (5.5), 
y= k(k4+2A)—n(n+ 24), g=const.Q, for some ” and assuming 70, 
(23.16) reveals that f is, except for a constant factor, one of the Qn. 

The argument is slightly altered for y= 0, g=const.Qs. Indeed, we 
have then trom (23.15) 


d 
SNH FG} = const. (1a? [0 


so that (1—x’)*+1/? f(x) must be monotonic in —1<x%x<1; this function 
tends to 0 if x>+1, hence f(*%)=0. 


(b) Laguerre polynomials: 
ry(x)=x, s(x) =a+1—*% ,l=—n, aS>—l. 
We assume now [in addition to (23.14)] that f(*) is analytic for 
%20 and satisfies at *=+oo the growth condition: 
limy e-* 4h-*t" () (x)= 0 for all b=0,1,2,..2 We concladeniem 
770 that f=const.@,. For y=0 the conclusion f=0 holds 


provided the single condition lime-*x*t1,f(x)=0 , %>+o, 
is satisfied. * 


It is well known [cf. 13, p. 102] that the only solution of (23.8) 
regular at X= 0 is the confluent hypergeometric function 


i) (—a Soy a) 
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If a~n,n=0,1, 2,..., all coefficients of this series will be different from 
zero and of the asymptotic order m-*-%-'(m!)-'! where m > co. We show 


by induction with respect to h that 
lim 2-7 x7 p(x) = 0 as x >-+ 00 


which will yield a contradiction. 
Indeed from (23.15) 


—xy|f' <—-% 
eae CeO) 


oe ele) 0 (1) - 


, Keto, 


Differentiating (23.15) # times we find 
%fOO 4 hf + (a+1—x) fM—h fe—-) = OQ, EMH +A, CFO +4... 

We multiply this equation by e-* x*—*; all terms on the right, except 
possibly the first one, will go to zero, by the induction hypothesis. The 
same holds for the expression on the left, hence also for the first term on 
the right. This makes the induction complete. 

Thus g=:F; must be a polynomial and so [cf.13, p.100] y=k—n, 
g=const. Q,, f =const. ,, provided FO. 

In the case 7 =O we obtain as above g= const. Q, and 


S_ [ert x8 f (2)] = conse. e* 4 [Ou (0); 


hence e~* x“t! f(x) must be monotonic, and under the assumption men- 
tioned, f=0. 

Another argument based on the completeness property of the Laguerre 
polynomials can be given requiring slightly weaker conditions on f than 
indicated in (b). 


§ 24. Theorem 10, classical polynomials, Turan type, /= 2. 
In the same vein of analysis as in the preceding section, we investigate 
the location of the zeros of the determinants 
Wn (Rk ; %) = Wn (*) 
defined by (1.20) where {Qn(x)} represents again one of the three classical 
polynomial systems defined and normalized as in Theorem 5. The norma- 


lization is now of importance. 
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1. In all three cases of classical polynomials a differential equation 
holds which we write now in the slightly altered form 
(24.1) [7 (x) On ()) = — An 0) On), n= 0, 1, 2,..., 
where the Q,(*) are orthogonal in a certain interval relative to the weight 
function (x); both 7(*) and (x) are analytic and positive in the interior 


of that interval (spectrum). 
Moreover we have in all three cases a recurrence differential relation 


of the form 


(24.2) 1(*) Q'n(%) = Pn [On—1 (%) + €(%) Qn (*)] O(4), 
ft = 0, 1,2, 2 021 00m 


where v(x) and o(%) are the same functions as in (24.1) and c(%) is a 


suitable polynomial. The constants MW, are real, [t,70. 


These two relations play a fundamental role in our proof. It is 


instructive to describe the three special cases more specifically. 


(a) Ultraspherical polynomials: 


Qn(x) = PO (a) /PHA), A>-—— 5 a=-1, b= 41, O)=1; 


moreover [(5.5), (5.6)] 
=U? , pe) =a, 
An = n(n+2A), bp =n, C(x) =—x. 
(b) Laguerre polynomials: 
Qn (x) = LO) (x) /L(0), a>-1;a=0 ,b=+0, O,{0) = Le 
moreover [(5.13), (5.14)] 
(iN e* 4ENE (x) = ertne lie nly eee c(x)=—1. 
(c) Hermite polynomials: 


“Tee See 


: Qn(*) = Hn(4) , @=—0 , b= +0 
[(5.15), cf. also 13, (5.5.2)], 


1 (4) = 0 (4) =e"? = Un = 2% , e(x) = 0. 
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In what follows we-shall make use of the special Turd inequality 
Wari (%) < 0 where x ranges over the interval of orthogonality. We verify 


the following elementary facts : 


Wa (—%) = (—1)"*44! yp, (x) in the cases (a) and (c); 

; —k 
(24.3) Wat = 0, 'n(1) = 2» in the case (a); 
Wn (0) = W'n(0) = 0, WP (0) = — easy in the case (b). 


Also we have for large x [(5.11), (5.12); 13, (5.5.4)] 
[F (a+1)]? (n—k) 
I (k+a4+2) PF ("+a+42) 


Wn (%) = — 2"t¥(n—k) xetht +... in the case’ (c). 


xntkt+1t | in the case (b), 


Pee tl 


2. First we point out that if x=%» is a zero of W,(*) on the 


spectrum, we have 
(24.5) Wn—1 (%0) Watt (%0) < 0. 


Thus two consecutive Wp, can never vanish simultaneously. The proof of 
(24.5) follows the same line as that of (23.2) so that it can be omitted. 
Next we show that if W,(%) =O we have 
(24 6) Wn (Xo) Wn—1 (xo) 0 Wis (Xo) Wat (Xo) = 0 oan (a), Go 
W'n (xo) Wrn—1 (%o) < 0) > Wn (Xo) Wa+1 (%o) > 0 in (b). 
Since wW,(%0) =0, there exist two real constants 7, 5 not both zero 
such that 

7 Qe (%0) + 5 Qn(%0) = 0, 

fi On+t (Xo) + 6 On+1 (Xo) = 0. 
If one of these numbers, say 5 would be zero, then Q%(%0)=0 and 
Qn+1(%0) = 0 would follow which is impossible. Hence both 7 and 6 are 
different from zero so that 


(24.7) Qn (%0) = £ Qn (%0) , Qn+1(%o) == #Qati(%o) , FAO. 
Writing Wn(*) with the aid of (24.2) as 
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Y O'n+1 ail O nei 


Wn(%) = Wn = | OP Pets 0 Unt 
On+t On+1 | 


> 


then differentiating and inserting * = %0 we obtain, making use of (24.1), 


(24.2) and Wn(%o) =0, 


Ane Ant if O'n41 Y Ow 
a a Sr es Qrat ee vf : 
W'n (%0) = Wn = Meyt nti O Va+1 O Unt 
Ori Qn41 | O'ni1 Oa 


Un+1 Ue+1 


= ( - 7 “ ] Qe Oni + (uns — Hest) (Qe + 6 Qe+1) (On + ¢ On+1) 


wm f(s — Ma) nO (uss — Hoes) (Qn + Ones 
Unt Ua+1 3 Y J 
In the latter formulas x= %0. In the last step we made use of (24.7). 


In view of the special information given in 1 we conclude that 


An 
— and Up, ate strictly increasing in the case (a); Fey is constant in the 
Ay n 


cases (b), (c) and Up is decreasing in the case (b), increasing in the case (c). 
Hence the expression in the last curly brackets is positive in the cases (a) 


(c) and negative in the case (b). Moreover, by appealing to (24.7) we obtain 


Qn (Xo) Qn—1 (Xo) | ; 
Qn+1 (%o) Qn (%0) | 


Invoking Turan’s inequality establishes the claim of (24.6). 


Wn—1 (x0) = fot 


The properties of the zeros of W, as stated in Theorem 10 can now 
be deduced in a routine manner by using (24.6) as well as the special 
information (24.3) and (24.4) The details are similar to those of the 


preceding sections and can be omitted. The proof is thus finished. 


3. We continue by deriving a second order differential equation 
for Wn (x) analogous to the equation (23.13) satisfied by n(x). In contrast 
to (23.13) however there does not exist now a unified differential equation 


satisfied by wW,(x) in all the three classical cases which underlie the 
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definition of Wn(*). We discuss each case in a special manner, preferably 
in the order (c), (b), (a). @ 

(c) This is the simplest case: Qn(*) = Hn(*). In view of (5.15), 
we have Wn(*) = — Pn(x). Thus the differential equation satisfied by wn (x) 
in the case of the Hermite polynomials is identical with (23.13). 


(b) Next we deal with the case 
On (x) = LO (x) / LO (0). 


We recall the familiar identities (5.14), (5.13) and we write the second 


one in the fotm 
[e-* x41 0'n (x) = — me-* x" Qn (x), 


We obtain 


yaa =O OO) 


Qeti(%)  Qnti (*) 


—% On+1 (%) QO’nat (x) he Ors (%) O'n41(*) 
k+1 n+1 


and 


(24.9) (e-* x% wy = —e-* x%41 arta D Q'n41 (%) O'na1 (%). 


Another differentiation and subsequent elimination of Qn+1(¥%) and 


Q'nti(%) from these equations produces the sought for differential equation 


Gat ek > 2% Qiar \ (67% 4% wp) 
(24.10) IL (yp) = erat == (« ap a 19 One en* xOt1 
= yee 
= —(n—k) a 


From (24.9) we readily conclude that w has a zero of order 2 at 


x=0. 


4. We now prove a converse proposition to (24.10) where Qa 


is again Laguerre’s polynomial. Specifically we show that the only entire 


10. Professor G. Latta has studied certain other differential equations satisfied 


by the determinants w,, (%). 
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function f (%) which possesses a zero of multiplicity at least 2 at x=0, 


satisfies 
ii 
(24.11) Lifj=—, #>0, 


for some real 7,70, and it satisfies 
lim er ee (x) =) 
for all h=0,1, 2,...,.%> +, is necessarily a constant multiple of W, 
for some 7. In the case 7= 0 the growth condition must be 
lim ¢-* 2° / @) = 0 oe 
and we conclude that f (x)=0. 


For the proof, we note first that f(¥) being an entire function, 
yO) 7 (0) 0; 
(e-# x" fy 


the validity of (24.11) requires that eerie se 


contains all the zeros 
Of Oyen Lnus, 

(24.12) (e-* 4% f= e-* 491 07 ae 

where g is again entire. We write (24.11) in the form 


e* yal 


ad 
(CAs ae (Qi41)’ (u(e*x* fy} =f, us oe (Ce 
a (€ Ori — 60, ay 


so that inserting the last expression into (24.12) 
d f , ” ‘ 
rs fe-* x%+2 (pg Vin 20, .)} =: ye-*x"41 0452 
follows; or, equivalently, 
(24.14) ae + (e+ 2—x)e = (7k) ge) 

Now the argument is quite similar to that of § 23.4 (b). As to g 
we have to compare (23.18) and (24.14), i.e. &@ must be replaced by 
a+ 1. As to the growth condition to be imposed on f(x) we compare 
(23.15) and (24.12) so that (apart from an immaterial change of a) Qe 


must be replaced by *° Oss; i. ese by Rk -- 2 Thus) werconchidentne & 


is a constant multiple of Qt” = const. (Q nea) = const. Q’n41 for some 
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appropriate integer 1, /=k—n. We find from (24.13), in view of (5.13), 
i 
740, that es oonst. (A+ 1) Q'nts Qear — (+1) Qn41 Q'nu1] so that 


[cf. (24.8)] / = const. \, as it was to be proved. 
If 7=0 we find from (24.13) that g=const. Q’441; so that from 
(24.12) 


ex" 7 (x)= const, i et" [0'n41 ()]? at. 


0 


If we assume that e~*x* f(¥)>0 as x>-+oo, f=0 follows. 


5. (a) In the cases of the Hermite and Laguerre polynomials we 
have succeeded in characterizing the determinantal polynomials Wp, as a 
complete set of solutions of an eigenvalue problem defined by a differential 
operator. It remains an open question whether it is possible to formulate 
an eigenvalue problem which determines \, in the circumstance of the 
ultraspherical polynomials. At any rate we can obtain a second order 
differential equation satisfied by WW, which bears some similarity to the 
differential equation satisfied by the classical ultraspherical polynomial 
system. 

Straightforward manipulations involving the identities (5.5), (5.6) 


lead to 


(24.15) areas Cow)’ (mA) re 


‘ Kas ae Wee x By 


for W=w, where 


(1—x7) [Q'n41]? 


paGayF | A= [Onl + ae 
vies 4M Orsi Ona = 4x Keyra 
k+1 (k+1)? > 
pie 2A [Qe+1]’ = 4dx Ort O'ns1 Re 2) (One|: 
a 1—x! (k--1) (1—*’) (iy 


This differential equation is of a different form than (24.10). Here the 


coefficients of wp’ and w” are analytic on the interior of the interval of 
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orthogonality in contrast to (24.10) where the coefficient of w’ has sin- 
gularities (except when k=0) interior to this interval. Moreover the 
differential equation (24.15) does not generate the usual type of eigenvalue 
problem since it involves a term with the factor (w—%)’ and a second term 


which is linear in ~—k. 


§25. Theorem 11, discrete measure, Wronski type, /= 2. 

The key property essential for the proof of Theorem 9 was the 
existence of a second order differential operator for which the underlying 
orthogonal polynomials are eigenfunctions. In this regard all systems of 
orthogonal polynomials satisfy a recursion formula which can be interpreted 
as a second order difference equation with respect to the integer 
variable ~. Thus we may expect a result dual to Theorem 9 for the aug- 
mented determinantal systems of second order where the argument is the 
index variable 7. This is Theorem 11 which we intend to discuss in the 
present section. 


We assume that the spectrum is a countable discrete set 
M@COa Cl a2<.... 


(Actually we could deal with the case of a finite discrete spectrum as well 
at the expense of a proliferation of cases.) For definiteness, we set ao = 0. 
The polynomials |Qn(*)} are normalized by the condition Q,(0)=1 so that 


they satisfy a recursion of the form 


(23.1) —xQ, (x) = (An+Un) Qn (x) a Ap O41 (x) oF Un Qn—1 (x) > 


1 = 0501 2s 
where 
Oni (*) 3:0) 6 Oo(s) 1 2 Oe 0 
except Uo =0. We define 
(2572) To = 1, NM, = fo bys Ano : m1, 
Le ee ne s 
so that 


Mn TM = Apt Tyo 5 0 1% 
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Now we write (25.1) in the form 


(25.3) —XMy On (x) = Mn Ty A On (x) = = Anat Tn—1 A On-1 (x) 
SS A [An—1 T-1 A Qy-1(%)] , hel, 
where the difference operator in each case tefers to the index 7; i.e. 
Ay. — Teas =i 5. 


Equation (25.3) expresses a Sturm-Liouville difference eigenvalue type 
relation in which * is an eigenvalue and Q, (x) represents the corresponding 


eigenfunction of argument 1. 


We shall deal with the augmented determinantal system 


(25.4) (45 m) = y(n = | Pn — Onl@) | nla) — ale) | 
Ons (4%) Qnar (Ar), | AQn(ax) A Qu (ar) 

r=k+1,k+2;5 23; 

concerning the notation used cf. the remark to Theorem 11 in the Introduction. 


The dependence on *& will be suppressed since it is being held fixed. As 


usual, we consider for y= 0 the linear extension 
where 


y=on+(i—p)("+1), 0S ps1, Med Onto are: 


2. The proof of Theorem 11 is divided in a sequence of steps. 
(a) @4i1(m) is negative for all 20. This fact is a particular 
consequence of Theorem 3. 
(b) @,(0) is negative for allr=k+1,+2,.... This is trivial. 
(c) Two successive functions ©®,(y) and ®,4:(y) can not 
vanish simultaneously. 
In order to prove (c) we suppose ,(¥0)=0; then there exists an 


index ” and a value 90,05 9<1, for which 


Qn (ax) — (1 — 0) Ont2 (ae) Ont (Ge) ) _ 
Qn (a,) _ (1 ate p) On+2 (a,;) On+1 (a,) 


Yo = on + (1—p) (n+1). 


(25.6) ©, (¥0) = 0, 
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Thus 
(25.7) A Qn+1 (a) — B [0 Qn (ar) — 1-0) On+2 (4)] = 0 
where 

A = 0Qn(az) — (1—) Qn+2 (az) and B= Qni1 (ae). 
If B=0 then AO since in view of (25.1) we have 

Qn (4x) Qn+2 (ae) < 0. 
Thus A and B can not vanish simultaneously. Now, if also ®,+1 (Vo) = 0 
then 
(25.8) A Qna1(4r41) — B [0 Qn (41) — 1—) On42 (441)] = 0. 
The system (25.7), (25.8) implies 

"Als lla ast 

in contradiction to Theorem 3; this establishes the assertion of (c). 


(d) ®,(y) vanishes for at most two consecutive integer 


values of y, say m, m+1, and this happens if and only if 
Qn+1 (44) = Qn+1 (ar) = 0. 
Let ®,(”) = ®,(n +1) = 0; then 
AQn+2 (ae) + UQn(4e) Qn (ae) 
1A Qn+2 (ar) + W Qn (4r) On+1 (47) 


for arbitrary 4 and wt. Choosing A and uw suitably with reference to the 


recursion (25.1) we find 


Ar Qn+1 (ae) Qn (ae) 
a, On41 (a,) On41 (a,) 


and therefore either Qn+1(4e)=0 or Qnyi(ar)=0 or possibly both relations 


hold. Actually either relation implies the other in view of the hypothesis 


®,(m)=0 since Q, and Qny1: can not have the common zero a. Finally 
®,(~+2) can not also vanish since then by the previous argument 
Qn+2(az)=0 would follow. 


Scrutiny of this reasoning reveals that a zero 


Yo 04 t (1 — 9) (2d) 
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of ®,(y) lies in an interval of zeros of this function if and only if either 


Qn+1 (4k) = 0 or Qny1(4r) = 0 and consequently both necessarily hold. 


3. We consider hereafter two cases. 
(i) Let vo= on + (1—e) (+1) be an isolated zero of ®,(y). 
By virtue of (25.6) and the remark in (d) we have 
Qn+i (4k) AO , Qn41 (a7) #O 


and 


Bae) Osa) — UP) Ol (a) = eee 20, (a) =p) Oval) 


We now simplify ®,-1(%o) with the aid of (25.9) thus obtaining, 
cf. (25.6), 


(25.10) ,-1(¥0) = __ QOn+1 (ae) ne / ae) Ff a-o("* ol 


Qn+1 (4r) Ap > a, r-1 ar 


We prove in a quite similar fashion 


(25.11) 9,4: (ye) = Qn+1 (ax) 00("" planta atl ihaes) | 


\ 


Qn+1 (dy) ay, r+ Ar , Arti 


The expressions in the square brackets are strictly negative (Theorem 3). 
Thus 


(25.12) ®,-1 (Vo) * Bras (yo) < 0. 
Next, we evaluate the sign of 
A®,(n) = ®,(n+ 1) — ®,(”). 
To this end, we observe that 
A (Pn Qn) = Prot Adu + In A dn 
so that for any function 7 (7): 
A [r (x) ®, (x)] = [—9) r(x) + pr (n+-1)] A ®, (n) 
+ [o ®, () + (1—p) ®, (n+1)] Ax (n) 
with arbitrary 0. In particular we select @ such that 
pn + (1—) (+1) = No, C=. 0 s1), 


and 
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y(n) =4A,%, > 0 
for all nO. Since ®,(¥o) = 0 it follows immediately that 
(25.13) sgn A [A, Ty ®, (1)] = sgn A a, (7) : 


We perform the calculation of the left hand side by using the second 


expression in (25.4) and taking (25.3) imto account: 


On+1 (az) On41 (4,) 
A [hn tn A QOn(ax)] A [An tn A Q, (4r)] | 


= — Ty41 (Ap—4k) Qn41 (4k) Ont (4r) - 
Relations (25.10), (25.11), (25.13) and (25.14) imply 
(25,15) ®,_1 (0) A®,(") < 0, Drir (yo) AD, (2) > 0. 


(25.14) A[A, x, ®,(”)] = 


4. (ii) Let 
SA = [Ue ae (1— ) (n+1) 


be a non-isolated zero of @®,(y). For definiteness we take Yo in 
[n,n+1] , O(n) =®,(n+1)=0 and without loss of generality we 


identify Yo=m. Then according to (d) we have necessarily 
Qn+1(@n) = Ona (4r) = 0. 
In place of (25.10) and (25.11) we obtain 
D,-1 (1) = Qu (4k) Ona (G1), Dr 41 (1) = Qn (4%) On+1 (4741) 


which we will convert now into a more useful form. Theorem 3 and 
Ona (47) —= 0 yield 


Qn+1 (4-1) Qn(4r) > 0, Qn (ar) Qn41 (r41) < 0. 
Thus, 
(25.16) sgn D1 (n) = sgn P41 (n) = sgn [Qn (as) Qn (a,)]. 
With the aid of (25.1) it follows easily that 
sgn A? @,(n) = ©, (n-+2) = — sgn Quiz (an) Ons (ar). 
Thus, the sign of ®,_1(”) A? ©,(n) is that of 
~ [Qn (4x) Qn42 (ae)] [On (4r) Qu+2 (ar)] 
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which is negative since each of the bracketed factors is negative. To sum 


up: in the case of a non-isolated zero Yo =m, we obtain the relations 


(25.17) D,_; (n) A , (n) == 0); 0,24.(n) A? P, (n) <0 
O,41(7) A O(n) = 0 , D4: (n) A? O(n) > O. 

5. In accordance with the procedures of §2 we need to determine 
the sign of ®,(7) for 7 large. To this end, we make use of the following 
results to be established in Appendix, § 31 (cf. Theorem 19 and its Corollary). 


First of all, when ” is sufficiently large Qn(4-) has the constant sign 


(—1)’. Since always Q (" ; coll <0 (Theorem 3) we infer moreover for 


As , As41 
all n>N(a,, as41), N(as,4s41) is an appropriate constant depending on 


a, and 4541, the inequality 


On (as) Qn (4s41) 


(25.18) Ons: (as) i On41 (@s41) 


SO. 


Now fix ae and 4,, a,<4a,; then for m sufficiently large, specifically for 


#% > max {N (@y.,°@n41) , N (Geet , Ge42), «1, N(G,-1 , @)} 5 


* | 


we obtain by adding the inequalities (25.18) for s=k,k+1,...,7—1 that 


On (ax) S On (2,) 
Qn+1 (4x) Qn41 (ay) © 


(25.19) 


On the basis of the facts mentioned we conclude that ,(k ; 2) = ®,(n) 
has the constant sign (—1)**’. 

With the aid of the statements (a)—(d), of the basic inequalities 
(25.15) and (25.17), and by virtue of the previous remarks we deduce in 


a routine manner Theorem 11. 


§ 26. Theorem 12, classical polynomials, higher (even) order 
Wronskians. 
1. In generalizing Theorem 9 we shall deal now with the Sturmian 
properties of the sets of higher order augmented Wroaskians having the 


special form 
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(26.1) on(k 2; *) = On(*) = W (Qe (%) , On(*) , Quai (%), +, Ons (*)), 
We Ral ek ee ee 


The corresponding matrix is of size (2+2)X(J +2) where lJ is a fixed even 
integer; R is an arbitrary fixed integer and (Qn (x)} is one of the classical 
orthogonal polynomials systems defined in Theorem 5. (Henceforth, the 
dependence of , on & and / will be suppressed without causing any 
ambiguities.) We shall rely decisively on the familiar fact that the system 
{On(*)} is characterized as a set of eigenfunctions for a differential equation 


of the form 
(26.2) r(x) Q" (x) + 8 (*) Q'n(%) = An Qn(*), 1 = 0,1, 25a 


[The notation is slightly different from (23.1).] The boundary condition 
which determines Q,(%) uniquely is that the solution be an entire function 
of x. The eigenvalues 4, are a strictly decreasing sequence of negative 
numbers; 7(x%) and s(x) are analytic in the interior of the interval of 


orthogonality (spectrum) and r(x) >0. 


2. For the convenience of the exposition we divide the analysis 
of the set {,(x)} into several steps. We mention first the following 
two facts. 

(a) For real x exterior to the interval of orthogonality, 
including end points, the function, ,(%), 2 2k-—-ae 
never vanishes. 

(b) The initial function Qzyi(*%) has a single sign for alt 
BORN Be. 

(a) is a particular case of a more general theorem proved in the 


Appendix, §32; (b) follows as an application of Theorem 1. 


3. Let x be a real zero of @n(*). Then there exist certain real 


constants: 45" 703 fi, +5 77 not all zero such thar setting 
I 

(26.3) F(%) = 4 Qn (2) + Vy Quay (2) 
v=0 


we have the relations: 


(26.4) f (%o) = f’ (%0) =... = f+ (xo) = 0. 
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With the aid of the differential equation (26.2) we infer that 
I 
(26.5) ge) =7 (a) f"(%) + s(x) Sf’ (*) = aha Qi (X) + y Tv Ansty Onev (X). 
vy=0 


Moreover g(“)(%) is a linear combination of the f(x) with v<u+2 
so that in view of (26.4) 


(26.6) &(%0) = 2 (%o) = ... = ge (&%) = 0. 
In addition from (26.5) 
(26.7) 8 (Xo) = 7 (%0) fF (xo) . 


We may write these relations in the following form: 


I 
(26.8) gt (%0) — Ma f (%0) = Y" 77 Cnty — Aa) OW), (0) 


v=0 
Jo for w<l 
| 1 (xo) SUF (x) for wet, 


4. First we point out that a#0. If, to the contrary, a=0, then 
the constants 7o, 71,...,77 ate not all zero and using (26.4) we see that 


the columns of the matrix 
(QM (%o)), ie Oo test ol ev = 0s 1, 2, 
are linearly dependent. This implies that the Wronskian 


(26.9) W-= W (Qn > Qn+1 a) Qn+t) 


and its derivative would vanish for *=%.. The order 2+1 of this 
determinant being odd, this is in contradiction with the conclusions of 
Theorem 2. Thus a0; we may assume that a= 1. 

We show that 7,40. Assuming the contrary, we consider the system 
(26.8) but only with w</: this system is homogeneous and its determinant, 
a Wronskian of even order, is not zero. Thus all 7, must be zero; but 
then (26.4) is a contradiction since Q(%) has only simple zeros. We may 


prove similarly that yo* 0. 


5. We write the determinant (26.9) in the form W=[wy] where 
u,v run from 0 to J; denoting its minors by Wy» we may solve (26.8) 


in the following form: 
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(26.10) W + ty nsv—Aa) = 7 (%0) fU+ (%0) « War ; 
in particular for v= 0 and v=/ 


W + yo (An — An) = 7 (%0) fF” (%0) + W (Qn41, «> Onti), 
We V1 An+7 a Ar) = ¥ (Xo) fo? (%o0) -W (Qn ptt O 41-3) A 


On the other hand, writing (26.8), u</, as follows: 


(26.11) 


I—1 
» Tv (Cnty = An) OS (Xo) Se og? 71 (An+t ae Ap) Gf), (Xo) 


v=0 
we may solve again and obtain, in particular, 
70 (An — An)» W (Qn, +s Onst—-1) = 71 Ansa — Aa)» We Qnty o> Ont) 


In all these equations *=%o. As a special consequence (Theorem 3) we 


point out that jo 77 > 0. 


6. Now we discuss 


Pn-1 (x) =W (Qe > On=1 a aaa Ost=1) > Pn+i (x) =W (Qe > Qn+1 re) Qn+i+1) 


for *=%) assuming again that @,(%.)=0. With the aid of (26.4) we 


combine the columns 


Ok > Qn > Qn41 porte On+1-1 and Or ’ On+1 5 Qn+2 recoonn On+1 


and obtain 


(26.12) Pn—1 %o) = 7e> W (Ont... Ons oy Onur) 
as well as 
(26.13) Pnx1 (%0) = — fo: W (Qn, Onis 5 «15 Ontiei)s 


respectively. Both Wronskians are different from zero and of the same 


sign so that 


(26.14) Pn—1 (%o) Pn41 (%0) < 0. 


Z. Finally we proceed to the more complicated discussion of (’,(%o); 
differentiation of the determinant ¢, (x) raises merely the order of derivatives 
in the last row by one. Using the combination of the columns defined by 
(26.3), (26.4) we can make all elements in the first column to vanish 


except the last one which will become fF) (xo). Its minor being 
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—W (Qn, ..., Qn+t) we obtain, in view of the second equation (26.11) 


Pino) — FOF (x0) W (On, > Qntt) 


71 (Anti ca A) : [W (Qn Sia Qn+1))’ 
r (Xo) W (Ons see QOn+1-1) ; 


Combining this with (26.12) we find 


af 71 (Anti—Ar) : W (Q,—1 Agee Vax) 
¥ (Xo) W Ons ners Onti=1) 


Here Anis— An< 0 and the two first Wronskians are of even order and 


n—1 (%0) Pn (%0) = aE (Oprcen nat) | cs 


Opposite signs. Thus 


(26.15). Pn—1 (x0) Pn (Xo) <0 provided W= W (Qn > QOn41 geet y Qn+1) a OF 


8. Now let 
W =W (Qn, .., Qnti) = 0 
for % = %o so that 
Pn (Xo) = P'n(%o) = 0. 
We prove then that 
p” (%0) = 0 , Pn (%) FO, 
and 
(26.16) Pn—1 (Xo) Pn (%0) < 0. 
Differentiating the determinant Pp (x) p-times modifies only the last 
p rows. We shall indicate these changes merely by the last pertinent 
elements of the first column involving the derivatives of Qz; the corres- 
ponding elements of the later columns arise by replacing & by m, 
m+1,...,a+1: 
Gin = [087] 5 07 = [Og OF] + 100”, OF, 
n (4 ie 
et a,  210p Oe OEY 
+ [E- , O, Qi+s)) . 
Using the linear combination of the columns defined by (26.4) to which 


now / +2)(%9)=0 has to be added (cf. (26.11), the determinants on the 


right are of even order hence not zero), we can reduce all elements in the 
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first column of the first determinant of @, to zero while in the second 
determinant of @, all but the last element will become zero. But the 
minor of that last element is —W =O hence ~, =0. 

The same procedure renders all elements in the first column of the 
three determinants making up @, zero except the last elements in the 
second and third determinant. Hence we obtain 
dw 
dx 


(26.17) Pn (%0) = — 2f* (Xo) - — fU) (xo) - W 


dw : 
We note that Sra since W=0 (Theorem 2). 


We modify now the system (26.8) by replacing the equation 1 =1 
by «=2-+1 in which case the right hand side must be 7(%o) f+} (x0). 


The determinant of this system will be thus (26.10), (26.11) hold 


WV 
ge 


without change except that W on the left and f+? (x) on the right must 


be replaced by and f+) (xo), respectively. (The minors Wy, do not 


ab 
ax 
change.) We find 

dW ; 
(26.18) = + 71 Ansi—Aa) = 1 (0) fO (Ho) © W(Qns oor Ons) 


From (26.17) and (26.18), 


tn) ee eee Dy) [aW./ dx}? 
r (Xo) W (Qn, see Cay 
Pn—1 (Xo) Pn. (Xo) es De iis (Ans 7 Ax) : W (Qn—1 Breet QOn+1) 


1 (Xo) W (Qn oe) Onit-1) 
2 


d 
. ee WwW (G; (x) : Os (x) ees On41 | 


We now have all the ingredients from which to verify the Sturm 
Properties of the set {(p,(*)}. This establishes the proof of Theorem 12. 
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§27. Theorem 13, discrete measure, higher (even) order Wronskians. 


1. A discrete analog of the determinants (26.1) of §26 are the 


quantities 


O71) w,(k 2 <n) = wp, (n) = Q Ge try ee a a on 
m,M+1,"n+2,..., m4+141 


P= Re 1 RAD, as, 
where we follow the notation (1.3’). The corresponding matrix is again of 
size (J+ 2) X (1+ 2), J a fixed even integer, k a fixed integer, and {Q,(x)} 
constitute an arbitrary system of orthogonal polynomials associated with a 
discrete measure whose spectrum is the discrete set ao<a:<a@.... Our 
aim is to prove Theorem 13, i.e. that the sequences {w,() ; 2 = 0, 1, 2,...} 
form a weak Sturm set in 7; r=k+1, k+2,... (see §2). With other 
words, the sequence mentioned will have y—k—1 nodal intervals, and the 
nodal intervals of the sequences 7 and 7+1 interlace. The nodal intervals 
will not contain more than two integer points. 

The special case = 2 has been discussed in Theorem 11 proved in 
§25. By using the method of §10 we are in the position to reduce the 
general situation (27.1) to that of §25, i.e. to the determinants denoted 


there by ,(7). We assume again that 


fe =" 6.4 0,(0). = 1. 


2. Let 7 be fixed. We consider the new system of polynomials 
Gn (7; *) = Gn(*) 
defined by the formula 


Ky Api C742 5 00 5 Art] 
n,n+1,4+2,...,2+1 
= (—1)!? (w—ay41) (¥— ay 42) «.. (4 Gy41) + In (X). 


(27.2) 0 


This expression is a linear combination of the polynomials Se se pul (ae) 
having the form indicated on the right and qn(%) is of the precise degree 
n since the coefficient of Qn4:(*%) has the sign (—1)!? (Theorem 3). Also 
Qn(0)>0. The polynomials (gn(%)} are orthogonal on a spectrum which is 


identical with the previous one except that the points 4,41, ..., +1 are 
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missing; hence @, and 44141 are successive points of the new spectrum. 


Applying Theorem 11 to the new system {gn (%)} we obtain that the sequence 


Fn (ax) Qn (4,) 


. Niele 
In+1 (az) n+ (a,) | 


(27.3) 


has y—k—1 nodal intervals; moreover the sequence 


| 
(27.4) 2 (%) Ae (Qrs141) n= 0, I, Ie eee 
Qn+1 (Ak) Inti (44141) 


> 


has y—k nodal intervals. The nodal intervals of the sequences (27.3) and 


(27.4) interlace. 


3. On the other hand, applying Sylvester’s theorem to the determinant 
(27.1) (we strike out the first and last row and the two first columns) 


we obtain 


(27e5) Wr(n) + Q ies are) be |nz1 (ar) Gn (4x) | 


Wek DI } n+l | dn (ar) Qn (ax) ks 
C = (A, — Ay41) ... (@ — Ar4i) * (Ae — Ar41) «1. (42 — 441) > 0. 
Applying further the same theorem to the determinant 1,+41(”) (we strike 


out now the first and last row and the first and last column) we find 
Cyril 5 oon 4 | One (@r4i41 n an) | 
(27.6) vein) O| +1 Ea +1+1) Gnv1 (Qi) 
Cn ee Yn (4r4141) Qn (ae) | 
Co = (Gr4141 — G41) oe (Artie — Arti) * (4k — ar 41) «.. (Gk — Ar4i) > 0. 
After having removed the first column of w,4:(”) we have to transfer the 
Jast column to the first place which is equivalent with multiplication by 
(—1)'=1. In (27.5) and (27.6) the quantities Q on the left are of the 
sign (—1)/?. 
In view of what we know about (27.3) and (27.4) the assertion 
follows with the aid of (27.5) and (27.6) immediately. 


§28. Theorem 14, classical polynomials, a special Turan system. 
As announced in the Introduction we shall evaluate now in explicit 
terms the determinant T of the Turan type defined in Theorem 14; this 


will be done in all cases of classical polynomials Q, (x) occuring in 
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Theorem 5. The case of Legendre’s polynomials with 7 =1—1 has been 
treated already in §4.2 as an illustration of a simple method to be used 
now also. The case of the Legendre and ultraspherical polynomials with 


y=/—1 is taken care of by the identities (4.9), (12.3), (14.3). 


1. Legendre polynomials, 7=>/—1. We follow the method as 


well as the notation of §4.2. We evaluate the determinant 
(28.1) [A] = T (Po(x) , Pi(x), -., Pra(x) . P,() 


where r2>/—1. For r=/—1 this reduces to (4.3). For r2/ the 
determinant in question is non-symmetric. 

Assuming r=/, we choose H =(hp,) as in §4.2. Let first 0<g<J—2 
so that voq<l—2; hence a@yy=Py+, for all pp. This leads to the same 
quantities byg, GSl—2, as in $4, see (4.8). Thus all elements of B 
under the main diagonal vanish and it suffices to compute by, for 
p=q=!-1. We have 


(28.2) bir tr = Yeu 11 Aun hy, = y a s eee 
1 2 


eSl-1,vS/-2) wSl-1,v=I—1 


In the first sum 2; we have @yy=Pu+y, in the second sum 2 we have 


Auy = Pus,. Consequently 


as te [—2 = ete Oe 
y =F = J ye hu, 1-1 (x+V 1 cos (p)/ « ae (% + Vx cos ‘p)” + dp 
oe =0 p=U 


1 0 


i (ae 

7 =4 cos (J—1) @ - e hy 1-1 (%“+V x°—1 0s)” dp =0, 
“: v=0 
= = 


I—1 


2 u=0 


= hy-1,1-1° a py («+ V x? —1 cos pet? dip 
, It a 
u=0 


0 


neater tk cos (J—1) p + (« + V x? —1 cos py dep 
; Ay 
0 
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1 2 aie ae 8 
TR emery es alee tae 
roel ! Maes Te he 
Ba Daan (41) ae CELESTE Ce ay (ea) P, (x). 


Here we used (4.7) and (5.9). Now [A] can be evaluated as in (4.9); 
all quantities App , 6,» are the same as there, only bj-1,1-1 has to be altered. 


Making use of the result (4.9), we conclude in the present case 


Ay ea 20 ages 


(28.3) r! j a 
Sey l=1) I= 2) (ea Oe | 
a owl) (r+l—1)! \ dx 


I-1 
Pele 


Thus the polynomial [A] changes its sign exactly 7—/+1 times in 
the interyali—1 <4 <= © 
For 7=/ this formula was deduced by [Beckenbach-Seidel-Szasz 3]: 


(28.4) [A] = 2-0-9 1 (x? — 1-92 x | 


2. Ultraspherical polynomials. Now we evaluate 


P) (x) 
(28.5) [A] = T (Qo (*), Q: (%), ... , Q-2(*), Or (%)), Qu (%) = Qn = PO” 


y2=l—1, using the integral representation (5.8). As to the case r=1—1 
cf. (14.3). Dealing with the general case 7 >/ we follow a similar argument 
as in 1; the notation is similar to that in §4.2. For the sake of simplicity 
we assume that A > _ and * >1. In the present case we use, instead of 


(4.6), the polynomials 


p == aU (Hees eee 
(28.6) hy(=)" hap @+V 1 Ot = (a 2 aaa he 2) 2 pt A) (t) 


L=0 


normalized by the condition (14.6), »=0, see (5.7). The details are 
clearly the same as in 1; we have to compute only by,,p=q=I1—1 
for which we write as before ©, +>). 


Again 2,=0 and in view of (5.8), 
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I—1 1 : 

r —~AT(A+-) 

y =o ay hu ,t-1 Quir hy-i, 1-1 == hy-1,1-1 Ss Pi Sai ta 
va u=0 ['(A) 


| hy_1 (cos «p) (6+V x—1 cos (~)’ sin’—! p dp 


0 


=1 Ge) 


=e : er ae it pera 2 cet () (x+Vx—1 —lcos py sin’—' pd. 
A (4-3 
I-1 


Here we compared the leading terms in (28.6); see (5.4). Using (5.10) 


we see that the latter expression is, except for constant factors, identical 
a oe. 
with (——| PW (z). 
me, So) 


We refer again to (14.3) (which is the case ry=/—1) and _ notice 
that compared with this case only 0;_;,;-1 has to be changed. (With other 


words, the quotient [4]/d;-1,;-1 is independent of 7.) Thus 
A C (x? 1(i—1) /2 Ce ee (A) 
[4] = Cot — ayn (7) Pee 


where the constant C is different from zero and depends on the parameters 


eh Nae a 


3. Laguerre polynomials. We deal further with 
Ls} (x) 
(28.7) [A] = T (Qo(*), Q:(*), ..., Qi-2*), O*)), On(*) = OF? (*) = L@ (oy? 


T--4--1..As to the case 7=1—1, cf.(16.5). In the present case we 

assume 7 = / and follow a similar notation and a similar argument as in A. 

The polynomials (16.14) will be instrumental, ™=0, so that we can choose 
hy(z) = const. fp(2), pp = const. x? 


where the latter constant is independent of *; cf. (16.17) and (16.18). 


We have as in (16.15): 


1—1 
bo I-11 = “yn jie Ce (%) 1 1-1 = » ky (x) My Pah te ‘ ‘Yin, [=1 


= ie eee Ie \(1+2)" hy-1 (z)} = const. fee -K \(1+2)" fri (z)}. 
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Now we use (16.22) and obtain, in view of (16.5) (see also the first 


part of (5.14)) 


dad I-1 
[ =) * gl (l— a (a+I—1) 
(28.8) [A] = Cn Qe y= Catto (F) gier9( 
where the constants C and C’ are different from zero and depend on a,/,r. 


4. Hermite polynomials. This case is trivial since in view of (18.3): 


[A]= 7 (Gc), 1G), ..., #216), Be) = C1) 
-W (Ho (*), Hi(%), ..., Hi-2 (*) , Hr (*)) 


so that 


I—1 
(28.9) ie tal eee eh 


§29. Theorem 15, discrete measure, a special Wronski System. 


The determinant of the discrete type w(r,1; ”) = w,(”) which 
occurs in Theorem 15 can be described as follows. In the first row we 


have the vector 


(29:1) (Qn (a) ? Qn (a) poser y On (a;—2) > be (a,)} > Y = /—1 “ 


and the later rows arise by replacing m by »+1,”+4+2,...,n+1—1, 


respectively. In our general interpretation it is dual to the Wronskian 


(29.2) P(r, 2; %) = (x) = W (Qo(x) , Qi (x), ..., Ore (x), O,(*)). 


a I—1 
The latter is of course trivially equal to const. (| Qr(x), and this 


is evidently true for any system of orthogonal polynomials (even more 
generally). The simplification in (29.2) is due to the triangular nature of 


the determinant. 


1. We make the following simple observations. 


If {Q,(x)} is one of the familiar systems of classical orthogonal 


ral 
polynomials, (ze | Q(x) will be again a system of orthogonal poly- 
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nomials. In particular, @,(x), r2>J—1, comprise a Sturm set on an 
appropriate interval. Probably the classical polynomials are the only systems 
of this property. We refer to a known result [13, p. 106] which asserts 
that |Qr(*)} and {Q%(+)} are both orthogonal systems of polynomials if 
and only if (Qn (%)} is one of the classical types. 

It is relatively easy to construct examples of general orthogonal 
polynomials for which {Q’,(«)}, y= 1, 2,..., is not a Sturm set. Thus we 
see that the Sturm property of an orthogonal system of polynomials is not 
automatically transmitted to the derived system. Some additional hypothesis 
is needed. It may by conjectured that only the classical polynomials possess 
the property that (x) as defined by (29.2) is a Sturm set for every l. 

On the other hand we emphasized in §25 that the polynomials 
{Qn(x)}, for each % regarded as functions in the variable m satisfy a 
Sturm-Liouville type of difference equation represented by the recursion 
law [cf. (25.1)]. In this sense all orthogonal polynomials behave like the 
classical systems. This suggests the possibility of establishing the Sturm 
properties of ,(*) with respect to the variable 7 in general as we generate 
successive functions by different choices of %. At present we consider the 
dual quantity \, (7%) and we concentrate our attention to a system of orthogonal 


polynomials with respect to a measure with a discrete spectrum. 


2. We denote the spectrum by a<ai<a< .... We want to prove 
the Sturm characteristics of the sequences Yy(”): m=O, 1, 2,..., defined 
by (1.26) or (29.1); here y2>1/—1. We note that y,(7) can be written in 
an alternative form where in the second row we replace Qn4: by AQn, in 
the third row Qni2 by A’Qn, etc.; the difference operations are always 
executed with respect to the variable ”. Pertaining to the properties of the 
zeros of these functions, the normalization of Q, is clearly irrelevant. 

The essential tool is a reduction which is analogous to that of (29.2). 
It follows a similar idea as the one used in proving the formula of 
Christoffel [13, p. 29]. 

Let {Qn (x)} be an orthogonal system of polynomials with respect to 


the distribution da(x); the system {Q"!(x)} formed according to the rule 
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Qn (x) On+1 (x) 
On (do) Qn+1(40) 


Kia 40 


(29.3) OF N= 


will be orthogonal with respect to the distribution (v—a))d a(x). We call 
|QUl(%)} the first associate system of. ye 

The proof is straightforward. In particular, if the spectral set of the 
given system is a<a@,<a2<..., the associate system will have the spectral 
set @1<@)<43.... In other words the first point of the spectrum ceases to 
be a spectral point in passing from Qn to the first associate system QC). 
Continuing in this manner we may define the k™ associate system of Q, 


denoted by Q!!. The spectrum of Bee will be the set @,~< @p41< Qpy2<.... 


3. We are now prepared to convert \,(”) defined by (29.1) into a 
more transparent form. We divide the single rows of Wr(n) by Qn(4@o), 
Qn+1 (ao), «., Qnt+i-1(), respectively. Subtracting the second row from the 


first, the third row from the second etc. and dividing by 
Aj— ao , G2 — 40, oy Gi=2—- Go, 4r—— 40, 

we obtain the formula 

(29.4) wir, 2; m) = c{QUl(as), ..., QUI (ax) , OM (@,)} 


where the later rows arise by replacing m by m+1,n+2,..,n+1—2. 
Here again 72/—1. The constant factor ¢ is positive and depends on / 
and ”. We notice that w,(7) is now exhibited as a determinant of size 
(7 —1) x (7—1) (instead of 1 x1) expressed in terms of the orthogonal system 
{Ql (x)} whose spectrum consists of the values a4:\<a)<a3<.... 


Repeating this procedure /—1 times we obtain 


(29.5) wir ,t;n)=c(l, n) Q! (ar) 
where ¢(2,”)>0; r2/—1. Invoking the conclusions of Corollary 1 of 
Theorem 19 (Appendix, §31) we have the following results : 

(a) w(7,/; x) has precisely y—1+ 1 sign changes as a sequence in 
LE ie) eee pene 

(b) If we construct in the usual way the linear interpolation 


w(v,l;x), «20, these functions constitute for y>l—1 a Sturm set. 


ON CERTAIN DETERMINANTS... 5) 


§ 30.. Miscellaneous remarks. 


In this section we study a number of related topics of isolated 
character. 


1. Hankel determinants formed from successive derivatives. 


We investigate the distribution of the zeros of the polynomial defined 


by the following determinant of the Hankel type: 


| Q (x) Q' (x) on Ol») (x) 
(30.1) G, (l “*) = Ga (&) = | Q (%) Os (x) ws Qu (x) 
OO OO (Ry «3 QC) (x) 


where Q(x) = L‘ (x) is the Laguerre polynomial of degree ” and of order 
a,4>—1 and Q designates now the i derivative of Q(x). The 
normalization of L'*)(x) will be clearly irrelevant. We follow the notation 


(5.11). so that L‘(--co)= + ©. We now prove the following 
Bneoren 16> Let O(%) = 1 (x), a>—1, and let f(*) be 


any linear combination of the polynomial Q(x) and its 
derivatives: 
(30.2) i @= a0 G) bai 0) +... 4 G10") 
where the coefficients @,4,..,@-1 are real and not all 
Zero. Linen: 
(a) f(*) has at least »—/+4+1 nodal zeros contained in the 
open interval (0, +); 
ye (1) GW x) > 0-for all negative *, incl. *=0; 
(jeer bas even then (—1)) 0-2 G,(/-e)>0 for all real x; 
(d) if lis odd, then G,(l;*), m21—1, has exactly m—/+41 
simple Zeros in [0 , cc) and no other real zeros. 
Proof of (a). We can assume that 1 </<m”. We conclude (a) from 
the fact that if R(x) denotes any polynomial of degree 1 —Jl we have 
(oe) 
(30.3) [eae f(x) R(x) dx = 0, 


0 
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showing that this equation is satisfied for every term of f(x). Indeed, 
using the first part of (5.14) we have, O<v<l—1, 

lo.) (o-2) 

i) e-* x@+!-1 00) (x) R(x) dx = const. tt ent nt L144) (2) 

0 0 


aga? Ri) dk 0 


Since “7 Wit (*)' isnot degteess—-V — 
Proof of (b) and (c). Suppose G,(/ ; %) vanishes at %o , %o real. Then 
there exist some real constants a4,, O<7t</—1, not all zero such that 


the linear combination f(x) defined by (30.2) will have the form 
f (%) = @& — %)! R(x) 


where R(x) is a non-zero polynomial of degree not exceeding n—l, 
From (a) we know that the non-zero polynomial f(*) has at least n—l+1 
nodal zeros in (0, ~). Now, if *%0<0, we can enumerate at least +1 
zeros (counting multiplicities) for f(*). This obviously contradicts the 
fact that f(x) is non-zero and of degree <m. Thus we conclude that 
G, (I ; ~) never vanishes on the interval [—o , 0]. 

Suppose now that %)>0 but that J is even. Again we recall from 
(a) that f(x) has at least nm—J+1 nodal zeros in (0 , ©). Since J is even, 
% is either a zero of even multiplicity 7 or one of these same nodal zeros 
previously counted and then its multipliclty is at least 2+1. In either 
case we deduce at least + 1 zeros, counting multiplicities, for f(x) and 
we afrive at a contradiction as before. Hence G, (J; x) has no real zeros 
for / even as asserted. 

The constant sign of G,(/; x) for x <0 and for all real x is easily 
obtained since the leading term of G,(J; x) is, apart from trivial positive 


factors, 


1(l-1) 1(I-1) 
(30.4) (0) ieee ; ae ; 


Proof of (d). Let / be odd; the proof proceeds by induction with 
respect to the degree m of Q(x). For 1—1=™m the determinant G, (2 ; x) 
is a constant since all derivatives beyond the / vanish identically while 


the derivative of order 1—1 is constant. [We take the sign of G, (J; x) 
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for large x into account.] We now propose to advance the induction step. 
Suppose we have proved that (30.1) has exactly ™—J+ 1 nodal zeros 
in (0, ©) where Q(%)=L™™(x) for any o>—1. Applying Sylvester's 
identity we have 


Gn+i (1 ; x) &n(Z ; x) 


(30.5) ; ; 
G'ng1 (U5 *) E&n(l; x) | 


— Gnai(2 +1 > *) £n-1(l— 1 > x)<0 
where gn(/;%*), apart from a constant factor, coincides with G, (J; x) 


based on the polynomial 


d 

are L(@ (*) = const. LO) (x) ; 
Gn+1 and g’, denote derivatives with respect to x. The inequality in (30.5) 
follows from (c) since 7+1 and 7—1 are even. Now, our induction 
hypothesis assures that g, has exactly »—/+1 simple zeros in (0, ). 
We conclude from (30.5) in the standard fashion that between two con- 


secutive zeros of g, there exists precisely one simple zeto of 
Gnii (l 5 %) = Gai 


and similarly £, possesses a zero between each two consecutive zeros of 
Gn41. Moreover (—1)'¢-7? g’, >0 at the largest zero of g, and (30.5) 
then implies that (—1)/"—)/’G,,, is negative at this point. Since 
(—1)'"-)/?G,41 is positive for large * we conclude the existence of a 
single zero for Gry: which is larger than all the zeros of g,. In a similar 
way we establish the existence of a positive zero for Gy: smaller than 
each zero of g,. We have thus demonstrated the validity of our result for 
the function Gn41(1; %). The induction step is complete, and the proof of 
the Theorem is hereby finished. 

The function G,(l; %) as in (30.1) based on the Hermite polynomial 
H,(*) reduces to the Wronskian W(Hy(x), Hnii(*), .-., Hnti—1(*)). 
In this case the oscillation characteristics of G,(l;%) follow from 
Theorems 1 and 2. 

The nature of the zeros of G,(J;%) where Q(x) = P(x), the 
ultraspherical polynomial, remains an open problem. We can prove the 


analog of the Theorem only when /< 4. 
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An analogous reasoning leads to the following theorem on Meixner 


polynomials where we follow the notation of $5; §$20°522% 


Theorem 17: Let a,4%,...,%1 be arbitrary real and not 
all zero, #2l—1. The polynomial, B>0,0~ 7-4. 


i—1 
fx) = Va Mi i(B+is*), Ma(B, v3») = Mn(B5 4), 


i=0 
has at least m—/+1 nodal zeros located inthe interval 
(0, o). 
The proof is based on the fact that /(%) is orthogonal to any 
polynomial of degree not exceeding »—J with respect to the measure which 
places mass 


v)p+i—1 (Cre Ix 7" 


ate ea 05 2 eee 
x1 


HR Nieaals 


The necessary details are in fact worked out already in § 22, cf. the argument 


following (22.10) where x must be replaced by 1, and /—1—u by 2. 


2. Jacobi polynomials. 
We use the notation P(*>®) (x) of [13, p. 58] for the general Jacobi 
polynomials. In §3.3 it was shown that Turan’s inequality (J = 2) is not 


valid in general for the polynomials 


Pt, B) (x) 


ce 


We prove now the following modified assertion. 


(30.6) O(a Bes) = 0, (0,6 1) =e 


Theorem 18: Let a be fixed, a>—1; we write 
(30.7) Oa(as Bis) = Q,(B 3 x). 


The following inequality holds for B>o and for all real 
valiwe's Of ese]: 


(30.8) [Qn (B ; *)? — Ons (B + 1 5%) QOnai(B—1; *)>0. 


Let N be a positive integer, b and c real. We have the following 
identity [2, Vol. 1, p. 85]. 
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1+2 


Each term is a polynomial in “. Moreover we use the identity [13, (4.3.2)] 


(30.10) Qn (8; x) = ry = (AYP (#8 ot SY. 


We choose in (30.9): 6=—N—f, c=a+1. Since 


(30.9) Y (Mer en tiem = 04 arF(-N,o30: a ). 


F(—n,b;c¢;u)=F(—n,-n—(N—n+6);4+1;4) 


es eek oy et 
ee Ott 8052). o= oo. 


we have the following identity : 


N iN A 
oe (ee Qn(N—n+B 52) = (+2) F (—N, -N—B 30415743), 


n=0 


Aaa 


%+1 


Let % be real, x21 so that 4 is finite and #O. The right hand 

expression can be written, in view of (30.10), in the form 
e+it22,% > X+1 +4 2x2 
era aa 

As a polynomial in 2 it is of degree N and has only real zeros so that 
(§ 1.7) the inequality (30.8) follows. 

The case *—= —1 requires only a slight modification, and the result 
is the same. 

For Bb > + co we obtain [cf. (5.36)] Turan’s inequality for the 
Laguerre polynomials, /=2, for all real x, however in the weak form 


(> 0 instead of >0O). 


3. Limit relations. 

From the inequalities proved im the course of this investigation we 
may be able to derive further inequalities by using appropriate limit 
relations. 

(a) We show that the higher order Turan inequality for the Laguerre 


polynomial system 
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Q(x) = LO (x) /LM(0), 


cf. (5.16), emerges, at least in the weaker form (=O instead of >0) as a 
limiting case of the higher order Turan inequality applied to the Meixner 
polynomials (Theorem 8). For this purpose we refer to the relation (5.35). 
Let x be a fixed positive value. We choose 7 approaching 1 and N a 
positive integer increasing to infinity in such a way that the quotient 
ey ek 
rv 
(c) at the value N, i.e. 


(=1) 77 (4 (N); Mast (A) ee) = / even, 


has the fixed value x. We use the inequality of Theorem 8 


and then proceed to the limit as directed by (5.35). The result obtained 
is the following weaker form of the higher order Turan inequality for the 


Laguerre system: 


ety LOS OT (se eee 


n+l 


where & >—1 is arbitrary. 
(b) An appropriate limit operation performed on the Laguerre poly- 
nomials produces the Bessel function. Specifically [13, (8.1.8)] 


(30.11) lim Tiasoi = a = J.QV 2) 


n> 


where oo (x) has the meaning (5.16) and Je follows the standard notation 
[teeta |: Using the higher order Turan inequality for the Laguerre 


system as well as the identity (11.8), cf. Remark, we obtain that for 
x*>0, a>—1, 1 even, 


(—1)” ey o ( > OF 
P(a+pt+v+1) fo 
So we deduce with the aid of (30.11), 
(30.12) 
i ay a +1 (age | 
(a1)? Te a(2Vew) ee Jo+s(2V x), en Rac. = (2V' x)) a, 09 


The functions indicated appear in the first row; the later rows arise by 


veplacing @ by @+1,0+42,:.,a4+/—1, respectively. Inspection of this 
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determinant instantly reveals that we may cancel out factors of powers 


of x thus securing 


es) C1 TeV x) Jou GV *),, JottaQ@V 0) 2 0. 


Undoubtedly strict inequality prevails in (30.13) but we leave the study of 
this problem to another opportunity when we shall also examine the Wronski 
and Turan inequalities for general Sturm-Liouville systems [cf. Sz4sz 12]. 

Using (30.11) again with reference to §30.1 (c), we obtain the 
further inequality 


(30.14) (—1)? [D*’ gas) 20, D 


I 


where q(t) =t—-*/? Je (2Vt) and 1 is even; *>0, a>—1. 


4. Alternative normalizations in Turan’s inequality. 

What are the relevant normalizations under which the inequality of 
the Turan type (7= 2) holds? This question is generally unresolved as yet. 
The following remark is helpful. 

Let {Q,(x)} denote a system of polynomials for which the inequality 
of Turan (J= 2) has been established. Let {o,} denote any sequence of 


positive constants obeying the inequalities 


On—1 Oy 
(30.15) 


On On+1 
Then P,(*) = On Qn(*) also satisfies Turan’s inequality. Indeed with obvious 
abbreviation, 
(30.16) Na Ea Pew ss a Q* > Oi On+1 Oa On+1 
= (02—Gn_1 On41) Q? + Gn—1 On+1 (Q2—On—-1 Ont) 2 0. 

Let us indicate a few simple applications of (30.16). 

(a) We consider the ultraspherical polynomials PO) (~) in the standard 
notation (5.3). We choose 


a, = PM (1) = eet 


Nt 


cf. (5.4), which satisfies (30.15) for hzS. On account of the validity of 


Turdn’s inequality for 
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0,4) = PO (x) (POM) 
we deduce the Turan inequality for P” (*) when 42+. Direct calculation 
shows that the conclusion is false for 4< >: 
(b) The Laguerre polynomials L‘ (x) as defined by (5.11) obey the 
Turdn inequality provided 220. This is verified as in (a) using the fact that 


Qn (x) = LO (x)/L@ (0) 


satisfies Turdn’s inequality and that 


On = L(*) (0) = (7) 
nN 


satisfies (30.15). 
(c) Let {Qe(x);% =0,1,..., N} be a finite system of orthogonal 
polynomials with a discrete spectrum S such that for * on S 


N 


Y" (4) o@)# 


R=0 


represents a polynomial in 2 (generating function) with only real zeros. 
Then we know that Turdn’s inequality holds for Qz(*) provided x is in S. 
It follows further that Q, (x) /(N—R)! also satisfies a Turan inequality. 


5. Charlier-Poisson polynomials: Turan’s inequality is not valid 
outside of the spectrum. 


We follow the notation (5.18) for these polynomials 
&y (GX) == Cn) 
and show that if * is positive and non-integral, the determinant of the 
Turan type 
| —_ 
(0.17) Tee), Geis) a |) ND) A ale 
1Cn+i(%) C42 (x) @ lene1(%¥—1) Cnai(X)| 
has the “wrong” sign, i.e. positive for 7 sufficiently large. For this fact we 


give two different proofs. [For the second representation of T, cf. (22.1).] 


(a) Let k<x<k+1; we first observe that C, (x) has a single sign 


—_ R+1 . . . . . . . . . 
(—1)**? if is sufficiently large; also it increases in magnitude to infinity 
at a rate faster than any fixed power of m. To see this, we decompose the 
explicit formula (5.18) for ¢,(%) into two parts: 
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k+1 


(30.18) cnx) = (17) (7) +e 
“in : 
( é) ay #(%—1) we (%¥—V) + (V+1—2) (V+2—%)...(R-1—x) 
v=k+2 
== I, Sie I, 


where the terms of I, are obviously all of the same constant sign. 
Examination of each term clearly implies that J: increases slower than the 
power m*t! while I, increases faster than any fixed power of ”, so that 
Cn(%) ultimately achieves the fixed sign (—1)**!. Furthermore, we verify 
that for RC x<k+1 


gn 
(30.19) (—1)*# ‘e a one) mbt = + 00. 
n=0 
We begin with the generating function (20.1) valid for |z|< a. 
Since ¢,(*) is ultimately of a single sign we can apply Abel’s lemma and 
let z>a—O in (20.1). The resulting series converges absolutely and we 
have clearly 


ao n 


by = en(*) = 0. 


n=O 
Differentiation of the generating function / times, J<k, and appeal to 


Abel’s lemma again, yields 
@ aq” 
> ai lain < oo, 
n=0 
However differentiating k+ 1 times we obtain by Abel’s lemma an absolutely 
divergent series 
© gn 
k ee * —_s = = 
(30.20) (—1)**#? y ay once) (1 1) ...(n—k) = +. 
n=0 
Thus, since |¢,(¥)|>n*+! for y a non-integer value say 1<y< i 1, 
we conclude on the basis of (30.20) that 


n a” 
(30.21) lim (—1)**! NS Ty bv (1) Oy (Y= + 09. 
n> L 


v=0 
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We are prepared now to verify the non-validity of the Turan inequality 
(1 = 2) for the Poisson-Charlier polynomials when % is non-integer. 
Comparing the right hand side of (30.17) with the Christoffel-Darboux 
formula [13, (3.2.3)] we find 


(30.22) CES: (x) » n+ (x)) = —— S = % (x) Cy (x—1) . 


When k<x<k+1, (30.21) implies that 


lim \* ey (2) &y (x31) = — © 
n>oo Me 

y=0 
and thus JT (¢,(%) , Cn41(*)) > 0 for m sufficiently large as claimed. 

(b) Let x be positive and non integer. The generating function (20.1) 
has then a branch point at =a. We apply Darboux’s method [13, pp. 


204—206]. By inserting in (20.1) 


and expanding the single terms, we obtain the following asymptotic expansion, 


n> oc 


> 


C(x) ey" (Se) (ote Ba 


n! Rk} 
k=0 n 


in particular, 


P-e-care(t) or 0(3) 


where 6 is a real constant independent of . Hence 


pO be oatat W eel (ord) b u 
(30.23) C, (x) ay ( 1) be T (x+1—n) fer esesa} 


so that 


BGy tar [oy 


T (Cys (%) , &n (*)) = [e, (x)]? = a ui) = y 


=| Cure rea} +e to(S\h| —— —140( 


n 
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The expression occuring in the last bracket is 


consequently, 


P(%+1) 


n> 


li (" ape “na? > 1 (e,_ (2) , ,(%)) = e*. 


Hence T is positive for sufficiently large 1. 


6. Charilier-Poisson polynomials: The associated Jensen poly- 
nomials. 

It is instructive to evaluate the Jensen polynomials /y(z) associated 
with the generating function (20.1) of the Poisson-Charlier polynomials and 


discuss the reality of their zeros. We have 
N 
N N n BOVE 
(30.24) fy() = He: ) en (a)z = He )(-) Ge) (4) cn 


Here we used the explicit representation (5.18); the letters of summation 
are subjected to the condition OX vSn<N. 


Performing first the summation with respect to ™ we find 


N es i 
Hee tlle oi Y yon) 


N! 
3 at eh add 
so that 
N 
M! 
Pa= yy aye Ot)" (—1r (1) oe 
N — 47 N= N-¥v 

hk PG). or 


Let x be positive, N a positive integer. If N<x-+1, the zeros 


of fy(z) are all real. If N>x+1 and % is an integer, the zeros are still 
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real [cf. 13, (5.2.1)]; in these cases Turan’s inequality holds. If N>*x+1 
but % is not integer, the function fy (z) will have N —2— [x] or N—1—[x] 
complex zeros according as N—|x] is even or odd [cf. 13, Theorem 6.73]. 


Z. Application of Theorem 3 to finite systems. 

The theory of the reduced moment problem in combination with 
orthogonal polynomials permits to obtain various inequalities of some 
interest by suitable application of Theorem 3. Let {Q,(x)} represent an 
arbitrary infinite system of orthogonal polynomials normalized for convenience 
so that Q,(—c)=-+c. Let the integer N be fixed and denote by 
Xo < %1 << %2<...< %y the zeros of the “quasi-orthogonal polynomial” 
A Qn (x) + UQw41(*) where 4 and pw are arbitrary fixed real constants. It is 
a familiar fact then that there exists a discrete measure Wy concentrating 
its masses fully on the values %; such that the finite system 

1Q; (x) ; t= Os dar ares N— 1} 
is orthogonal with respect to Wy. Invoking Theorem 3 we conclude that 
nm,n+1,..,n+1—1 
Ces (Ga J>o 


XR, Nett > see y Xk+1-1 


provided n+7<N, kR+1+1<WN and that 1 is even. 


8. A counterpart of Theorem 10. 
We consider the ultraspherical polynomials 
Ca 4) = POG) Ee (1) 
so that 


2 
Let & be a fixed non negative integer. As a complement of Theorem 10 


we prove that the extended “augmented” system 


(30.26) nhs 2) = a(x) =| PRO — Om) | 
Orv (x) Oni (x) 


t= hae = 2a te One eee 


teey 


constitutes also a Sturm set provided we accept the convention 


Q—n(*) = Qn (4). 
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(In the case of the Legendre polynomials, replacing ™ by —n—1, the 
differential equation (5.5) does not change.) 


For the proof we use the identities [(5.6); 13, (4.7.27)] 


(30.27) (1—**) Qn (%) = [Qn-1 (x) — % Qn (¥)] 
= (1+ 2A) [x Qn (x) s Qn+1 (x)] , 20. 


(In the Legendre case the two formulas interchange if 7 is replaced by 

—n —1.) We have to verify the properties of §2. For 1Sn<k—1 the 

proof is the same as for >k, cf. §24, so that we consider only the 

cases N=—m, m= 3,4,..., and in addition the cases » = 0, —1, —2. 
We have 

Qn (x) Qm-1 (*) 


1 (x) | 
Qe (x) Qm- (x) | = |—(1—x”) O’,.(«) (1—27) 0),-1(%) 


(30.28) Wim (*) = = 
| Qea1(%) — Qm—2(%) | bee as m—1 


the last identity resulting by virtue of (30.27). Let %o be a zero of w—m(%) 
in —1<%)<1. Then a constant ¢ exists, £0 (see the argument of § 24) 


such that 
(30.29) Qu (%0) = FQm—1(%0) , Qati (%0) = ¢ Qm—2 (Xo). 
Moreover we have 
, k+2A ; 
(30.30) Qx(%) = ie 


Differentiation of the second expression (30.28) with reference to the 
differential equation (5.5), to W—m(%o0)=0 and to (30.29), (30.30) leads, 
after a rather straight forward calculation, to the expression 
(1—%5) [Q'm—1 oH 


(m—1)° 


(30.31) w'm (xo) = —#(m-+k+24—1) {Eon (xo)? + 


Similarly, we obtain 


Qm-1 (%0) Om (Xo) Qm-1(%0.) Om-2 (%o) 
Qm-2(%0) QOm-1 (%o) Qm-2 (%0) QOm-3 (xo) 


for any zero %0 of _m(%) located in the open interval (—1 , 1). Thus 


Wem-1 (Xo) =t > Wem+t (Xo) =t | 


(30.32) Wm (%0) W-m-1 (%0) < 0, 
(30.33) W’-m (%0) P-m4i (%o) > 0. 
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There is no difficulty in settling the remaining cases: 
(i) m= 0, Cx=t, Our = to, i = 4(1—%0) , a = 4(Q2—-Q); 
(30.33) follows from §24, moreover sgn i= — sgn 1; 
(ii) w=—1; Qe=Qeri =? , Po=—Y2= t(xo—1), sgn 1 = —sgnt; 
(iii) 1 = —2; Qe = tho, Onur =F, Wa = t(%o—-1) , Ps = *t (Qi—-Qz), 


sgn l)'_-2 = — sgn. 


APPENDIX 


§ 31. Oscillation properties of the zeros of Q, (*). 

1. The duality explained in §1 and stressed several times during 
the course of this investigation, suggests a further detailed discussion of 
the interplay between the variables ¥ and ” with particular reference to the 
oscillation properties of the orthogonal polynomials Q,(%). The classical 
theory of orthogonal polynomials tells us that Q,(%) has exactly ” simple 
zeros and the zeros of two successive functions interlace. Also, the initial 
function Qo(*) is of one sign. In this point of view the index variable 1 
generates the successive functions. In a parallel manner it is possible to 
consider various choices of % and thus generate successive functions of 7 
through the identification R, (7) = Q, (*). 

In developing a dual theory pertaining to the zeros of the family of 
functions R,(), it is generally necessary to restrict the values of x to the 
spectrum of the given measure w. 

In a certain sense the functions R,() arising for different choices 
of x,%* on the spectrum, are orthogonal with respect to a measure a, 
(cf. (25.2)) at m; here 


x= f{ [On@P ay (a) 


and Qn(%) is normalized appropriately. In an appropriate sense we have 
the relation 


(31.1) Ys Ren) Ry (%) ~ 0,» » k (x) 


n=0 


where y,y denotes the standard 5 function. 
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If % and y are distinct mass points of the measure w, the series 
(31.1) actually converges (in fact absolutely) and equals to zero. When 
%=y, the value k(x) is the reciprocal of the mass placed by w at x. The 
proof of these assertions follows by verifying that R,(”), when x is a 
value on the point spectrum of \, represents an eigenfunction of a suitable 
self-adjoint operator defined on a Hilbert space whose elements are composed 
of sequences. The expression (31.1) represents the scalar product in the 
Hilbert space evaluated for the eigenfunctions R,(”) and R,(n). The ortho- 
gonality of eigenfunctions corresponding to distinct eigenvalues implies 
(31.1). The formal details of the proof of these statements are omitted. 
A full discussion of the moment problem and its relation to orthogonal 


polynomials from this point of view, can be found in the treatise of 
M. H. Stone. @” 


2. We consider now the case when the spectrum of the measure 
is totally discrete with certain positive masses located at a,,r=0, 1, 2,...; 


ao< 45 42<.... In a natural way we then form the functions of 1: 
(31.2) Ra, (2) ? Ny, (n) ? Ra, (”), Oe 


as well as their linear interpolation Ra,(2) defined in the usual way [cf. §2]. 
More generally we consider also the functions R,(”) and K,(z) where a 
is arbitrary. 

We make the following important distinction. “” 


(i) The moment problem associated with the measure 


co 
: : : =. 
wy is uniquely determined. In this case the series Yo tn | Qn (2) 
n=0 
converges if and only if x is a mass point of the spectrum of \. 
(ii) The moment problem associated with the measure 


is not unique. In this case lim Qn(*) =Q(*) exists for all x provided 


n--O 
we adopt the normalization Q,(4)=1, and Q(*) is an entire function whose 


zeros are all simple and coincide with the spectral set (40,4 , 4, wale 


11. M.H. Stone, Linear transformations in Hilbert space and their applications 
to Analysis, American Mathematical Society, Colloquium Publications, Vol. 15, 1932; 
cf. Chapter 7. 

12. J. A. Shohat and J. D. Tamarkin, The problem of moments, Mathematical 
surveys, Nr. 1, 1943; cf. p. 50. 


140 S. KARLIN and G. SZEGO 


3. Our next objective is the proof of 
Theorem 19: Let w be the discrete measure defined 


in 2, and letus denote by {Q,(%)} the associated orthogonal 
polynomials. 

(a) Each polynomial Q,(*) can have at most one zero 
Pathe closed interval dp= (a: Gai). 

(b) Let 4,<t Sa@41. [here exists a number ni{r., €) sien 
that Q,(*) vanishes exactly once in the interval T, = (Ge 
for all n2=n(7,€). 

Part (a) of the assertion is clear. Indeed, suppose to the contrary that 
two successive zeros x, *” of Qn(x) lie in J,. We construct a polynomial 
h(x) of degree »— 2 vanishing at all the zeros of Qn (x) except at %’ and x”. 
It is easy to see that the non-zero polynomial Q,(%) h(x) does not change 
sign at the points @,. But Qn(%) is orthogonal to 4(x) which is impossible. 

Part (b) of the assertion is simple provided that the case (ii) occurs. 
Indeed, by Hurwitz’s theorem the zeros of Q,(%) must converge for #0 
to the spectral points @,. The first zero tends to @ from the right so that 
the second zero can not be <4, if m is large enough, hence it is >a 
for large n; similarly the next zero must be >4 for large ™; and so on. 

Now we assume that the case (i) occurs, i.e. that the moment problem 
is unique. The proof of (b) will be carried out by induction with respect 
to r. We suppose, for the sake of simplicity that @=0O and Q,(0)=1. 


Hence the coefficient of the highest power in Q,(*) is of the sign (—1)’. 
First we observe [cf. §29.2] that the polynomials 
Or) = — 27" [Qn41 (*%) — Qn (*)] 

ate orthogonal with respect to the measure da(x) = xdy(x); the spectral 


points of this new measure are the same as those of w except that ao =0 


has been discarded. Since QUI(x)>0 for x<a1, we have On+1 (4) < On (%) 
for OO —41- 


Suppose that Qn(*) does not vanish in To=(0, €|, 0O<& Sa; for 
infinitely many ”. Then, by virtue of the normalization condition at x= 0, 


Qn(*) as a function of % decreases in this interval and consequently 


Ors Qn (E) < Qn(0) = 1. 
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This inequality holds for certain arbitrarily large, hence for all sufficiently 
large values of m since Qni1(&) < Qn(&). Thus 


e Tn [Qn (S)) < y Tn [Qn (0)]? = ‘S Ty 


which implies that € is a point on the spectrum of w contrary to the 
hypothesis. 

We proceed to the general induction step. Suppose the assertion (b) 
has been verified in the case of the 7 interval T, for any system of 
orthogonal polynomials whose spectral measure is discrete and located on 
the non-negative real line. We shall establish the result in the case of 

Trai = (@r4i , E] 
where 

G44 € S G42. 
By virtue of the induction hypothesis the polynomials Q"I(%) for sufficiently 
large ” will have the sign (—1)’ when *=a,4; and the opposite sign for 
te. Lous 


(3) On 4: (G43) > C1)! On(@ran) , 


Biles 
ae eee Ons (oe) = (1) "10, (€) for all. wens, €). 


Moreover, appealing to (a) and the induction hypothesis we infer for all 
sufficiently large m that (—1)'T'Qn(4r41) > 0. 


Now let us assume that 
1) On (E) 2.0; 

hence 

(-1)Q,@) 20, Gi S* SE, 
for infinitely many ”, say for 

Wea << ., Mo 2 tr, €). 
With the aid of the second part of (31.3) we see that the sequence 
(—1)'t?0,(&) is decreasing in and has positive terms for ” 2 Mo. 
Hence | Qn (E) | is bounded and since Xm, is convergent, the same will 


hold for =2,[Qn(€)]? which is impossible. Thus (—1)’t'Q,(&) <0 for 


sufficiently large 7”. 
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This establishes the proof of Theorem 19. 
Corollary: Let {Q,(*)} have the same meaning as in 
Theorem 19. For fixed 7 and for sufficiently large m the 


following inequality holds: 


Qn (a,) zs Qn (4,41) 
Qn+1 (4r) Qn+1 (4r+1) ; 


(31.4) 


According to Theorem 3: 


Q ( tin 5 Wh ae ‘ es Qn (a,) On+1 (a,) 
On (4r41) On41 (4,41) | 


ay 5) Ay +1 


and for large 1: 


son On+1 (ar) Qn41 (@rqi) = (1)? + (14 = —1. 


4. We prove further 
Theorem 20: Let a,, {Q,(x)}, Ra(z) have the same meaning 
as before. 

G)1f ¢4<a@sae1, then A,G@)-has precisely 741 woaas 
Zeros fOr 20. 

(ii) If 4,<0<¢S4,.,, the zeros of K,() and Ke) esttace., 
interlace. 

Proof of (i). 


Let @ = a (or 441); assertion (i) follows from §10.3 by the 
specialization / = 1 since 


Un (7) = On (a;) , Uz (7) = Ra, (2) : 


If @ is arbitrary, 4-<a@< 4,41 we apply the familiar fact that the polynomials 
(On (x)} form a Sturm sequence in the conventional sense) in 


every positive interval; more specifically, assuming that Q,(a)#0, the 


number of sign changes in the sequence 


(31.5) Qo(2) , Qi(4), ..., Qn (a) 


coincides with the number of zeros of Q, (x) in the interval (0 , a). Hence 


13. Cf. for instance, J. V. Uspensky, Theory of equations, 1948, Chapter VII, 
pp- 138—150. 
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(i) follows immediately by taking ” so large that sgn Qm(a,) = (—1)', 
and sgn Qn (a@) = (—1)'*! for man. 

Proof of (ii). 

We denote by 2;(0) and z,(c); *=1, 2,..,7+1, the nodal zeros 
of R,(z) and R,(2), respectively, and show that 
(31.6) 0< 21 (€)< 21 (0) < 22 (€-)< 22 (I) < ... < B41 (0) < 2418). 


First we point out that 2;(0) is a continuous and strictly decreasing 


function of b. Indeed, if 


2;(0) = en + (1—p) ("+ 1), OSpSsi, 
we have 
Qz,(b) = 2 Qn(8) + (L— 9) Qnsi (0) = 0, 
(31.7) Ci) Set 
Qn+1 (9) p- 


The function of 4 on the left is increasing [13, (3.3.9)] so that o is 
increasing, hence 2;(b) a decreasing function of 0. 

Thus we can assume that all 2z;(b) are non-integers. The same can be 
assumed about 2;(¢); an exception is the case ¢C=4,4, when we aim at the 
proof of 2(b)<24:(¢). Let us define the integers 1;() and m,(c) by 
(31.8) n;(b) < 2,(b) << m(6)+1, mlO<4)< (2) +1 
where 

n;(b) +1 < nisi), ml) +1 S tii (C). 

We denote by v(m;%) the number of sign changes in (31.5), 
writing x instead of a, Qn(%)#O, so that v(m; %) is a non-decreasing 
function in both variables ~ and x. We have 

v [n;(0);b] =v [2 (c);¢] =7—-1, 2 [n; (6) +1; 6] =v [%,(c)+1; 6] =2, 
y(n; b)<v(n;¢)S v(m; 6) +1; 
the last inequality follows from Theorem 19 (a). Now 
i—1 < 0[n;(5);¢] 3+, hence 


(31.9) v[ni(c); ¢] So [mi (0) 54] S27 [ Min) 5 4] 


so that 
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n;(c) < mj (b) S m41(C). 
If 1; (c)<1;(b) we easily conclude that 2; (c)< 2; (6). Let 
p=n(d)=m(c),p<2%)<h+1,P<4%<PT1; 
thus 
sen Qp(b) = sgn Qp (c) = (—1)* 5 sgn Qp+1 (6) = sgn Op4i(e) = (=1)3 


But () 


On) Opa (0) 0. _, 1. 0.1, 
6) On@. On@) 2 GniGy 90h 
Now 


24(b)=op+(i—p) +1), 
z(c)= pp+QA—e)(+1), 
so that indeed 2;(c)<2;(0) follows. 


Discussing the other inequality 2:(0)<2i+1(c) we set 
(31.10) mi(d)<24()<m()4+1 , tHy(O<4H1( Sm) +1 


so that (31.9) holds without change. Again the case j(b)<mj11(¢) is 
trivial so that we may write p= 1,(b) = mi41(c). The case where 
Zi41(c) is = pP+1 is also trivial, so we assume that both 2;(0) and 241 (¢) 


are non-integers. Now 


sgn Qp (b) = —sgn Qp (c) = (—1)*™ 5 sgn Qp+i (0) = —sgn Opai (¢) = (—1)! 


so that the inequality in question follows as above. 


5. Finally we prove 
Theorem 21: Let us usethe previous notation and let 
A; be real, Ae#O0, AAO. The function 


l 
ty (z) = a dj Ra; (2) 


1=k 


14. If this determinant keeps a constant sign for all b,c such that 
a, Sb<eSa,,, 
it must be negative, by Theorem 3. Assume now that it vanishes ; two constants A,B 
would exist not both zero such that A 0,(*} + BQ,,,(*) would vanish for x = b 
and x =c. If B=0 this would contradict Theorem 19 (a) so that A-One == 0p 


Now the same reasoning we used for the proof of the Theorem quoted leads to a 
contradiction. 
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possesses at most/ distinct zeros and at least k nodal 
geros for 220. 

Remark. Some clarification of the nature of zeros of @(z) is neces- 
sary. If @(z) vanishes on an entire segment [7 ,2-+1], then both » and 
m--1 are considered distinct zeros. In the case where P(z) possesses a 
nodal interval, then corresponding to this interval the left end point is 
identified as the location of the sign change of (2). 

The proof of Theorem 21 relies heavily on the inequality 


k(k+1) 


(31.11) {<1),22 Q( 


a a Sas 
iri: )>o, ee 0-110, 


MO 5 TOL 5, we 5 TER 


with m; arbitrary satisfying 0S m<m<m< ... <M. The proof of (31.11) 
is given in [8]. It follows immediately from (31.11) that 


k(k+1) 


——— Qo, 1, ..., ap 1S Se), Wp, Aa cn 
1212 =I)? R( AR ee )> 0 : 
(3 ) ( ) Pee dae eee oe OU ee <Gg ee 


provided that no three successive 2; are contained in a common segment 


[w,2+1] for some integer n>0. 


Proof of Theorem 21. 

If @(z) possesses in excess of / distinct zeros we contradict relation 
(3.1012). 

We turn to the proof of the statement that ® (z) possesses at least 
k nodal zeros. Suppose to the contrary. Let 41S 22 <<... <C4%,t<k, 
denote the totality of nodal zeros of @(z). By virtue of the convention 


of the Remark, the z; are necessarily located in distinct segments 
Ny Sa me Mie: 
Moreover if 2;= 7; then %31< m—1. 
We now determine certain real constants Ht, not all zero with the 


property that 


t 
(31.13) ws) = Yi Ur Ra, (2) , pz) =0, Val owed? 


r=0 


Explicitly, let 
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Ra, (zi) Ra) .. Ra (21) 
Ra, (z2) Ra, (22) .. Ka, (22) 
(iis) p(z) = = 

Ra, (4) Ra, cA ie Es Ra, (2) | 
Ra, (2) Ra (2) Ry) 


By virtue of (31.12) the coefficient 4, of Ra,(z) in w(z) is non-zero 
of actual sign (—1)''~)/?. We now show that the values 2; are the only 
nodal zeros of w(z). In fact, consider 2< 21; we may interchange the rows 
of (31.14) and compare with (31.12). It follows that on this interval 
(1? pz) 0 and (—1)'*Y/? p(O)>0. Let now 21<2%<22; we 
interchange the rows arranging them according to the inequalities 


Ey CEE EE 1 


Again appealing to (31.12) we infer that (—1)@¢—)/71? w(z)>0, and so on. 
Thus, we see that the function (2) is non identically zero and only 


changes sign at 2;. We conclude that w(m)- O() is of one sign indepen- 


ce 
dent of ” and is not everywhere zero. But yom p(n) O(n) exists [recall 


n=0 
ice) 
that yotn [Qn(a,)]? < co for every a;] and is therefore non-zero. On the 
n=0 


other hand, since 


ice) 
¥ Ty On (ai) Qn (a;) ==ny) 
n=0 
when a;a; we deduce that & 7, (7) ®(m) =0 which is a contradiction. 


The proof of Theorem 21 is hereby complete. 


6. We close this section with a brief discussion regarding the 


oscillation properties of R,(2) when the spectrum of w is not necessarily 


discrete. 

One result in this direction is the following. 

Theorem 22: Let 0<b<c and define m(b),m(b),.., and 
m(c),m2(c),.., representing the indices where the res- 
pective sign changes of Ry(n) and R,(n) occur |see (31.8)]. 


Then between two successive me(b) and m%41(b) there exists 
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at least one sign change of R-(m), i.e. mp(b)<m(c) <mu41 (0) 
for some /. 


Proof. By the definition of 1; (0) , Qn,+i(&) is the first polynomial 
in the sequence (Qn) which possesses k zeros in the interval [0 , b]. Suppose 
Qn,+1(€) has 7 zeros located in (b,c]. We examine Qn,4,+1(€) and observe 
that this polynomial possesses k +1 zetos prior to or equal to D and at 
least 7’ 27 —1 zeros in the interval (0, c]. (The interlacing character of the 
roots of successive polynomials is needed here.) 


We now consider two cases. 


(i) 7” >r—1. The polynomial Qn,,,(&) has k+7’ zeros in (0, c] and 
Qn,,,+1(€) has R+r+(r’—r+1) zeros in (0, c¢]. Amongst the sequence 
Qnpti » Qnyt2, +> QOngyi+1 there exists a first polynomial Qn,+2 which has 
k+r-+1 roots in (0,¢]. Hence mz4,(¢) =m, +t—1 which obviously is 
included in the interval of m,(b) to mp41(0). 

(ii) 7 =7—1. We now examine Qn, (€) which possesses k —1 roots 
in [0, 0) and r or 7+1 roots in (0,c]. We first show that the second 
possibility does not happen. Assuming this, Q,,,,+1 has 7—1 roots in 
(6,c] which means there exists a pair of roots for Qn, located in (0, ¢] 
such that no root of Qn,,,+1 separates them. This violates a classical result 
on orthogonal polynomials [13, Theorem 3.3.3]. Hence Qn,(&) possesses 
only 7 roots in (b,c]. But then m+r-1(C) = (0) and the proof of the 


theorem is complete. 


§ 32. Determinants of the Turan type outside the spectrum. 


In this section we discuss the sign of the determinants occuring in 
Theorem 5 for values of * outside the spectrum; we consider in particular 
the ultraspherical and Laguerre polynomials. The results are however valid 
more generally and not dependent on the order of the determinant being 
even or odd. In dealing with these questions the basic tool will be the 
following determinantal identity. Let X,Y and Z be linear sets on the 


real line representing the ranges of the variables «,y,z. If 


(32.1) M(x, )= [{ Ke, OLE, 9) 40) 
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where o is a sigma-finite regular measure and the integral (32.1) is assumed 


to converge absolutely, then 


(32.2) u(™ ; / 
Shey diag aE Sd 
4 eels ey 
= x Bee L(" ere: ‘ do (t1) do (t2) ... do(t)). 
Pot pee i ees Viv ve ee 


BN ep tien, cocuc! 


Bil 9 B72 9, aco5 3H 
where },V=1, 2,...,2. The other factors appearing in the integrand of 


The symbol a | stands for the determinant [M (%,,%»)] 


(32.2) have a similar meaning. The proof may be found in [11, Vol. 1, 
p. 48, Problem 68]. The main use of (32.2) for our purposes will be the 
absolutely continuous case, i.e. when do (?)=@(t)dt, and the case where 
do(t) is the counting measure of the non-negative integers. In the latter 


circumstance the integrals of (32.2) are replaced by finite or infinite sums. 


1. Our first application of (32.2) is on moment sequences. Let 


feo) 


(32.3) te = i [uw (¢)]” « (¢) dt 


0 
where “(¢) is positive and strictly monotone increasing for t > 0, moreover 
w(¢)20 for ¢>0 and positive on some interval. 
Lemma 8: Let J be a positive integer. For any two 
collections of integers arranged so that 


OS Mi Me =< A Ose, 


- . . ti 
we have the determinant inequality [4m+m, }i SO). 
Proof. We use the representation 


fora) 


(32.4) Qin = | [uw (¢)|™ [w (2)]" w(t) de. 


10) 


Since the determinant [w(t,)]"v of the generalized Vandermonde character 
is positive whenever 0 <i, <i,<%).. 7%, and.o Sy oe ny fe 


Vol. 2, p. 45, Problem 48], we deduce the desired result by applying 
(32.2) to (32.4). 
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Consider, for instance, the ultraspherical polynomials 
P® (x) / PA (1) = Qn (x) (A > 0) 


with * > 1. The representation (5.8), ice. 


SUTUe =) 


(32.5) Q(x)=a ? “Tay {i (x-+V x?—1 cos)" sin’ p dp, 4>0, 
0 


is of the form (32.3). Referring to the Lemma we obtain especially that 


Pi) Lt 
(32.6) (sgn x)™ . FP ntuen 
PRP) (1) k 


n+U+v 


> Uy 251 of ¥<=1 51> 0. 


Another application of the Lemma refers to the Laguerre polynomials 
R,(%) =n! L'(—x). (The reader may observe that the present normalization 


is not the usual one.) In view of the representation [13, (5.4.1)] 


@ 


seth 
(32.7) RL ay ee ant fet 


0 


a 
Z 


- tI (2V tx) dt 


we infer, as a special circumstance of Lemma 8, that 


[Ratusy (x) 1 > 0 for *>0. 


2. We now proceed with the analysis of the determinant of the 


Turan type for 
Q (x) = LO (x) / L' (0) 
where * <0. We claim that 


(32.8) (—1)¢-) /? [ee tel a0. for’ 7.0; 


more generally, if mt, and my are subject to the conditions of the Lemma: 


(32.9) 5 10, gg, One Omer # <0. 


ntmytn 


As to (32.8) cf. the closing remarks of §17. We shall prove the 


more general assertion (32.9). 
To this end, consider x <0 fixed and write in accordance with (16.9) 


and (16.10) 
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eae Cay ara. 
SEE Tae) 2% e) lator . oy (;) oe 


_ (= */ 
P~ T(a+to+1) ° 


Ga Hass! 


we secure the expression 


cory on Lal) (8h) BUE(S) 


=0 J=0 1=0 p=0 


Using 


the last resulting by an interchange of the summation and then performing 
a suitable change of variable. It is now convenient to introduce the kernel 


functions 
mM 
Kim, n) = |. LGN, 8) = disks 2 i 0 ee 
n 


For our immediate purposes we record the following facts concerning 


these kernels. 


(i) A direct calculation or alternately applying (32.2) to the represen- 


tation formula 


(37.12) Gein = 


(=4)" (= 4)" (=2)" =)" 
(a— )"” 
5 ft 


T(atm+n+1) T(m+2)r(n+1+5 
implies that for 0S m<m<...<m;05 <<... <<m where / 
is a positive integer but otherwise oe tate 

(32.13) (—1f 97? [LE (my, my), = (1? [dein > 0. 


The argument of (32.12) works only for a >0; the result is actually 


valid for all © >—1. We omit the formal calculation. 


(ii) We verify by induction that 


(32.14) [K (my, my), = i )| > 0 
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for the same values of my , My as above; / is again positive. (It is easily 
ascertained that this determinant is not identically zero.) 


Indeed, n> n’, 


ee ese etl 


so that subtracting the w—1* row from the pw row: 


mMu-1 
Pee = (\~ (4). 
ve “4 l=my-1 ome 

This holds also for the first row, 4=1, ™=0O. Decomposing the rows 
of this determinant into sums, the resulting determinants will be of the 
same type as the original one where , is replaced by my»—1. We note 
that the quantity / appearing in (32.15) exceeds all / occuring in the 
previous difference (u replaced by u—1). Also, if 71 = 0, the determinant 
can be reduced to one of order /—1. 

Thus we have the possibility of induction, reducing the given deter- 
minant step by step either to one of order /—1 or to one of order / in 
which 1, %2,..., % coincide with the integers 0,1,..;/—1. This is of 
course a determinant of the Vandermonde type. 


Now we define 
M (m,n) = y( Jaen = Kom, p) L(0,). 
pao 1 P p=o 
Applying (32.2) we obtain that 


05m 22 < .. S, 


ae —1y"-1)/2 [M (m, , ny) > 0 for 
GB ) Kear} [M4 (my , m)), VS i Nee Be Sp 


Since (32.11) can be written as 


(52.15) emi = YK (m1) MC, 1), 


6) 


the assertion (32 9) follows. 
The method just completed is capable of several generalizations to 


which we will return on another occasion. 
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3. The Turan determinant for the classical discrete polynomials for 
values outside the smallest convex set enclosing the spectrum can be 
discussed by these same methods. As typical illustrations we record the 
conclusions without proof for the case of the Poisson-Charlier and the 
Meixner polynomials for some special choices of the parameters. 

(a) Consider the Poisson-Charlier polynomials /n = Cn (a; x), see (5.18). 
For x <0 we have 
OS Ny aa My, 


l 
myn 0; 
(62,16) lr ut vh> OS 1 9 


(b) Consider the Meixner polynomials ‘n= Mn(1,7 ; *), see (5.22); 


aa SVD EO CE VG) 


If * is a negative integer, we have 


OS mem<..<m, 


18 — e077 fh 0. 
(32 ) (1) [ my try ly (0) SS So a ED - 


When * is not an integer the sign of (32.18) is sensitive to the value of / 
and the specific location of %. At this point we shall not enter into a 


discussion of the various possibilities. 


§ 33. Open problems. 


It seems that the present investigation is only the beginning of a 
trend which is rich in open problems and promising topics. In the following 
lines we point out a few such problems. We do not possess complete 
solutions in any case so that the assertions formulated below have the 
character of conjectures. Some of these problems were already mentioned 
in the course of our discussions. Others appear here for the first time. 


In most of the problems we append some possibly useful remarks. 


1. Jacobi polynomials. 


Let P'%»)(%) denote the Jacobi polynomials, 


On(x) = PEP (x) | POP (1), 
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cf. §3.3. If a<f, we raise the question whether or not the Turan inequality 
holds, i.e., is it true that 


(33.1) Qn—1 (%) Qn (%) | = 0. —f[ x <1? 


| On(*) Qn+1(%) | 
The restriction @<f is essential in view of §3.3. 


2. A result of Forsythe [4] states that, Qn(«) = P,(x), 


| Qon—i (x) Qrnt1 (x) 
| Qanti (%) Qon+3 (x) 


in the case of Legendre’s polynomials; this fact is derivable from (33.1) 


<3 05 ee ees eX E00, 


by the specialization a= 0, p==, Op akeoane of the relationship 
Pas) = % POs 12 (242 =, 


Another very simple instance is 


[13, (4.1.8)]. 


3. “Turan’s inequality (in the 2X2 case) is not valid if x is 
outside of the spectrum”. 


The following three examples of this assertion have not been examined 
in the present paper. Their elucidations would be of interest: 

(a) Krawtchouk polynomials, 

(b) Meixner polynomials, 

(c) Tchebychev’s polynomials of a discrete measure. 

[Problem (a) seems rather easy: we have (20.4) for arbitrary ¥ and 
we can apply Darboux’s method, cf. §30.5 (b); as to (b) use (20.2) where 
we can exploit the transformation of the hypergeometric function if; 
[2, Vol. 1, p. 108, (1)]; case (c) seems difficult, and we offer no real 
insights. It might be advantageous to write *=m-+1/2, and choose 


m,n, N as large integers appropriately related to each other.] 


4. Hankel forms. 


ad ; 
Let P,(«) be Legendre‘s polynomial, Epa We conjecture that 
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the determinant 
[Dew P(e) , bh. v= 0, 1,2, wjpl—13; n2t—1, 
as a function of x, keeps a constant sign for all real x if / is even; it 
keeps a constant sign for *>1, and for x <—1 if 1 is odd. A similar 
statement should apply to the general ultraspherical polynomial. 
[In this connection we refer the reader to § 30.1 where the corres- 


ponding assertion involving the Laguerre polynomials is discussed. ] 


5. Consider the function 


Qn (x) Ones (4) - | 
On+n (%) Ongnek @) | 


where Q,(x) represents either the ultraspherical (A> 0) or Laguerre or 


(33.2) p(x) = 


Hermite polynomials normalized as in Theorem 5. Here 1 ,h and are 
fixed integers, h>O , RS O but otherwise arbitrary. It is easy to prove 
that (~(x) never vanishes outside the spectrum. 

We conjecture that (33:2) has precisely hi-ho 
zeros, counting multiplicities,.located interior to tue 
spect rut, 

There is substantial evidence to support this. For example if either 
h or k=1, the assertion is correct by virtue of Theorem 10. If »=0 
and h=2 or 3, it is quite easy to establish the conjecture in the cases 
of the ultraspherical and Hermite polynomials. 

We indicate the argument briefly in the case of the Hermite poly- 
nomials, Q,(*) = H, (x) [13, 5.5]. We observe that for n=0, h=2 the 
determinant (33.2) reduces to 


 (*) = Hato (*%) — Ho (x) Ha (*), 
and in view of the orthogonality property this bas at least R—2 nodal 
zeros. Since @(%) is even or odd as k is even or odd, these zeros are 


symmetrically located around *=0. Also, p(x) <0 for |x| large. Substituting 
*%= 0 in (33.2) we find in view of [13, (5.5.5)] 


esa De and H’ams1(0) = ( Va ensyy: 


that sga 9 (0) = (—1)"*" fork=2m while ~(0)=0 and sgn p'(0) =(—1)"*} 
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for k=2m-+1. Combining these facts suitably we obtain the desired 
conclusion. The ultraspherical case is treated by similar methods. 

A slight refinement of this argument establishes the conjecture also 
in the case where = 0 and h= 3. 


Another case of this conjecture involving the specific form 


Qn (*) Qan+1 (x) | 
este) ah LOimaet) 


for the ultraspherical polynomials, with parameter in the range sSAg 1, 
has been studied by A. E. Danese. “5) He shows that (x) has a double 


zero at ¥ =O and no other zero interior to the interval [—1, 1]. 


9 (*) = 


6. In order to state our next problem, we formulate a stronger 
version of the Sturm properties: Let {Qn (x); 7=0, 1, 2, ...} denote a system 
of functions. We say that {Q,(x)} constitute a strong Sturm sequence (S.S.S ) 
provided the following two properties are satisfied. 

I 

(a) Let 9(*%) = yar Qr(*) for A, real and not all zero. 

r=k 

Then (x) has at least Rk nodal zeros and at most / distinct zeros. 

(b) Between two successive zeros of Q,(%) there exists at least one 

zero of Qm(x) for each m>n. 

It is a familiar fact that every set of orthogonal polynomials consti- 
tutes a S.S.S. [see 13, Theorem 3.3.3]. 

In this connection we refer to Theorem 16 (§ 30.1) and Theorem 21 
(§31.5) which exhibit Sturm sequences possessing property (a). We now 
raise the general question inquiring under what circumstances any of the 
determinantal polynomial Sturm systems introduced in this paper actually 
are S.S.S. More specifically, when does either property (a) or (b) or both 


hold for the systems occuring in Theorems 2, 6, 9, 10, 12 or 14. 


7. On the basis of our preceding discussions we may conjecture 


several new characterizations of the classical orthogonal polynomials. 


15. A.E. Danese, Some identities and inequalities involving ultraspherical 
polynomials, Duke Mathematical Journal, Vol. 26, 1959, pp. 349—360. 
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(a) It was noted in §24 that each of the classical polynomials 


satisfies a relation of the form 
r (x) P’, (x) = Un [Pn (x) 7 c(x) Prt (x)] 0 (x) ? te 0, We Z; sony 


where c(x) is a polynomial in %. Does this type of relation 
characterize the classical orthogonal polynomials perhaps subject to 
some appropriate smoothness conditions on r(%) and ¢ (x)? 

(b) Each of the classical orthogonal polynomials has the property 
that {Q’n} constitutes a Sturm set. We inquire whether this 
property coupled with the fact that {Qn} is orthogonal implies 
that this system is one of the classical types ? 

(c) A known criterion [cf. 13, p. 106] states that if {Qn} and {Q’n} 
each constitute a family of orthogonal polynomials, then Q, is 
of the classical type. Suppose {Qn} and }Q} for some fixed 
¥> 1 are orthogonal systems of polynomials. Is it still true that 


{Qn} is a classical system ? 


8. We have not been able to prove the higher order Turan inequality 
in the case of Tchebychev’s polynomials of a discrete measure [cf. §5 (d), 
§20 (d), and the generalization in §21]. These polynomials correspond to 
a discrete version of the Legendre and ultraspherical polynomials. Of course, 


the inequality to be proved refers only to the spectrum. 
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ON THE METHOD OF STEEPEST DESCENT 
By 
J. G. van-der Corput 
in Madison, Wisconsin, U.S.A. 


The method of steepest descent involves integrals of the form 


T= [ g@)e@az, 
Ww 
where f(z) and g(z) are analytic functions of z on the integration path W. 
This path contains a saddle point € of the function f(z), namely a point 
where f’(z) assumes the value zero. That W is a curve of steepest descent 
means here that f (21) — / (22) 20 for any two points 2; and 2 on W with 
the property that 2: lies on the arc (€, 22) of W. 

Under general conditions it is possible to find on W on both sides 
of the saddle point € two points @ and B such that the integral J is, with 
a high degree of accuracy, approximately equal to the contribution of the 
atc (4,6). In simple cases it is easy to find an upper bound for the 
absolute value of the contribution of the part of W outside this arc, but if 
the functions f(z) and g(z) depend, not only on 2, but also on a number 
of variable parameters, then in general we know practically nothing about the 
form of the curve of steepest descent with the result that it is not possible 
to find the required upper bound. In view of this fact I consider in this 
paper integrals of the form 


(1) j= [gaa 


L 


N 


where the path is a curve of steepest descent for the function e%. This 
means here that /(z:) —/ (22) is positive for any two points 2; and 22 with 
the property that 2; lies on A before 22. We assume that the initial point 
mo of the integration path is finite; the endpoint of the path may lie at 
infinity. 

Under general conditions I shall deduce an upper bound for the 
absolute value of the integral 7, even if we know practically nothing about 


the form of the integration path. 
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It is even not necessary that the integration path is a curve of steepest 
descent for the function e7. It is sufficient that the path A is a continuous 
rectifiable curve with the property that any two points 2: and 22 on A such 


that 2; lies on A before 22 satisfy the inequality 
(2) —A< arg (f(a)—f(@)) Sh, 


TT . 
where 4 denotes a given number 20 and < oe independent of 2: and 22. 


If A=0, then A is a curve of steepest descent for the function e/“). 
I call a continuous rectifiable curve A with property (2) a curve of descent 
with angle A for the function e7'7), It is clear that |e/()| decreases as 2 


traverses such a curve. 


To give some idea about the theorems to which this paper is devoted 
I deduce first a simple result. 


Theorem 1: If Ais a curve of descent for the function 
It 
f™ with angle A ( =< r< 4} and initial point % and if 


the functions f(2),g(z)#0 and t(z)>0 are differentiable 
along A with 


(3) If’ (2)| 2t@ and | oO | an | a =| @|cosd, 
then 

aE | 
(4) J e(2vefdz\< Gad oak |e ember? 


Remark: Roughly Theorem 1 can be formulated as follows: if at 
each point 2 of A the first derivative f’(z) is in absolute value large enough 
and g(z) does not change too rapidly, then the theorem yields an upper 
bound for the absolute value of the integral under consideration, since in 
this case it is possible to find a positive function t(z) such that the 
inequalities (3) hold. 

The factor + occurring on the right hand side of the second inequality 
(3) may not be replaced by 1, for if we choose A=0, g(z)=e-/@ and t(z)=t, 
where t denotes a positive number independent of z such that bf (2)\ 3 
then the inequalities (3) hold with the factor > replaced by 1, but the 
assertion does not hold, since the integrand g(z)e*'2) is equal to 1, so 
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that the absolute value of the integral under consideration is equal to the 
distance between the initial and the endpoint of A and may be therefore 
e 


infinite. 


Proof: For each point z on A we call the successor of z the point 
w which lies on A behind z with 


(5) J \fOl la =a, 


if such a point w exists; otherwise I call the endpoint of A the successor 
of 2. 
If z is a point on A with successor w and if t, and ¢; denote arbitrary 


points lying on the closed arc (z, ” then 
tog |£ | < =| f Bal J 
gs 


88 | g (4) | < Io are) 
Replacing in this formula g by t we find by means of the second inequality 


& (2) 
g (4) 


(3) for any four points f , t2 , ¢3 , t4 lying on the closed arc (z, w) 


ca 


1 5 . 1 
Bay | Sz ost) f IFO! lat] s Feost 


1 | & (41) + i t (¢3) | 
Be (i) 


& (2) 


by (5), hence 


| iS (¢;) tts) = e3/? cos 4 as e'/2 ; 
| & (42) | ts) a 


If z is a point on A whose successor w does not coincide with the 


(6) 


endpoint of A, then (5) holds. Since A is a curve of descent with angle A 


for the function e’‘) we have therefore 
Re(/ (w) —/f (2)) = Re [rods —(cos A) 4k | f’ (| | dé| = —cosd. 


Consequently 


(7) ferteh| s ereoed| ef), 


so that according to (6), 


Lee g (z) ef (2) 


ele) ef (o) | oe ee 
t (2) 


(8) | t t(w) 
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If z is a point on A whose successor W may coincide with the end- 


point of A, then 
f <@lae| < f [PO] [at] <1 and || ser 


z z 


for each point ¢ on the arc (2, w), so that according to (6) 


EQ ore 
oh 


femora Sen fro la 


9 
= &&) eftz) 


= el? 
oa t (z) 


Consider the points mo ,71,72,..., Where No is the initial point of 
the path A and where 74:(420) is the successor of 7,. If we find in 
this way only a finite number of points n, on A, then the last point %x+1 
coincides with the endpoint of A. If we find infinitely many points %,, 
then I put H=o; if h>ov, then it follows from (7) that e7(%)>0, 
so that 7, tends to the endpoint of A. We find therefore for finite H and 


also for H = oo 


H Nh+. 
fe@era: = Ds i g (2) ef ® dz 
£ DRE 
| & (mm) 
<a aay § Vin) ef (Nn) by (9) 
% =; t (7) 
ice) 
SS 21/2 Ss (70) Ff (No) yeese hos 2 by (8) 
| © (0) h=0 


8M) oF) 


— e'l2+1/2 cos a (e'? COSA, Lye 
t (jo) 


which gives the required result (4), since e'/?¢054 1 + cosh. 

It is true that under certain citccumstances Theorem 1 yields an upper 
bound for the absolute value of the integral under consideration, even if 
we do not know the form of the integration path. However, to this end 
we need the inequality | f’(z)|=t(z) for each point of the integration path. 
If the function f and the form of the integration path depend on one or 


more variable parameters, then it may happen that for some values of 
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these parameters | /’(z)| is somewhere on the path very small or even 
equal to zero. These values of the parameters must then be left out of 
consideration, but the determination of these exceptional values of the 
parameters is, apart from the very simple cases, long or even impracticable. 
There is more: if we know these values, then we must try to find an upper 
bound for the absolute value of the integral for these values of the 
parameters in which case Theorem 1 can not be applied. In view of this 
fact it is the purpose of this paper to replace Theorem 1 by deeper results 
which yield an upper bound for the absolute value of the integral under 
consideration even if the integration path contains points z where | /’(z)| 
is very small or even zero. 

Theorem 2: For each positive integer it is possible 
to find two positive numbers 7 and ¢ depending only on 


m such that the inequality 


(10) [J emerves < 


c 
a F (No) | 
Tt (0) cos A | 8 Cio)e | 


Wmeee thesinterration path A is a°curve of descent for 
It 
ef with angle A f hes a and initial point mo, cer- 


tainly holds if each point on A satisfies the following 
Condition: It is possible to find at Jeast one positive 
integer /<m (/ may depend on 2) such that f(w) and g(w) are 


analytic functions of w inthe circle 


(11) |w—2z|< o-1(z), 

where 
I 

(12) o(z)= ))| fM@)|""2t) >0, 
Ll 


with the property that each point w which lies on A 

behind z with (11) satisfies the inequality 

(13) t(w) > (1 — 7 cosA) t(z) 

and that each point w with (11) satisfies the inequalities 

(14) | f@*9(w)| SoZ) and |g)| S(t 7cosd)|g@)]. 
Remark: Roughly Theorem 2 can be formulated as follows: If it is 


possible to find for each point 2 on A a positive integer /<m such that 


164 J. G. VAN DER CORPUT 


at least one of the J derivatives f(z) (4=1, 2, ..., ) is in absolute value 
large enough and that in a certain neighborhood of the path | {UF (w) | 
is small enough and g(w) does not change too rapidly, then Theorem 2 
yields an upper bound for the absolute value of the integral under con- 
sideration; indeed then we can choose a function t(%) which satisfies (12) 
and which does not change too rapidly so that (13) holds. This is a great 
improvement in cumpatison with Theorem 1 which is useless if A contains 
at least one point z where | f’(z)| is very small. 

To give some idea about the significance of Theorem 2 I first treat 
an application in which @ denotes an arbitrary element of a given unbounded 
point set lying in the complex plane or on a Riemann surface. We introduce 


a fixed positive integer 2 and moreover ” fixed real distinct numbers 


1, 2, ..., Gy, each #0; “fixed” means: independent of o. Put 
n 
(15) y= Me Up 2k , 
aa 
where %,%2,..., Un denote real or complex numbers, not all zero, which may 


depend on . The problem is to determine for large |w| an upper bound 


for the absolute value of the integral 7 mentioned in (1), where A is a 


wu é 
curve of descent with fixed angle A (0 Sh = for the function e7, 


and where g(z) denotes a function of z which may depend also on ; 
also the initial point 7 of the integration path A may depend on o. 

This problem involves so many parameters that we know practically 
nothing about the form of the integration path, but nevertheless we shall 


find under a general and simple condition an upper bound for the order of 


magnitude of the integral. 


Theorem 3: Condition (1). Assume that 


(16) Uh €2) ves y | uy 2% 


kal 
tendsiforveach=pogat 2 one, uniformly in z, to infinity as 
| @| > oo, 
(2) Assume for each pointzonA that g(w) denotes for 


(17) |w—2| < |2|(U(z))-™ 


ON THE METHOD OF STEEPEST DESCENT 165 


an analytic function-of w which satisfies for large |a| 


the order relation 


(18) g(w) = (1 +0(1)) 8 (2) 
uniformly in z and w. 

Then 
(19) f gC) ef dz = O | mo | (U (0))-™™ | g (m0) 7 M0) | . 


Remark 1: In some cases the integral has the same order of magni- 
tude as the function occurring behind the O sign, so that then the result 
can not be improved. For instance, if 

ii = £ey=T 7 (e\=—aekt—1)"; 
where @ denotes a large positive number, then the halfline (1, 0) is a 
curve of steepest descent for the function e7 and we have for suitably 
chosen constant ¢ 
U(z)=@(z+1)"; FH CM; B (M0) 7 M0) = 1; Ho (U (0) = 27) wt, 
Consequently the exponent —1/n occurring on the right hand side of (19) 
may not be replaced by a smaller number. 

Remark 2: In many cases it is not necessary to know anything about 
the form of the integration path in order to verify the condition that U (z) 
tends for each point z on A, uniformly in 2, to infinity as |w| > co. For 
instance, putting Re f (70) = ™ and Im f (7) =v we find that this condition 
is certainly satisfied if 
(20) u sinh < |v| cosh 
and 
(21) min (|v! cosA—usind , |v\cosA+usind) + max (0, —|v/sinkA—ucosh) > , 
as |@| > oo. 

If A is a curve of steepest descent for the function e/, then 4=0 


and the condition U (z) > o©, uniformly in 2, is therefore certainly satisfied if 


(22) |Im f (70) | + max (0 , —Re / (%0)) > oo as @| > ox. 


To prove this result it is sufficient to show that the left hand of (21) 


is < VF |f(2)| for each point z on A, since in this case | f(z)| and 
2 
therefore certainly the function U(z) defined by (16), tends to infinity, 


uniformly in z, as |w| > co. The proof runs as follows. 


166 J. G. VAN DER CORPUT 


Since the integration path A is a curve of descent with angle A for 
the function ef) each point z of A has the property that f(z) lies in 
the sector S with vertex f(70)= «+7 defined by 


—A <arg(f (%) — w) SA. 
It follows from (20) that the origin does not lie in this sector. Let us 


now distinguish three cases. 


(1) The origin lies outside the sector 
—2_A< ag (fm) — w) S445. 


Then the distance from the origin to the sector S is equal to the distance 
from the origin to the vertex 470 = %-+1v, so that 
| F@)| 2 | F%0)| = Vw? + 0”. 
The left hand side of (21) is at most equal to 
| |v|cosA — wsinA| + | |v|sind + wcosd| 


— {(\v| cosA —w sin dA)? + (v| sin A + u cos Ay?}'? 
2 
1 
V2 


which gives the required result, 


(+09 S|), 


(2) The origin lies in the sector 


A< arg (f (mo) —w) SA oo 


The distance from the origin to the sector S is equal to the distance from 

the origin to the line through «+ iv which makes an angle A with 

the positive real axis. This distance is equal to |vcosA — wsinA|. 

Consequently | f(z)| is 2) vcosA—wsind| and therefore certainly greater 

than or equal to the left hand side of (21). This gives the required result. 
(3) The origin lies in the sector 


—A— > S arg (f (mo) —w) < —A. 


The reasoning is the same as in case (2), with |vcosA—wsinA| replaced 
by |vcosd-+sind|. This completes the proof. 
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Remark 3: If all the exponents Gi, ...,@, are positive, then the 
condition that U(z) tends for each point z on A, uniformly in z, to infinity 
as W|> co is certainly satisfied if the distance @ from the Origin to the 


integration path satisfies for large w| the order relation 


n 


es 5m o(Sim) 


k=1 
Indeed, if (23) holds, then for each g>1 and for sufficiently large |w| we 


find at least one positive integer k <m with 
d-*< q-'|uy|"%, hence g% < |u| d% , 


so that for each point z on A 
n 
gmin (Cys 1 On) < ». | up 2% | = U(2). 
k=1 


Consequently U(z)>o, uniformly in z, as |w| > oo. In the same way 
we prove 

Remark 4: If all the exponents 1, ..., 4, are negative, then the 
condition that U (z) tends for each point z on A, uniformly in 2, to infinity 
as |, > is certainly satisfied if the distance from the origin to the 


integration path is 


n 
0 (Da | wp re) E 
k=1 


Remark 5: If the system (@,..., %,) contains at least one positive 
and at least one negative number, then the condition U (2) > ~, uniformly 


in 2, is certainly satisfied if 


| 5 [80 R21) | 4, |* NH K—- MI > oc as |w| > OK; 
kyl 


the sum = is extended over the positive integers k<nm and 1<nm with 
k,l 
ip. 0) jand *.0;<,0,. 


Indeed, if = 0 and a;<0, then we have for each point 2-0 
| Up gk 4 | uy ah = Up are (Sy = ay ) | u, | / (On — a) ) , 
so that 


U (2) 2 N-1 > | my [21 len— 2) | [201-2 
kyl 
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where N denotes the number of the terms of the sum a This completes 


the proof. 

Remark 6: Later I shall prove Theorem 3 as an application of 
Theorem 4, but I now shall use Theorem 2 to prove Theorem 3 in the 
following weaker form, where condition (2) is replaced by the sharper 


condition : 
(2*) Assume for each point z on A and each fixed positive number 


K that g(w) denotes in the circle 
(24) jw~—2z|< Kie/(U 


. . . | . 
an analytic function of w, which satisfies for large | the order relation 


(18) uniformly in z and w. 


Proof of Theorem 3 in the weaker form. 
We have for each 20 and for h=1, 2,...,” 


ah fO (2) = Yo (a — 1)... (Ge+1—h) uy z% . 
A=1 


We consider this as a system of ™ linear equations with the unknown 


u,2%:. The determinant of this system is formed by the fixed numbers 
G, (0, — 1). (C4 1 — 2) a1, ee eae) 


and is equal to the determinant of Vandermonde 


| 

Oy peers a 

p 2 2 

ay ital 
n n n 

Qa) at. a | 


and therefore “0. Consequently for each positive integer km we can 
write 2% is a linear combination, with fixed coefficients, of 2 f(z) 
(h=1, 2,...,%). There exists therefore a fixed positive number ¢; such 


that for each 240 it is possible to find at least one positive integer 
h<n with 
U (2) = y | ez | < ch lel! £0 (2) |, 
k= 
By hypothesis U (z) tends, uniformly in 2, to infinity as |w| > co, so that 
U(z)21 for sufficiently large |, hence 
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(U (2))" S (U(@))™ < & [a] | f(z) |". 
In this way we find for each point z0 on A 


(25) (U (z)y¥" < ey |a| ye (z) [a , 


The origin does not lie on the integration path. Indeed, if all the 
numbers 01, 02, ..., Q, afe positive integers, then the left hand side of 
(25) tends to zero as the point z#0O tends on A to the origin, contrary 
to the hypothesis that U(z) tends for |w > co to infinity, uniformly in z. 
If not all the numbers a, , G2, ...,%, ate positive integers, then f(z) is 
not analytic at 2=0, so that the origin does not lie on the integration 
path. Consequently (25) holds at each point z of the path. 

Now we shall prove for sufficiently large |w) that under the conditions 
of Theorem 3 in the weaker form certainly the conditions of Theorem 2 
are satisfied with 

P=" and t(z) = :c5'\2\-*(U @))". 

Inequality (12) follows from (25). From U(z) > it follows that 
o-'(z)=0(z), uniformly in z, so that the points w lying in the circle 
(11) satisfy the order relation w=(1-+0(1))2. We have for k=1, 2,...,” 

| a we | = | wa (1 +0 (1))2*| = (1+ 0(1)) | me 2"), 


hence 
U (w) = (1 + 0(1)) U(2), 
consequently 
[w|-*(U (w))'™ = (1 +.0(1))|z/-7 (U (2), 
therefore 


t(w) = (1 +0(1)) t(2), 
so that for sufficiently large |w) the inequality 
t(w) = (1 — fcosA) t(z) 


holds. Furthermore 


n | 


y Gp (O%—1)... (A, — ”) Uy, WR" | 


| 
k=1 


= 0 (Silene rl) <0 (Sime) 


= 0 (\g\-*-") U (2) = o(e-" YU), 


for) @)| = 
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so that for sufficiently large |0| 
| fim+) (w) | = ott! (z), 
Up till now we have used neither Condition (2) nor (2*), but we 


need Condition (2*) for the verification of the second inequality (14). 


It follows from (25) that 
o-'(z) = ‘o> | f(z) Ue Sot 2 (U (z))'!" , 
h=1 


According to Condition (2*), applied with K=cy’, the function g(w) is 

therefore an analytic function of w in the circle (11) with the property 
g(w) = (1 +00) e@, 

so that for sufficiently large |w| the second inequality (14) holds. 

Consequently all the conditions of Theorem 2 are satisfied. This yields 

Theorem 3 in the weaker form. 

It is true that Theorem 2 is very general and sometimes gives results 
which can not be improved but it has some disadvantages, as we have 
already seen in Theorem 3 which can be proved only in the weak form by 
means of Theorem 2. It may happen that the integration path contains 
a point z with the property that at least one of the two functions / (w) 
and g(w) is not analytic in the circle |w—z|< o—'(z). We need therefore 
a result similar to Theorem 2 in which o(z) is replaced by a larger function 
of z This we shall do in Theorem 4 which contains Theorem 2 as a 
special case. It may also happen that at certain points z on A with J= 
the condition 
(26) IF @MI SIF @P?, 
which is required in (14), is not satisfied. Then Theorem 2 may not be 
applied, but we shall see in Theorem 5 that under certain circumstances 
condition (26) is superfluous for the points z on A with 1=1. Theorem 5 
contains Theorem 4 (and therefore also Theorem 2) as special cases, and 
it contains also, under a certain restriction, Theorem 1 as a special case. 

Theorem 4: For each positive integer m it is possible 
to find two positive numbers 7 and c depending only on 
m such that the inequality 


(27) f & (2) ef ® dz 


v 


A 


£0 (No) 


: t (mo) cos A 


| § (m0) e7 0) , 
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where the path A is a curve of descent for ef) with angle 


a 
n(osa< ca and initial point ™, certainly holds if 
each point zon A satisfies the following 


Condition: It is possible to find at least one positive 
integer /<m (J may depend on z) with the property that / (w) 


and g(w) are analytic functions of w in the circle 


(28) |w—z| < oC), 

where 
l 

(29) 6) =) |o@)/M@) "Sr >0 and p@z1 
ps | 


such that each point w which lies on A with (28) satisfies 


the inequalities 


(30) 408 (:- 7 cosA 


)@ and o(w)< o(z) +7 cosd 
and that each point w with (28) satisfies the inequalities 


G1) | f+ (w)| So) and |e(w)| < (i+ oe) ) 


Remark 1: The special case of this theorem with o(z)=1 is 


identical with Theorem 2. 

Remark 2: Above we have proved Theorem 3 in the weaker form 
by means of Theorem 2, but we have promised to prove Theorem 3 in 
the original form as an application of Theorem 4. The proof runs exactly 
as in the proof of Theorem 3 in the weak form up till the last paragraph 
which begins with “Up till now we have”. This last paragraph can not be 
used here, since it applies Condition (2*), But we shall show that the 
conditions of Theorem 4 are satisfied with /=™ and o(z) =e =max(1, ¢*); 
then (2) is independent of m and z. Consequently the second inequality 
(30) is certainly satisfied, so that we have only to show that the second 


inequality (31) holds. We have by (29) and p21 
a(z)z= pS | fa) Ser) | fH)" = kl" (U @)* 


according to (25). Consequently each point w lying in the circle (28) lies 


in the circle 
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|w—z| < j2e|(U (2))-™ 
and satisfies therefore (18), which yields the required second inequality (31) 
for sufficiently large |w|. In this way we see that all the conditions of 
Theorem 4 are satisfied, so that Theorem 3 in the original form is a special 
case of Theorem 4. 

For the proof of Theorem 4 we need two lemmas. The first of these 
two lemmas is the basis for the proof of all the theorems occurring in 
this paper, apart from the simple proof given in Theorem 1. 

Lemma 4: For each positive integer # itis possible 
to find tmo positive numbers ¢@< 1 aad b<s depending 
only on » with the following properties: 

lfifis a positive integer Sm, if 00, 2 complexeace 


if f(w) is an analytic function of w inthe circle |w—z|<o-', 


where 
i 

(32) c=) pve) fer) FS 0. 
A= 

in such a way that 

(33) ea) aes 


then’ therevexistsjat least one positive unteger Pavecwen 


that the inequality 


(34) | (w) — f(2)| = ert 
holds for each point @-with 
(35) |w—z| = [-'kaot'. 


Proof: Without loss of generality we may assume that o =1, for 
otherwise it is sufficient to replace f by o—'f. 
Let a@ and 6 denote two positive numbers with the property that it 


is possible to find J points w,,..., w; with 


(36) |w,—2z|=l kao (k= 1,2...) 
and 
(37) lfm) —Ff@R)|<e (R=1, 27... 


Theos werhave forse Iee7en ee] 
Wk 


U 
Fe) — 10) = VPP era Af fe) Go — Fat, 


z 
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The absolute value of the last term is according to (33) and (35) in absolute 


value 
o/t1 qitl 
38 = aro ee — tt = ————.,, 
oy Sap mal s (+1)! 
In this way we find for k= 1, 2, ..., 1 
Aly 
(39) qt o—* th — =e 
a 
where |f;|=/—-'k and where, according to (37) and (38) 
b qit! 
0) a 


We may consider (39) as a system of / linear equations with the 
1 
unknown 77 fOC)a*o-* (h=1,2,..,1) and with the coefficients ¢. 


These coefficients form a determinant of Wronski with the value 


IL @—#). where |4| ==. 


1<r<s<l 


—r 
Consequently |?,—t,| > — , so that 


tars) 
where the right hand side denotes a positive number depending only on J. 
Each minor in the considered determinant of Wronski is in absolute value 
less than or equal to a suitably chosen number depending on /. Consequently 


weeund for *#= 1,\2, ..., / 


1 qit+} 
(h pe aaa [ one 
ey) ee a eae 


where ¢; denotes a suitably chosen number depending only on J. 
It follows from the definition of o given in (32) that 
| f(z) |" > I-16 
for at least one positive integer <1, so that the left hand side of (41) 


is 2l-* a". For this integer 4 we find 


(42) a la +4 he a= area ane wai 
(¢+1)! 
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If we choose the positive numbers 4<1 and bss depending only 
on ” so small that 


qitich< (+ ele and! -b = 5-8 ater! (i shslan), 


then 
l-kak > cqalt!/(1+1)! and 2o&d, 
so that the inequality (42) does not hold. This means that for this choice 
of a and Db it is not possible to find J points w,,..., @ with (36) and 
(37), so that there exists at least one positive integer k</ with the 
property that each point w with (35) satisfies (34). This completes the 
proof. 
Lemma 2: If OS0<1 andif fo, 71... denote positive 
numbers with 
Proi S Pn + 8 (A= 0,41, 22); 
then 


4 1 ii 1 Po 
(43) yee(-(Go tg tt Pe ) =i fae 


Remark: We use this lemma in the proof of Theorem 4 and there- 


fore also in the proof of the particular case formulated in Theorem 2; 
in the special case however that in Theorem 4 (2) is independent of z 
(this is indeed the case in Theorem 2 where o(z)=1) we need this 
Lemma 2 only in the case that ~, is independent of /# and then the lemma 


is obvious, since the left hand side of (43) is 
c 1 
—(h/Po) — ese Sree. 20 
De 0 Lr ape ; = lb - 46. 


Proof: In the proof I may assume that @ is positive. We have 
log(1 +“) <4 for each %>0, so that for each integer R> 0 


fo + (k +1) 
44 l = 
cS) Oo pict he eee 
Consequently we have for each positive integer h 
pothd i  pot(k+1)9 oes 1 
los = ¢) ——__ 
a oy ye ee be A ee oD Po FRO 


Putting #-'=™ we find therefore 
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expla { Ber TS) sheet 1 1 
Yen bp 7. i See rae ) =1 +) exe( (5 atte = Fall 


(45) (oa) h-1 1 00 p +ho 
LaF" — raed) <>} = a 
Dee es potko) = SEA oer ): 
For each positive integer 4 we have in the interval h—1<u<h 
(Po + h#)-" < (po + ud) 
so that 
h 
(PHA Sf (pot hu)" du, 
h-1 
hence 


ce) a8 al atl) 
Sb + hs f (p+ udu = — a 
h=1 0 


Gane nat, 


Consequently the required inequality (43) follows from (45). 
Now I proceed to the proof of Theorem 4 which I formulate in 
such a way that it can be also used as a part of the proof of Theorem 5, 


the last theorem occurring in this paper. 


First step. Choice of the successor. 

Let z denote an arbitrary point on A and let J denote the smallest 
positive integer /<m for which the condition occurring in Theorem 4 is 
satisfied; this integer 1 may depend on z and is uniquely defined by z. 
Let k denote the smallest positive integer </ which possesses the property 
mentioned in Lemma 1; this integer is uniquely defined by 2; in this proof 
a and 6 denote the positive numbers depending only on ™ occurring in 
this Lemma 1. 

I call the successor of z the first point w lying on A behind z 
with 
(46) |w—2z| = I-'kao-'(z) 
if such a point w exists; otherwise I call the endpoint of A the successor 
of 2. 

From this definition it follows that each point on A possesses one 


and only one successor. 
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b 
Second step: We choose 7 = oye. If z is a point on A whose 


successor w does not coincide with the endpoint of A, then 
127 cosh 
p (2) 


Proof: Since A is a curve of descent with angle 4 for the function 


(47) 1-1 (w)| g(w) ef | < 1712) | (2) ef (4)| exp = 


ef (2) we have 


Re (f (w) — f (z)) S —(cosA) | f (w)—f (2) | a b cosh 


p (2) 
according to Lemma 1. Formula (31) gives 


| sw ay Pee cosh < eycos 4/p (z) 
‘ p (2) 


and the first inequality (30) yields 


t (z) ycosA \-! 
< (1——-——_ < ellycos4/p(z) | 
Oy ( p (2) 


This gives the required inequality (47). 


Third step: If z is a point on A whose successor @ may coincide 


with the endpoint of A, then 


(48) fs e100 dt < 2e%o7! (z) | g(2) ef (2) | ‘ 


Proof: By the definition of the successor w of % on the integration 
path each point ¢ of the arc (z, w) satisfies in virtue of a<1 and k<l 
the inequality 

[2 et <2) 
In this circle f(¢) and g(¢) are by hypothesis analytic functions of t, so 
that the integral of g(t) e* along the arc (z, w) is equal to the integral 


along the line segment (z,w). At each point ¢ of that line segment we have 
: t 
Sel) 1 
49) SO-f@= Peay Ef pore e—uyan. 
nl 


According to the definition of o(z) given in (29) we have for 1 Se) 


| FO @) |!" < (0 @)-" 6) < 6 (2), 


pee os 


hence 
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Moteover it follows from-the first of the inequalities (31) that the last 
term in (49) is in absolute value 
= (6) @)-' = 1. 
By means of (49) we find therefore for each point ¢ of the line segment 
(2, w) 
IfQ—-f@| Se. 
Furthermore it follows from the second of the inequalities (31) 


ey) e@l < 2121, 


lg(| Ss yout 

so that the left hand side in (48) is 
< 2e8| g (2)ef®||w—2| < 2°] ge! o> (2). 

In order to simplify the proof of Theorem 5 I apply in the last step 


the result of the second step only in the weaker form that the factor 12 
occurring in the exponent on the right hand side is replaced by 11, I use 
the result of the third step only in the weaker form that the factor 2¢° 
occurring on the right hand side is replaced by 2e°+ 1 and finally I apply 


the second inequality (30) only in the weaker form 


(50) p(w) < p(z) + 107 cosh. 
Fourth step: End of the proof. 


Consider the points %0,%1,..., Where %o is the initial point of A 
and where +1 (420) is the successor of m. If the number H+ 2 of 
these numbers is finite, then 741 is the endpoint of A and we have 

H ihe 
(51) {e@eroa=¥ { e(ijef dt. 
=), 
To show that this formula also holds for H=oo I deduce from (47) 


(applied with the factor 11 instead of 12) for h=0, 1, ... 


| = 
1 
(52) + *(rn) laCon) of |S +-) lena) of I] exp (—117 089) ) 5 


The function 
(53) Bie) ee 


satisfies according to (50) for 4=0, 1, ... the inequality 
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(54) P (mss) — PO) < >> 


i : : +... diverges 
so that according to Lemma 2 the series on) Gn) «=. diverges: 


Consequently the left hand side of (52) tends for h > o to zero, so that 
m, tends for 4->o to the endpoint of A; this yields (51) in the case 
H=o., 

Application of the result obtained in the third step gives therefore 


H 

feoe atl < (2 +1) YO) | Cn) 7%) 
h=0 

A 


eal 


1 
coh ( ACH 


H 
<S (2e¢ +1) (790) | g (0) £70? | Y” 
h=0 


1 


: 0 
where the last sum is, according to Lemma 2 applied with ==, 


79 at mass 


equal to 


10 9 (No) ¥ 11 0 (%o) 


BAERS ie bcosA bcosA 


This completes the proof. 


Theorem 5: For each positive integer ™ it is possible 
to find two positive numbers 7 and ¢ depending only on 


m such that the inequality 


< Oe -| g(r) ef I, 


(55) J g (z) ef *) dz 


where the integration path is a curve of descent of ef) 
Iv 

with angle A ( So Nese “a and initial point %, certainly 

holds if each point of which does not satisfy the con- 

dition formulated in Theorem 4 satisfies the following 


Condition: The functions g(t)40, o@)21 and t(é)>0 
are defined and differentiable along A at the point ¢=2z 


and f(t) is continuously differentiable along A at t= 
in such a way that 


(56) 6 (2) = o(2) | f’(2)| St), 
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& (2) t’ (2) 1 eed 
a Fart [zw |S aloo 
and 
0 (2) Loy 
(58) ni = cen (z)| cosA. 


Remark: I call a point z on A a point of the first kind if it satisfies 
the condition formulated in Theorem 5. I call a point z on A a point of 
the second kind if it satisfies the condition formulated in Theorem 4. In 
Theorem 5 each point z on A belongs to the first or to the second or to 
both kinds. 

Theorem 4 is the special case of Theorem 5 in which each point of 
the integration path belongs to the second kind. Theorem 1 is the special 
case of Theorem 5 with o(z)=1, where each point of A belongs to the 
first kind, apart from two facts: (1) in Theorem 1 the assertion involves 
the factor 2e, whereas the assertion of Theorem 5 involves a suitably chosen 
constant ¢. (2) the condition of continuity imposed on /’(t) in Theorem 5 


does not occur in Theorem 1. 


Proof of Theorem 5. 

First step: Choice of the successor. 

For each point of the second kind we define the successor in the 
same way as in the first step of the proof of Theorem 4. Let us now 
consider a point z on A which does not belong to the second kind and is 
therefore a point of the first kind. Let w denote the point lying on A 


behind z with 


w 
(59) slrollai=s5. 

if such a point w exists; otherwise w is the endpoint of A. In this proof 
a and 6b denote again the positive numbers depending on ” with the properties 
mentioned in Lemma 1, where 6 =6(z) and 9 =¢(z). If all the points of 
the open arc (z,w) belong to the first kind, then I call w the successor 
of z. Otherwise I consider the last point 2° on the arc (z, w) such that 
all the points of the open arc (z, 2°) belong to the first kind. Consequently 


z* coincides with z or lies on A between 2 and w. 
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Let us now show that 2* is a point of the second kind. Otherwise 
it would be a point of the first kind, which is a limit point of a set 
formed by points ¢ of the second kind which lie on A behind z*. Consequently 
there would exist a positive integer 1<m such that 2° is a limit point 
of a set E formed by points ¢ which lie on A behind 2° and satisfy the 
condition formulated in Theorem 4 with this particular value of l. According 
to our hypothesis z* is a point of the first kind, so that by hypothesis 
g(t), o(t) and t(é) are differentiable along A at t=z* and f(¢) is con- 
tinuously differentiable along A at =z". Consequently these four functions 
and also the function o(¢) defined in (56) are continuous on A at t= 2". 
Let us consider a point w lying in the circle 

|w—2*| < o' (2). 
This point w lies in the circle 
|w—t|< o'(Z) 
for each point ¢ of E which lies close enough to 2°. From the fact that 
such a point ¢ belongs to the second kind it follows that f(w) and g(w) 
are analytic functions of w such that the inequalities (30) and (31) hold 
with z replaced by ¢. Considerations of continuity show that the inequalities 
(30) and (31) are also valid with z replaced by 2*. Consequently 2* is a 
point of the second kind. By definition I call the successor of 2* also the 
successor of 2. 
From this definition it follows that each point on the integration path 


possesses one and only one successor. 
b ; 
Second step: We choose += re If z is a point on A whose 


successor W does not coincide with the endpoint of A, then 


(60) 17! (w) |g (we | < 1) | ee exp i Sat 


and 
(61) C(@) = 0G) = 107 cosks 
Proof: If z is a point of the second kind, then (60) follows from 


the second step in the proof of Theorem 4 and we have by the second 
inequality (30) 


(62) o(w) — o(2) Sycosk < 107 cosd. 
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If 2 is a point of the-first kind I distinguish two cases: 
[1] All the points of the open arc (z, w) belong to the first kind, 
Then 


Re(f(w) — f(2)) S 


It follows from (57) that 


r@ee(w) |__|, t@etw) | (| 


t(w)e(2) | =| °F Tw)eG) 


AON AO) 
t(t) a g (i) jar 


S (eos) f FO lal, 


Zz 


so that 
(63) tog| {PE | + Re(e@)—F@) < — + (c081) firolla. 
t (w) g (2) 2 i 
: oes . bcosA 
The right hand side is according to (59) at most equal to R50) 


This gives the required result (60). 
We have by (58) 


bo ong ars 5 oon | /’ @)| | a | 
ee a Z 87 cosa 
=~ 30 (2) 0 (2) 
so that 
0 (w) gee esi 
ee @ = | e() 7 ee)” 


In this way we find (61) even with the factor 9 


eae 
since 87 ; -— 


instead of 10. 
[2] Not all the points of the open arc (z , w) belong to the first kind. 


As we have seen in Step 1 the last point 2" on this arc with the property 


that all the points of the open arc (z, 2") belong to the first kind is a 
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point of the second kind with successor w. According to Step 2 in the 
proof of Theorem 4 inequality (47) holds with z replaced by z*. Formula 
(63) applied with 2* instead of w yields 


t@)g@) ee. 
= (hig) Hes ee eee 


Combining these two results we obtain 


cae (w) lg (w) ef (w) | < eb cos 4 / 2p (z*)) ¢-1 (z*) | g(z*) ef (z*) 
te eo eet / 2B paz) (ale 


log 


We have according to (58) 


ory edar be Oak eee eee ee 
toe Fs [SS oe |ltl s por f rola 
bcosA 


since b<— and o(z)21, hence 
ff 12 
e(") <7 e@). 


Consequently (65) yields the required inequality (60). 
Applying (64) with w replaced by 2* and applying the second inequality 
(30) with z replaced by 2° we find by addition 
p(w) — (2) < 97 cosh + ycosk= 107 cosh. 
This completes the proof. 


Third step: If z is a point on A whose successor w may coincide 


with the endpoint of A, then 


(66) fe ef dt| < (2+ 1)t'@) | e(z eZ]. 


Proof: In the case that z is a point of the second kind the third 
step in the proof of Theorem 4, in conjunction with t(z) <o(z), gives 
the required result even with the factor 2e° instead of 2e°+1 on the right 
hand side. If z is a point of the first kind I distinguish two cases. 

[1] All the points of the open arc (z, w) belong to the first kind. 
Replacing in (63) w by an arbitrary point ¢ of the arc (z, w) we obtain 


(67) tm Al eOe’| St @ | ger], 
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so that the left hand side of (66) is 


w 


(68) Se @le@e| (oH | a}. 


Replacing in (64) w by ¢ we obtain o(¢)<2(z) and according to 
(56) we have t(#)<(t)| f’(4)|, so that the integral occurring in (68) is 


w 
< 20) f | f'()| |dt| <2 <1. 
z 
This gives the required inequality (66), even with the factor 1 instead of 
2e°-+ 1 on the right hand side. 

[2] Not all the points of the open arc (z,w) belong to the first 
kind. Then the last point 2* on this arc with the property that all the 
points of the open arc (z, 2°) belong to the first kind is a point of the 
second kind with successor w. According to the third step in the proof 
of Theorem 4 the contribution to the left hand side of (66) of the arc 


(z* , w) is less than 
220 “Iz ig jer 
and according to [1] the contribution of the arc (z, 2") is less than 
t'(z)| g(z) ef @ |. 


This, in conjunction with (67), applied with ¢= 2", yields the required 
result. 
The fourth step, the end of the proof, runs in exactly the same way 


as in Theorem 4. This completes the proof of Theorem 5. 


(Received December 29, 1959) 


DISTRIBUTIONS WITH COMPATIBLE NEUTRICES 
By 
Go vaneder Corput 
in Berkeley, California, U.S.A. 


Section 1: The sum of compatible neutrices 


In the definition of distributions given in my previous papers on 
meutrix calculus I have restricted myself to neutrices with independent 
variables except in report 143 of the Mathematics Research Center at Madison 
where I have extended the domain of applicability of the neutrix calculus by 
admitting certain neutrices with dependent variables. This extension has the 
consequence that also in the theory of distributions the said neutrices with 
dependent variables may be used. This paper is devoted to the exposition 
of the theory of distributions based on this idea. 

Let N be a neutrix with variable €, with domain N’ and with negli- 
gible functions v(&). The negligible functions are defined for each element 
E of the domain N’ in such a way that v(&) is an element of a given 
range; a range is a commutative additive group. That N is a neutrix means 
that it satisfies the neutrix condition: if a function v(&) negligible in N 


is independent of €, then v(&) is identically equal to zero. 


1. The present paper is the result of a research begun and continued under 
a gtant (G. 5228) of the National Science Foundation (Washington D.C.), finally 
completed at the Mathematics Research Center at Madison, sponsored by the United 
States Army under Contract No- DA-11-022-ORD-2059. 

The previous papers on neutrix calculus ate: Neutrices, J. Soc. Indust. Appl. 
Math., 7, No. 3, September, 1959, 253—279. 

Introduction to the Neutrix calculus, reports 128, 129 and 130 of the Mathematics 
Research Center at Madison. This article appeared in Journal d’Analyse Mathématique, 
Wole7, 1959—60, pp. 281—399. 

Neutrix calculus I, Neutrices and distributions, report 142 of the Mathematics 
Research Center at Madison; Proceedings Royal Neth. Academy of Sciences 63, Series A, 
115—123; Indagationes Mathematicae 22, 115—123. 

Neutrix calculus II, Special neutrix calculus, report 143, Mathematics Research 
Center, Madison. 

Neutrix calculus II, General neutrix calculus, report 144 of the Mathematics 


Research Center, Madison. 
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Let P be a neutrix with a variable 7, with domain P’, with negligible 
functions (7) and with the same range as N. The variable € traverses N’ 
and the variable 7 traverses P’. It may be that € and » are independent 
variables, but if this is not the case, then there exists at least one couple 
(0, 0) formed by an element & of N’ and an element mo of P’ which 
does not enter into consideration; this means that it is excluded that & 
assumes the value fo and 7 assumes simultaneously the value %. 

The simultaneous use of N and P means that we may neglect each 
function v(€) negligible in N and also each function ™(7) negligible in P, 
therefore also the sum v(&) + 2(y). The fundamental rule in neutrix calculus 
is that we never neglect a constant #0. For this reason we call N and P 
compatible when they satisfy the following condition: if there exist a function 
v(E) negligible in N and a function (7) negligible in P such that their 
sum v(&)-+ (7) is for each couple (€ , 7) which enters into consideration 


independent of € and 7, then this sum is identically equal to zero. 


Example 1: Two identical neutrices are compatible. Two neutrices 
with independent variables are compatible. 


This is obvious. 


Example 2: I call a neutrix P an enlargement of the neutrix N, if 
they have the same domain, the same variable and if each function negli- 
gible in N is also negligible in P. A neutrix is always compatible with 


each enlargement of itself. 
Proof: Assume that for each element € of N’ 
v(E) + «(f) = 7, 
where 7 is independent of €, where v(&) is negligible in N and 2(&) is 
negligible in P. Then the functions v(&), 1(&) and v(&)+<2(€) are negli- 
gible in the neutrix P. The function v(&)+(€) is independent of & and 


therefore equal to zero according to the neutrix condition of P. This 


completes the proof. 


Example 3: If N and P are compatible neutrices, then N is compa- 
tible with each neutrix R of which P is an enlargement. 


Indeed, if the relation 


GS) sr Gy) 7. 
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holds for all the systems (E ,”) which enter into consideration, where v (€) 
is negligible in N and o(y) is negligible in R, then (7) is certainly 
negligible in P, so that the compatibility of N and P yields y=0. 


Example 4: Let N and P be neutrices with variables & and , such 
that the domain N’ of N is a subset of the domain P’ of P; for each 7 
belonging to N’ we put »=€. Finally we assume for each function 2(7) 
negligible in P that the function «(€), where & traverses N’, is negligible 
in N. Then N and P are compatible. 


Remark: In short: two neutrices with the same negligible functions 
and with the property that the domain of one of the neutrices is a subset 


of the domain of the other neutrix, are compatible. 

Proof: Assume that the relation 
(1) v(E)+ x) =7, 
where 7 is constant, holds for each couple (€,7) which enters into 
consideration. Then (1) holds certainly with yn = £ for each element & of N’. 
Each of the functions v(&), «(&) and v(&)+(£) is negligible in N. The 


function v(&)+2(&) is independent of &€ and therefore equal to zero 


according to the neutrix condition of N. This completes the proof. 


Example 5: Let N and P be the neutrices treated in the preceding 
example. Each neutrix R which is compatible with N is certainly compatible 
with P. 


Proof: If for each (7 , ©) which enters into consideration 
n(n) + p()=7, 


where (7) and o() are negligible respectively in P and R, then we have 
certainly for each couple (€ ,£) which enters into consideration and where 


& is an element of N’ 
n(z) + p() =7- 


Here x(&) is by hypothesis negligible in N, so that the compatibility of 
N and R yields y=0. 
Let N and P be two compatible neutrices with variables & and , 


with domains N’ and P’ and with negligible functions v(&) and 7 (yn). 
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Let S’ denote the set formed by all the couples (€, 7) which enter into 
consideration. The functions v(&) + (7), where v(&) is an arbitrary function 
negligible in N and a(7) is an arbitrary function negligible in P, are 
defined for each element (€,7) of S’. From the fact that N and P are 
compatible it follows that the set formed by all these functions v(€)+2 (7) 
is a neutrix. I call this neutrix the sum S=N+P of N and P. It is 
clear that this addition is commutative. 


Let Ni, N2,..., Ns be neutrices with variables €1, &2,..., €s, with 


domains N’,, N%2,..., N’s and with negligible functions 
Vi (E1), V2 (E2), ..., Vs (Es) - 


If the variables £1,...,&; are not independent, then there exists at least 
one system (01,..., 4s), where a, belongs to N’,, which does not enter 
into consideration; this means that it is excluded that the variables 
E,(o =1, ..., S) assume simultaneously the values ag. We call Ni, ..., Ns 
compatible when they satisfy the following condition: if there exist functions 


Vo(E) negligible in No(o= 1, ..., 5) such that for each system (&1,..., 5) 
Ss 
which enters into consideration the sum Ds Vo(Fs) is independent of 
o=1 
E,,...,&s, then this sum is identically equal to zero. 
If the s neutrices are compatible, we denote by S’ the set formed by 


all the systems (€1,..., 5) which enter into consideration. The sums 
Ss 
y Vo(&) mentioned above form a neutrix with domain S’. This neutrix 
o=1 


is called the sum 
S=N,+N,+..+N, of Nit eave 


It is clear that the addition is not only commutative, but also 


associative : 
(N, + .N:) + Ns = Ny + (Ny + N3) 


denotes the neutrix whose domain is formed by the triplets (€1, £2, &3) 


which enter into consideration and with the negligible functions 


¥1(E1) + v2 (&2) + V3 (Es). 
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Notice that we define-the sum only for compatible neutrices. Notice 
furthermore that a function negligible in one of the neutrices N, is negligible 


in the sum. 
Example 6: The sum of s neutrices each equal to N, is equal to N. 


Example 7: If Ni,...,.N; are neutrices with independent variables 


E1,...,&s, with domains N,...,N’s and with negligible functions 


vi(&1), ..., ¥s(&s), then the domain S’ of the sum S = ~ N, is the direct 
Copemst fi 


product of the domains N’,,...,.N’;. The variable of S is (&1,..., &), 


where the variables &,(¢=1,..., 8) traverse N’; independently. Finally the 


negligible functions of S are the functions of the form os Vo (Ec). 


6=L 


Example 8: If the neutrix P is an enlargement of the neutrix N, 
then N+P=P. 


Example 9: The domain of the sum S of the two neutrices N and 
P treated in the examples 4 and 5 is formed by the elements & of N’ 
and the couples (€ , 7), where € is an arbitrary element of N’ and 7 is an 
arbitrary element of P’ outside N’. The negligible functions of S are the 


functions 
v (€)+ a(€) for each & in N’: 
‘ 


v(£)+2(m) for each & in N’ and each 7 in P’ outside N’. 


Let us now consider a set © formed by infinitely many compatible 
neutrices. Then we define the sum S of all the neutrices belonging to S 
in the following way. The domain S’ of S is formed by all the systems 
& =(&,..., &s), where s is an arbitrary positive integer and where Pears 


are the variables of neutrices Ni, ..., Ns belonging to GS. For each element 
&=(E,,..., &) of S’ I consider the functions e Vo(&s), where Vo (&) 


Co)! 
denotes an arbitrary function negligible in N,; (6 = 1,...., $). These functions 


form a neutrix. Indeed, if for each element & of S’ 
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s 


(2) s Vo (Eo) =7> 


o=1 
where 7 is independent of &1,...,&, then the left-hand side of (2) 
represents a function negligible in the neutrix Ni +... + Ns which is for all 
the elements £ = (£1, ..., &s) of the domain of Ni+...+ Ns independent 
of €, so that this function is identically equal to zero. I call this neutrix 
the sum of all the neutrices belonging to S. 
In this way we have defined the sum of a finite or infinite number 


of compatible neutrices. 


Section 2: The basis 


Introduce a certain set 8 formed by a finite or infinite number of 
compatible neutrices. I suppose that this set, which I call a basis, is known. 
Restricting ourselves continually to neutrices which can be written as finite 
sums of neutrices belonging to the basis we build up a certain calculus. 
What happens if nevertheless a certain construction leads to a neutrix N 
which is compatible with all the neutrices occurring in the basis but which 
can not be written as a finite sum of neutrices belonging to the basis ? 
Do we ignore this new neutrix? No, probably we construct a new basis 8* 
formed by N and by all the neutrices belonging to 8. Then, by means of 
this new basis, we construct a new calculus. We shall see that all the 
identities occurring in the original calculus with basis 8 remain valid in 
the new calculus with basis 8" (principle of permanence). 

We obtain the calculus developed in my previous papers by imposing 
on the basis the condition that each neutrix occurring in the basis can be 
written as a finite sum of neutrices with independent variables. 

In the applications the basis is often formed by only one neutrix. 
For instance in the theory of the distributions of Schwartz we restrict our- 


selves to only one neutrix, namely the neutrix named after Schwartz. 


Section 3: Distributions 


Let B be a given basis and let B denote the sum of all the neutrices 
belonging to the basis. Then each function negligible in one of the 


neutrices occurring in the basis is negligible in B. 
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Let N be a neutrix with variable € which can be written as a finite 
sum of neutrices occurring in the basis. Let f(&) be a function defined for 
each element € of the domain N’ of N. The class d formed by all the 
functions of the form f(F)+v(&), where v(&) is an arbitrary function 
negligible in N, is called the distribution with neutrix N generated by f (&). 
Each function occurring in d@ is a generating function of d. 

Let P be a neutrix with variable 7 which also can be written as a 
finite sum of neutrices belonging to the basis. Let d; be the distribution 
with neutrix P generated by a given function g(”). I call the distributions 
d@ and ad; equal if and only if /(€)—g(™) is negligible in the neutrix B. 
The notion of equality is independent of the choice of the generating 
functions f(&) and g(»), for if f(&) and f1(&) are generating functions 
of d, whereas g(7) and gi(%) are generating functions of di, then 
fi(E)—Ff () is negligible in N, therefore certainly in B, whereas gi (7) — g(”) 
is negligible in P, therefore certainly in B. This shows that 

(f1 (E) — f (E)) — (a1 (1) — 8 @)) 
is negligible in B, so that f:(€)—gi(7) is negligible in B if and only if 
f(&)—g(m) is negligible in B. 

It is clear that the notion of equality is reflexive, symmetric and 
transitive. 

That the principle of permanence formulated in the preceding section 
is valid for this notion of equality is easy to see. Indeed, let %* be a new 
basis which contains all the neutrices belonging to the original basis B. 
If B* is the sum of the neutrices belonging to the new basis, then each 
function negligible in B is certainly negligible in B*. Consequently if the 
relation @d=d, holds for the original basis 8, it holds certainly for the 
new basis 8". 

It is mot true that the inequality d@#d, valid for the old basis B is 
necessarily valid for the new basis 8*. Consequently the identities remain 


valid if we extend the basis but that is not necessarily the case with inequalities. 


Example 10: Two distributions which have a function in common 
are equal, since they have the same generating function. On the other hand 
it may happen that two equal distributions have no function in common. 


Indeed that two distributions are equal means only that they contain two 
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functions whose difference is negligible in B, but this does not imply that 
this difference is identically equal to zero. 

If a distribution d is generated by a constant 7 and a distribution 
d, is generated by aconstant 71, then d= d, if and only if 7 = 71. Indeed 
that y= 71 implies d=, follows from the precedent example. Conversely, 
if N=P then, according to the definition of equality, the constant —/1 
is negligible in B, so that /—71=0 

In this way we see that there is a (1 , 1)—correspondence between 
the elements 7 of the given range and the distributions generated by /. 
We may therefore identify the distribution generated by a constant with 
the constant itself. Consequently the set formed by the distributions is an 


extension of the given range. 


Section 4: Comparison between the two definitions of equality 


In my previous papers on neutrices I have already given a definition 
of equality for distributions, but there I restricted myself always to neutrices 
which can be written as finite sums of neutrices with independent variables. 
The more general definition of equality for distributions given in the preceding 
section is only allowed if in the said special case the original definition 
agrees with the definition formulated in the preceding section, provided 
that we use in the basis 8 only neutrices which can be written as finite 
sums of neutrices with independent variables. 


To show this I assume that N is the sum Ni+N,+... +N, of s 


neutrices Ni,..., Ns with independent variables €1, ..., &; and that P is the 
sum Pi +P2+...+P: of ¢ neutrices Pi, ..., P; with independent variables 
71, +++, %. Moreover I assume for each positive integer o<s and each 


positive integer tS? that either €;—=m, or & and 7, are independent 
vatiables. In the case ,= 7%, the neutrices Ng and P; have of course the 


same domain. 

Let us denote by 0, ..., @ the variables which occur in both systems 
(Ex; ow, €s) and (1 ,4:., 7), Fhen O97 = min (55 t). I shall prove: 

If each neutrix belonging to the basis 8 can be written as a finite 
sum of neuttices with independent variables, then a distribution @ with 


neutrix N generated by f(&1, ..., &s) is, according to the definition formulated 
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in the preceding section, equal to a distribution d,, with neutrix P generated 
by g(m,..., %) if and only if the two distributions with neutrix B generated 
respectively by f and g contain a common function which depends only 
ONnmOiy ae lp. 

This definition of equality for distributions agrees with the original 
definition given in my previous papers on neutrix calculus. 

Proof: That the said condition is sufficient follows from Example 10, 
so that we have only to show that the condition is necessary. 

Let f(&1,..., &s) and g(m,..., 7) be generating functions respectively 
of d and d;. Assume that d=4, according to the definition given in the 


h 

preceding section. Then it is possible to find a neutrix R= » Ry, where 
X=1 

R,, ..., Ry denote neutrices belonging to 8 with independent variables 


eee ca such that 


k 
(3) FE rs) 80s) = Yon (Ex), 


k 
where 0x (fx) is negligible in Rx. I write = + + : 
eee 


here &, is extended over the positive integers x<k such that ¢x occurs in 
the system (&:,...,&s); furthermore 2 is extended over the positive integers 
*<k such that €% occurs in the system (71, ...,%) and not in the system 
(E1,...,&); finally 23 is extended over the positive integers x< such 
that ¢x does not occur in the system (&1,...,&s, 1,...5M)- 

The sum 23 is equal to zero, for if there exists a positive integer 
%<k which gives to x3 a contribution px(fx), then this contribution is 
according to (3) independent of ¢x and is therefore equal to zero according 


to the neutrix condition of Rx. In this way we find by means of (3) 


(4) FS... 6) 21 = 2 (1,...,%) + 22. 

The left-hand side is independent of the variables 7: ,...,% which do 
not occur in the system (&1,...,&:); the right-hand side is independent of 
the variables &,,...,€ which do mot occur in the system (%1,..., M2). 
Consequently both sides are equal to a function ~(%1,..., 4) of only the 7 
vatiables a,...,@, which occur in both systems (&1,..., 5s) and Cine. eon). 
This completes the proof, since the function ‘P (a,,...,@,) occurs according to 


(4) in the two distributions with neutrix B generated respectively by f and g. 
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Section 5: Sum and difference of two distributions 


If N and P are neutrices each of which can be written as a finite 
sum of neutrices belonging to the given basis, if @ is a distribution with 
neutrix N generated by a function f(&) and if d, is a distribution with 
neutrix P generated by a function g(m), then the sum @+d, is by definition 
the distribution with neutrix N+P generated by f(€)+e8(%). 

This definition needs a justification. If we consider @ as a distribution 
with neutrix N* generated by a function /*(*) and if we consider d; as a 
distribution with neutrix P* generated by a function g*(7"), then we would 
find as sum of d and d, the distribution s* with neutrix N* + P* generated 
by f*(&*) + g°(m*). The definition of a sum given above is only allowed 
if the two distributions s and s* obtained in this way are the same. Of 
course we assume that also N* and P* are finite sums of neuttices belonging 
to the given basis. That s=s* is obvious, since f(&)—/*(E") is negligible 
in the sum B of all the neutrices occurring in the basis. Similarly 
&(n) — 8° (2*) is negligible in B, so that (f (€) + ¢(7)) —(/*(@) +8°* (m)) is 
negligible in B, hence s=s"*. 

From the definition given above it follows that the sum d+ 4d, is 
uniquely defined, if the distributions @ and d; and the basis are given. The 
addition is commutative and also associative; indeed if d,d; and d2 are 
distributions with the compatible neutrices N’, P and R, generated respectively 
by f(€),,¢(7) and 4(¢), then 


(d + a;) a a) = d “= (d, + d2) 
is the distribution with neutrix N+ P-+R, generated by f (€) + (7) + A(£). 


The difference d —d, is the distribution with neutrix N+P generated 
by f(€)—g(%). In this way we see that the distributions form a commutative 
additive group which is, according to the final remark of Section 3, an 


extension of the given range. 


Section 6: The product of two distributions 
On the range occurring in our investigation I have up until now only 
imposed the condition that it is an additive group, but in this section I use 
the stronger condition that it is a ring, so that in the range not only the 


addition and the subtraction but also the multiplication is possible. The 
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addition is commutative, but the multiplication is not necessarily commutative. 
The question arises whether under these circumstances the product of two 
distributions can be defined in such a way that for a given basis the product 
is uniquely defined by its two factors. This is only possible under certain 
supplementary conditions. To formulate these conditions I introduce three 
bases ©, B° and B°*. 1 denote by B, B* respectively B’* the sum of 
all the neutrices occurring in 8, B* respectively B**. 

Let N* and N** be distributions with variables &* and €** such that 
N* can be written as a finite sum of neutrices occurring in the basis 8° 
and that N** can be written as a finite sum of neutrices occurring in the 
basis 8°°. Consider a distribution d* with neutrix N* generated by a function 
f*(E*) and moreover a distribution d** with neutrix N** generated by a 
function {™* (E°*) . 


I need the following 


Condition: The product of a function negligible in B® with a function 
negligible in B’* is negligible in B. The product of a function negligible 
in B* with f**(&**) is negligible in B. Finally the product of /*(&") with 
a function negligible in B*™ is negligible in B. 

This condition is independent of the choice of the generating functions, 
for if g*(&*) and g**(&**) are arbitrary generating functions of @* and d™, 
then g* (&*) — f*(E*) and o*(E*)— f**(E™) are negligible respectively in 
B* and B**, so that the condition remains true if we replace /*(&") and 
pee(E*) by et (E*) and gE"). 

If the said condition holds, then for each function v*(&*) negligible 


in N* and for each function v**(&**) negligible in N* the function 
Cea) ih deur et (ea f"(5*) f" (E%) 
is the sum of three terms each negligible in B. Consequently the product 
le) et iS) (E”)) 


generates with B the same distribution as Poe yo te ye lois neuttix 
which is for given bases 8, B* and B* uniquely defined by the distributions 
d* and d*™ is called the product d* d™. 

The definition given above yields the distributive law: if d*d™ and 


d\ d™ exist, then 
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d* d®* + d* dt = (d* + d*) a"; 
if d* d** and d* d\” exist, then 
dt a + d* d* = d* (d+ a"). 
Going on in this way we can define the product of more than two 


distributions with the distributive and associative laws. 


Section 7: Series 


2) 
The purpose of this section is to introduce series of the from yan. 
h=0 


To this end I need the notion of type. A type is a class formed by 


2) n lee) 
convergent series ya such that any two series you and yon belonging 
h=0 h=0 0) 
ie.2) 
to it have the property that also the series NCD belongs to the 
h—0 


class. Then this class contains each of the series 


SY (a—a) = Yo; Yo-m®) = Yn; 


h=0 h=0 h=0 h=0 


x (a, —(—b,)) = y (a, + 5s) , 


so that not only subtraction but also addition is allowed. 

In analysis we often restrict ourselves to a particular type, for instance 
to the type formed by the absolutely convergent series, or to the type 
formed by the uniformly convergent series, or to the type formed by the 


series which converge faster than any geometric series with ratio #0, or to the 
ice) 
type formed by the series yi with a, = O(h—*), and so on. 
h=0 


Let us now introduce a series d) +d, +..., where d, is a distribution 
with neutrix Nj, and where each N,(4=0, 1, ...) can be written as a finite 
sum of neutrices occurring in the basis 8. Denote by B the sum of all the 
neutrices occurring in this basis; let § and B’ denote the variable and the 
domain of B. Each function negligible in N, is negligible in B, so 


that each distribution ¢@, occurring im the series do +d, +... can be 


DISTRIBUTIONS WITH COMPATIBLE NEUTRICES 197 


considered as a distribution with neutrix B. I do this for the sake of 
simplicity. I restrict myself to types with the following property: if 
Bi (&)(A = 0, 1, ...) denote functions negligible in B such that for each 


ice) 
element & of B’ the series Bi(E) belongs to the given type, then the 
h=0 


sum of the series is negligible in B. If it is possible to find in 


(es) 
d,(h = 0,1, ...) a function g,(&) such that the series ys (€) belongs to 


h=0 


the given type, then the distribution d with neutrix B generated by 
ye (&) is independent of the choice of the functions g,(&) (t= 0, 1, ...). 
ho 


Indeed, if d,(4= 0,1, ...) contains a function g¥(&) such that the series 
ice) 
pees (E) belongs to the given type, then 


h=0 
yg, ©) — & ©) 
h=0 


is a series of the given type in which each term is negligible in B, so 


that its sum is negligible in B; this implies that the two functions 


ya) and AG) generate with B the same distribution @. In this 
h=0 h=0 


case I call the series do +d, +... convergent with sum d@. 


Example 11: Let B be the neutrix with domain § > 0 and with as 
negligible functions those functions of € which tend for § > % to zero. 
The type formed by the uniformly convergent series satisfies the condition 


formulated above. Consequently if each distribution 4, (/ = 0, 1, ...) contains 
e2) 

a function g,(&) such that : (€) converges uniformly, then d+4,+... 
h=0 


is the distribution formed by the functions 


Yen (€) +010). 


h=0 


Example 12: Let » be a real number. Let 2% be an additive group 
formed by functions /(£) defined for § > such that each function belonging 
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to X which is not identically equal to zero is unbounded as §>oo. Let B 
be the neutrix with domain €>p formed by the functions of the form 
f(€)+0(1), where f(£) denotes an arbitrary function belonging to U and 
where 0(1) denotes a function of € which tends to zero as €>oo. If 


d,(h = 0, 1,...) is a distribution with neutrix B generated by a constant a; 
(v2) 
such that yu converges, then 


A=0 


2) 12.2) 
©) ME 
if we restrict ourselves to uniformly convergent series. 


Proof: B satisfies the neutrix condition, for if f(€)+0(1)=7, 
where 7 is independent of &, then /(&) is bounded and therefore equal to 
zero, so that 7=0. 

We must prove that any uniformly convergent series 


ice) 
(6) aa) 

h=0 
in which each term is negligible in B has a sum which is negligible in B. 
Then 


Wa (E) = fa (E) + 8 (€) 


where f,(&) belongs to % and where &(&)>0 as € > oo. According to 
the uniform convergence of (6) there exists an integer g>0 such that for 
each choice of the integers s and ¢ with t>s>q 


t 


ya) + a) |<1, 


h=s 


hence for sufficiently large & 


SA@|<2. 
h=§ 


t 
The function AG) is bounded as F>oo. It belongs to Y% and is 


h=s 


therefore identically equal to zero. This holds for each choice of the integers 
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Ss and ¢ with ¢2s2>q, so that f/,(€)=0 for h>q. Consequently 


(7) Ue) +aN= FAO + al). 
7 yal) + 4) dine +o) 


h=0 
q-1 
The sum % represents a function occurring in %&f and the last term in (7) 
h=0 
denotes a uniformly convergent series in which each term tends for £>oo 
to zero, so that also the last term in (7) tends to zero. Consequently the 
right-hand side of (7) represents a function negligible in B, so that the 
type formed by the uniformly convergent series satisfies the prescribed 


condition. 


Since the right-hand side of (5) represents a convergent series 


ice) 
independent of €, by definition yids is the distribution with neutrix N 
h=0 
@ 
generated by ya. This distribution is generated by a constant and 
0 


therefore equal to this constant. This completes the proof. 


Section 8: Linear operators 


Denote the range by 2. Let A be a linear operator which transforms 
some elements @ of YW into uniquely determined elements Aa of 2%. That 
the operator A is linear means: if two elements @ and B of YX have the 
images Aa and AB, then a+ and a —f£ have the images Aa+AB and 
da —AB. 

Let f(&) be a function defined for each element € of a certain domain 
N’. I say that the linear operator 4 can be applied on the function f (€) 
if for each element € of N’ f(&) and Af (£) denote elements of the range 
9. Let N be a neutrix with variable € and domain N’. I say that the 
linear operator 4 can be applied on the neutrix N if it is impossible to 
find a function v(£) negligible in N on which the operator A can be applied 
with the property that 4v(&) is for each element & of N’ equal to a constant 
~0. Then the functions Av(&), where v(&) denotes an arbitrary function 


negligible in N on which the operator 4 can be applied, form a neutrix. 
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I denote this neutrix by AN. The neutrices N and AN are not necessarily 
compatible. 

Let B denote the sum of all the neutrices occurring in the basis and 
let 4 be a linear operator with the following property: if 4 can be applied 
on a function B(f) negligible in B, then AB (C) is negligible in B. Then 
it is impossible to find a function B() negligible in B on which the 
operator 4 can be applied in such a way that AB(¢) is for all elements ¢ 
of B’ equal to a constant #O. Consequently the neutrix 1B exists and B 


is an enlargement of AB. 


Let d be a distribution with neutrix N, where N is a neutrix with 
variable € which can be written as a finite sum of neutrices occurring in the 
basis. If it is possible to find in d a function g(€) on which the operator 
A can be applied, then the distribution with neutrix B generated by Ag (E&) 
is uniquely determined if the basis, the distribution @ and the operator A 
are given. Indeed, if d is considered as a distribution with a neutrix N* 
such that it contains a function g*(&") on which the operator 4 can be 
applied, then g*(&*) — g(&) is negligible in B, so that also Ag*(&)—Ag(éi 
is negligible in B; consequently Ag(&) and Ag*(€*) generate with the neutrix 
B the same distribution. This distribution is denoted by Ad and is called 
the A-transform of @. If the distribution d and the operator A are given and 


if the basis is known, then the A-transform of d is uniquely determined. 


Let be a linear operator which satisfies the conditions formulated 
above, namely: if can be applied on a function B(f) negligible in B, 
then B(f) is negligible in B. If the distribution Ad contains a function on 
which the operator {¢ can be applied, then pdd exists. If d contains a 
function f (€) for which 


wAf(E)=AuSsé), 
then #Ad=Ayd. This is an example of the general rule that in the theory 


of the linear operators the properties of a distribution are determined, not 


by the pathological but by the simple functions occurring in the distribution. 


Section 9: Introduction of a supplementary variable 
By definition a neutrix N is an additive group formed by functions 


v() of a variable € which traverses the domain N’ of N with the property 
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that each function ¥(€), which is for all elements € of N’ independent of 
E, is identically equal to-zero. Often it is useful to introduce a supplementary 
variable * which traverses a given domain &. If we do this we change the 


definition of a neutrix as follows. 


A neutrix N is an additive group formed by functions v(€,%) of a 
variable € which traverses the domain N’ of N and a variable x which 
traverses a given domain X with the property that each function y(&, x) 
which is for all elements — of N’ and all elements x of X independent 


of €, is identically equal to zero. 


In this case I shall call € the variable of N and I call x the sup- 


plementary variable. 


In order to apply the theory of linear operators on neutrices N of 
this kind, I assume that the range YW is formed by functions a(x) of x 
defined for each element * of X. Moreover I introduce a linear operator A 
which can be applied on some functions @(*) belonging to the range. Let 
f(&,%) be a function of € and x which denotes for each choice of the 
element € of N’ a function of x which occurs in YW. I say that the operator 
A can be applied on f(€, x) if for each € in N’ also Af (E,%) denotes a 
function of x which occurs in %. Let N be a neutrix with variable € and 
with supplementary variable x. [ say that the linear operator A can be 
applied on N if each function v(&,%) negligible in N on which the 
operator A can be applied with the property that Av(E, ~) is independent 
of & satisfies the condition that Av(&,*) is identically equal to zero. In 
this case the functions Av(& , x), where v(€ , x) denotes an arbitrary function 
negligible in N on which the operator 4 can be applied, form a neutrix 
with variable € and supplementaty variable x. I denote this neutrix by AN. 
In the special case that each function a(%) occurring in % on which the 
operator 4 can be applied has the property that Aa(%) is independent of *, 


then the supplementary variable ¥ drops out in the neutrix AN. 


Let B denote the sum of all the neutrices occurring in the basis; the 
neutrices occurring in the basis may involve the supplementary variable ~. 
Let 4 be a linear operator with the following property: if A can be applied 
on a function B({,%) negligible in B, then AP(¢, x) is negligible in B. 


In this case AB exists and B is an enlargement of AB. 
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Let N be a neutrix with variable € and supplementary variable x 
which can be written as a finite sum of neutrices occurring in the basis. 
If it is possible to find in a distritution @ with neutrix N a function 


g(&, x) on which the operator 4 can be applied, then Ad is the distribution 


with neutrix B generated by Ag(E, *). 
In the Sections 10, 11 and 12 I treat special linear operators. 


Section 10: Limits 


I apply the theory of linear operators developed in the preceding 
section in the special case that for each function @(%) occurring in the range 
% on which the operator 4 can be applied Aa(x) is independent of *. In 


that case I call Aa(x) the limit of a(%) and I write 


Aa (x) = lim a(x). 


In this way we obtain the following results: 

Let N be a neutrix with variable € and supplementary variable x such 
that each function v(&,*) negligible in N for which lim v(&,%) exists and 
is independent of € has the property that this limit is evaal to zero. Then 
lim NV is the neutrix formed by lim v(&,x), where v(&,x) denotes an 
A State function negligible in N or which the limit exists. 

If it is possible to find in a distribution @ with neutrix N a function 
&(€,%) for which lim g(&,~) exists, then lim d is the distribution with 
neuttix B generated DF lim 2 (é ,%). : 

The theory of Foner iene series given in Section 7 can be treated as 


a particular case of the theory of limits if we use for X the set formed by 
x 

the integers *>0 and if we say that on ya the operator A with 
h=0 


% x 
A ye a, = lim ay, 
h=0 “ h=0 
2) 


can be applied if the series ya belongs to the given type. 


h=0 
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Section 11: Differentiation 


I apply the theory of linear operators developed in Section 9 with the 
understanding that I call Au(«), if it exists, the derivative of a(x) with 
respect to %. 

In this way we obtain the following results: 

Let N be a neutrix with variable € and supplementary variable x such 
that each function v(&,*) negligible in N of which the partial derivative 
with respect to x exists and is independent of € satisfies the condition that 


this partial derivative is identically equal to zero. Then the derivative with 


eeOVAE ee 
respect to x of N is the neutrix formed by the functions a , where 


v(E,x) denotes an arbitrary function negligible in N which is partially 
differentiable with respect to *. 
If it is possible to find in a distribution @ with neutrix N a function 


&(&,*) which is partially differentiable with respect to ¥, then the derivative 


oO 
of d with respect to % is the distribution with neutrix B generated by a : 
i 


Section 12: Transforms 


To show that the theory of the linear operators contains the theory 
of the transforms, I treat here the Fourier transforms. Let N be a neutrix 
with variable €, with supplementary variable x and with domain N’. I say 
that the operator 4 can be applied on a function f(&,%) defined for each 


element € of N’ and each real %, if the Fourier transform 
WE. =f SE, Demat 


exists for each & in N’ and each real x. Assume that WN satisfies the 
condition that each function v(&, ) negligible in N the Fourier transform 
of which exists and is independent of € has the property that this Fourier 
transform is identically equal to zero. Then the Fourier transform of N is 
the neutrix formed by all the Fourier transforms of the negligible functions 
of N, ia as far as these transforms exist. 


If it is possible to find in a distribution @ with neutrix N a function 
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g(&,*) the Fourier transform of which exists, then the Fourier transform 


of d is the distribution with neutrix B generated by the Fourier transform 


of g(E, x). 


Section 13: Enlargement of the basis by means of an operator 


Let N be a neutrix which can be written as a finite sum of neutrices 
occurting in the basis. Let 4 be a linear operator which can be applied 
on N. If each function negligible in AN is negligible in B, then we can 
apply the theory exposed in the preceding sections. Suppose that this is not 
the case but that on the other hand AN is compatible with all the neutrices 
occurring in the basis 8. Then we can introduce the basis 8* formed by 
the neutrix AN and by all the neutrices belonging to 8. Each function 
negligible in AN is certainly negligible in the sum B* of the neutrices 
belonging to 8*, so that we can apply the theory developed in this paper 
with 8 replaced by 8* and with B replaced by B*. 

So we can go on as far as at each step we have to deal with a 
neutrix which is compatible with all the neutrices which at that moment 
belong to the basis, but it may be that each application of a linear operator 
requires an enlargement of the basis. 

As an example I consider the neutrix No whose domain is formed 
by the positive integers € and where a function v(&, x) (€=1,2,...; 
O0<%* <1) continuous in * is negligible if and only if for each fixed 
integer 2 2 0 

1 
(8) lim “wv (E, v)dx = On 
Meaecks 
No is a neutrix according to the following lemma of Lerch: a continuous 
function v(%) (0<* <1) which satisfies for each integer “=> 0 the relation 
1 
Hi x (x) dx = 0 
0 
is identically equal to zero. This lemma is obvious. Indeed it is possible 


to find polynomials ,(*) (4=0,1,...) which tend for h>co in the 
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interval O<%<1 to v (x), uniformly in x; if Ph (x) denotes the complex 


conjugated polynomial of (x), then we have for h > co 
1 sl 


f @\v@)Pax= [2 @)—@) VQ) dx >0, 
0 0 
hence v(x)=0. 

I say that the operator 4 can be applied on a function f(é, x) of 
€ and x if for each positive integer € and for 0<*<1 the partial 
derivative of /(&, x) with respect to x exists and is a continuous function 
of x; this partial derivative is then denoted by Af(&,*). We shall prove 
that ANo exists and is compatible with No. That No is not an enlargement 


of ANo follows from the fact that the function 


0 for OSS ee 
v(E, x= : s 
(ee 1) 2 — 5)" for rar S01 


is negligible in No and has a continuous derivative with respect to * which 


is not negligible in No, since 


1 
f a =v ,1)- VE, 0-140. 


0 


Consider the case that the basis Bo is formed by the neutrix No. By ad- 
joining 1}No we obtain a basis 8, formed by the two neutrices No and ANo. 
Let By be the sum of these two neutrices, so that B; is an enlargement 
of ANo and the method exposed in this paper can be applied with the 
following result: if we use the basis 8, then the neutrix No is not 
continuously differentiable with respect to *%. However, if we apply the 
basis 81, then No is continuously differentiable with respect to ¥ and each 
distribution with neutrix Ny which contains at least one function which is 
continuously differentiable with respect to ¥ is itself continuously differenti- 
able with respect to *. 

We can go on. We can namely show that all the neutrices 


No, ANo, A7No , ... exist and are compatible. If the basis 8 is formed by 
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w 
these neutrices, then B = )' 4" No is an enlargement of each A*No. Consequently 
h=0 

if we use this basis 8, then No is infinitely often differentiable with respect 
to x and each distribution with neutrix Ny, which contains at least one 
function f(£,x) which is for each positive integer € infinitely often 
differentiable with respect to * (O<%<1), is itself infinitely often 
differentiable with respect to %. For instance each function f(%) which is 
independent of € and is continuous in x in the interval 0 [¥ <1, generates 
with No a distribution which is infinitely often differentiable with respect to 
x. Indeed, according to a well known approximation theorem it is possible 
to find a sequence formed by functions f(&,*)(F=1, 2, ...) which are 
infinitely often differentiable with respect to x such that /(&,%) tends, 
uniformly in «, to f(x) as €>co; consequently the distribution contains 
the infinitely often differentiable function / (£, x). 

Finally we must show that the neutrices No, ANo, A’ No, ... exist and 
are compatible. Let k be an integer 20. We assume that we have proved 


already that No , ANo,..., *No exist and are compatible, so that 
k 

N,= yu No exists and we assume moreover that each function w(&,%) 
h=0 


negligible in N, has the property that for each integer 1 > 0 


eT 1 


(0) f mu,)ar=Y pm) f ww (E,x de tg(E.n), 


0 h=0 
hn 


where /;(%) is a polynomial in ~, where g(&,) is a polynomial in 1 
whose coefficients may depend on € and where ¥%(&,%) is negligible in No. 

It is obvious that this is true for k=0O and I shall show that it 
remains true if k is replaced by K+ 1. In the construction of A*t! No we 
consider a function w(&,*) negligible in A* No which is continuously 
differentiable with respect to x. 

For each integer 720 we have 

1 1 
(10) fthar= one x) |'—n “gn E 
ay ee, : J : we aes 
0 0 


Consequently each function 
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Ou(E , x) 


Ox 


. o(€ ,*) = o(€ , x) + 5) 
where (&, x) is negligible in MN, and where u(&, x), negligible in A* No, 
is continuously differentiable with respect to ¥, has the property that 


Z 1 
k+1 


(11) fro€,s)ar= ‘ys Pp; (n) frye ,x)dx + q*(E,n), 
h=0 5 


0 — 
hn 


where p}(”) and g*(€ ,”) are polynomials in 2 and where v,(E , x) is negligible 
in No. To prove that No,ANo...., A+1No are compatible it is sufficient 
to show that each continuous function o(& , x) with (11) which is inde- 
pendent of € is identically equal to zero. Put o(€ , x)= o(%). According 
to the definition of the neutrix No each term of the sum 2 occurring in 
(11) tends for € > © to zero, so that for each fixed integer n> 0 
1 
(12) lim qg* (E , ») = il x G(x) ax . 
E>x 


0 


Consequently each term in the polynomial g*(&,m) tends for § > toa 
finite limit. This limit is equal to zero since the right hand side of (12) 
tends for > co to zero. In this way we see that the right hand side of 
(12) is equal to zero for each integer "20, so that o(%) is identically 


equal to zero according to the lemma of Lerch. This completes the proof. 
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THE DEPENDENCE OF THE SCHOENFLIES EXTENSION 
ON AN ACCESSORY PARAMETER 
By 
William Huebsch and Marston Morse 


in Princeton, New Jersey, U.S.A. 


Part I. REDUCTION OF THE PROBLEM 
§1. Introduction. 

We begin with a definition of the Schoenflies extension problem. 
Cf. Refs. 1 to 5 and 13. The problem without a parameter, as defined and 
solved in Ref. 5, will be called the simple problem, as distinguished 
from the problem with parameter. 

Let E be an euclidean m-space, 7>1, of points x, with rectangular 
coordinates (%,,..., %). Let S be an (m—1)-sphere of unit radius with 
center Z. In Part I we suppose that Z is the origin. If 2 is a topological 
(n—1)-sphere in E let JX denote the closure of the interior of X, and 
TS the interior of &. 

A C™-diffeomorphism, m>0, of an open subset A of E 
into E will have its usual meaning when m>0 (Ref. 3, §0), 
and when m=O shall be merely a homeomorphism of A 
into E (Ref. 4). 

Let N be an open neighborhood of S relative to E—Z. Let # be 
a C™.diffeomorphism of N into E which maps points of N interior 
(exterior) to S into points of E interior (exterior) to p(S). As a matter 
of permanent notation, set 

JS—Z= Js, Ne=N— JS. 
The following theorem is a consequence of Theorem 1.2 of Ref. 14. 

Theorem 110 1f NseCN is a sufficiently small open 
neighborhood of S there exists a homeomorphism Ag of 
NUJS into E which is an extension of p\(NLUNs) and 
which, when mS0, is, in addition, a C™-diftfeomorphism 
Oia Uses into. E.-As a consequence 
(1) Ay (JS) = Jo(s): 


209 


210 WILLIAM HUEBSCH and MARSTON MORSE 


The mapping Ag may be a C”-diffeomorphism over Js when m™>0, 
but there exist values of , the dimension of E, and mappings @ for 
which the extension Ag cannot be affirmed to be a C™”-diffeomorphism 
over iS) Cf. Ref. 6. The above theorem remains true if the point Z is 
replaced by any other fixed point Zi: in IS, provided of course Ns is 
replaced by a suitably chosen neighborhood of S dependent on and Z;. 
Our choice of Z as the possible singular point of Ay, when m>0, is 
dictated by considerations of simplicity of exposition. No generality is 
thereby lost. See Ref. 14. 

Given the elements (y,N,m), conditioned as above, 
the corresponding simple Schoenflies problem is to find 
Ap and N, such that Theorem 1:1 holds; We set 


(122) (p,N,m)=P 
and refer to Pas the given simple problem and to (Ag,N,) 
as asolutionsof P. 


Product spaces. We shall recall some of the notation associated 
with product spaces. Cf. Ref. 7. 

Let U and V be two spaces. Let “ and v be points in U and V 
respectively, and let X be a subset of UXV. One introduces the projections 
(1.3) pi: UXV>SU ; pn(u,v)y=u 

po: OXV>V ; pr(wu,v)=o0. 
For fp fixed in V set 
(1.4) X? = |u| (u, ppe X}. 


We shall have no need for subsets {v|(¢,v)€X} for which q is fixed in U. 
Let (4, v)>F (u,v) be a mapping of X into UXV. Set 
piF(w,v)=Fi(u,v) , pr F(u,v) = F2(u, 0). 
Thus (¥,v)>Fi(w,v) is a mapping of X into U, and (u,v) >F (u,v) 
is a mapping of X into V. 
Definition. A mapping F of a subset X of UXV into 
UXV will be termed v-invariant if for each (u,v)EX, 
Fi,(u,v)=v. For (4, v)EeX one sets 


(1.5) Fi (u,v) = F(x) 
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and for fixed pP€prmX denotes the partial mapping 
u>F,(u,p) of X? into U by F?, Weterm F? the p-section 
of F. 

Mappings which are w-invariant are not needed. 

For a v-invariant mapping F of X into U XV to be biunique it is 
necessary and sufficient that F? be a biunique mapping of X? into U for 
each PEpr, X. If U and V are topological spaces a necessary and sufficient 
condition that a p-invariant mapping F of X into U XV _ be continuous is 
that F; be a continuous mapping of X into U. 

The proof of the above statements is immediate. The proof of 
Lemma 1.1 below is somewhat deeper and will be given in §2. Lemma 1.1 
in the topological case, and Lemma 1.2 in the differentiable case, prepare 


the way for the principal theorem of this paper. 


Lemma 1. Let F be a topological space of points 
and X an open subset of EXI. A necessary and sufficient 
Condition that 2 P-invatiant mapping F of X into EXF 
be ahomeomorphic mapping is that FP; be a continuous 
mapping of X into E and thatthe mapping F*? of X? into 
E be biunique for each pepn X. 


The Schoenflies problem with a parameter. Corresponding to 
each integer m= 0,1,... and to m=-+ co we shall introduce a space Im 
on which will range a point ~, termed a parameter in a I;,-Schoenflies 
problem. The case in which m= 0 will be termed the topological case, and 
the case in which m>0O the differentiable case. 

When m=0, Ff, shall be an arbitrary paracompact 
space. When m>0, Im shall bea connected differentiable 
moimaniiold, *>0, of class C™ with a countable -base. 
Ci Ret, 3, § 0. 

In the differentiable case, m>0, we regard E XT, as a differentiable 
(n-+r)-manifold, with a differential structure determined by the differential 
structures of E and I, in the usual way. We can now state Lemma 1.2. 
Lemma 1.2 is proved in §2. 

Lemma 1.2. Let X be an open subsét.of the space 


212 WILLIAM HUEBSCH and MARSTON MORSE 


EXImn,m>0O. A necessary and sufficient condition that 


a p-invariant map 
Fi X +E KIn 2p) > Pix?) 


be a C™-diffeomorphism of X into EXIT is that Ff; bea 
map of X into E of class (™, and that for each pepe 
F? be a C™-diffeomorphism of X? into E. 

The reader should recall that X? is open relative to E, since X is 
open relative to E XT. Cf. Ref. 8, p. 65. 


The In-problem. The data required to define a Schoenflies problem 
with a parameter space [», include an open neighborhood L of SXIm 
relative to (E-Z)XIm, where Z is the center of S. There is further 


given a p-invariant C”-diffeomorphism 
(1.6) ®:L>EX¥m; (X,p)>O(x, p) 


such that for each PET,,,@2? maps points of L? which are interior 
(exterior) to S into points which are interior (exterior) to the topological 


(n—1)-sphere @?(S). As a matter of permanent notation set 
(1.6) Le= DL —( US Alas: 


The principal theorem of this paper can now be stated as follows. 

Theorem 1.2. Corresponding to (©,L,7,). conditroned 
as above, and to any sufficiently small open neighbor- 
hood IsCL of SX Fe relative to BXT,, there exisesme 
p-invariant homeomorphism 
(isn) Aoi LU US in) > EAT 
which extends @®|(L,U/e) and which, when msS0O, is, in 
addition, a C™-diffeomorphism into 2 Xt, of 
(1.8) LU (Jo SX Dm): 

Given the elements (0,L2,T,,), conditioned as above, the cor- 
responding Schoenflies TFyn-problem is, by definition, to find Ag and L* so 
that Theorem 1.2 is satisfied. 

We set P=(O®,L (i) and tefer to Pas 2 In-problem 


and to (Ae, is) asa solution ef P, provided Theorem 1.2 
is Satisfied By (Ag, Zz). 
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Convention. Two Fn-problems 
P=(0,L,Tn) P =(0',L’, Ty) 
are said to be equal and one writes P=P’, if and only if L=L’, and 
O='. 
Methods. A In-problem P= (®,L,m) defines for each P€Tm 


a simple problem 
(1.9) Pee (DP, Lm) 


termed the f-section of P, for which a solution exists in accord with 
Theorem 1.1. However the solutions affirmed to exist in Theorem 1.1 are 
not unique, and a solution chosen arbitrarily for each will certainly not 
lead to a solution of problem P in the sense of Theorem 1.2. Our task 
is then so to define a solution of each simple problem P? that the resulting 
family of solutions will lead to a solution of P in the sense of Theorem 1.2. 

Our method is to use properly chosen f-invariant C”-diffeomorphisms 
of open subsets of EXT, into EXT, so as to transform a given 
F-problem into a simpler “equivalent” I,-problem (see § 6) and in particular 
into a uniform T[y,-problem. Equivalent F,, problems have the same 


parameter space Ty. 


Uniform I,-problems. An arbitrary Ty,-problem may have the 
property that the set 
(1.10) C Le 

ACT. 

is not a neighborhood of S. One of several fundamental properties of a 
uniform [Fy-problem is that for such a problem the set (1.10) is a 
neighborhood of S. 

A second fundamental property of a uniform Im-problem may be 
described as follows. We refer to the simple problem P, given in (1.2), 
and let Q be the point (0,...,0,1) on S. In Ref. 4 Morse has shown 


that there exists a C”-diffeomorphism f of EF into E such that 
(1.11) (fp, N, m) 


is a simple problem equivalent (see §3) to the given problem P, one in 


which fp reduces to the identity ona small spherical m-ball B with 
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center at Q. If now P is a uniform I,-problem it is similarly possible 
(Cf. §12) to define a f-invariant C”-diffeomorphism F of E XT into 
E XTm such that 
(1512) (FO? L, Em) 
is a Im-problem equivalent to P, one in which F® reduces to the identity 
on BXIy, for a suitable choice of the above ball B. Note that the choice 
of B is independent of PETn. 

Because of these properties of a uniform Im-problem it is possible 
to utilize our explicit formulas for the solution of a simple problem, 
as presented in Ref. 5, to obtain a solution of the T,-problem (1.12). 


A solution of (1.12) will imply a solution of the original Tn-problem. 


§2. A Brouwer theorem generalized. 


Before coming to the proof of Lemma 1.1 we shall recall certain 
results concerning essential maps of an (w—1)-sphere © in E into ©. Let 
O be the center of G. Let 2;, 7=0,1, be two topological (7—1)-spheres 
in E which do not meet O. We shall make the following statement precise. 


If Jo contains O, and if 2, is sufficiently near Xo, TS also contains O. 


The Fréchet distance D(X», 21). Let u be an arbitrary point on GS. 
Suppose that 2;, 7=0, 1, is given by a homeomorphic mapping # > A; (wu) 
of & onto &;. Set 


(Oa, d (Ao F A:) = max | Ao () — A; (u) | 
uEeS 

(72) D (Xo x1) = inf d (Ao A A;) 
(Ay ? A,) 


where Ay and Ai range over all homeomorphic mappings Ao and A; of 


S onto Xo and 2X; respectively. 


A projection « into G. Corresponding to any point x€E such that 
xO, let «(x) be the point of GS in which © meets the tay from O 
through X. Corresponding to a homeomorphic mapping u > A;(u) of & 


onto 2;, a continuous mapping u > f,(v) of & into S is defined by setting 


(273) fi(u) = 2 (A, (w)) (wEe6, ¢=0, 1). 
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Essential maps of & into S. A map (continuous) of & into © 
is termed essential if it is not homotopic, among maps from © into 6, 
to a constant map. The following results concerning essential maps are 
well known. A necessary and sufficient condition that Te $= 1, 2, contain 
O is that /; be essential. Ref. 11, p. 97. If fo is homotopic to fi, then 
fo and fi are both essential, or both inessential. 


Let || 2o|| be the minimum distance of Xo from the origin O. 
Lemma 2.1. If spo contains O, and if 
(2.4) D (Xo : 21) < | Xo | ; 


then ff; is essential, and i, contains O. 
If (2.4) holds, then for suitable choice of representations “> A; (wv) 
Of 27.5 £== 0; 1, 


(2.5) d(Ao, Ai) < || Xo]. 
Consistent with the definition of A;, 70, 1, set 
(2.6) A; («%) = tA; (¥) + (1—#) Ao (w) (0S#S1, uEG). 


Since (2.5) holds, no point A;(“) is O. One can accordingly define a 


continuous family of maps u> f:(“) of S into S by setting 
(2.7) fiw = x(Ai@)) (OS #1, we), 


The mapping f: is thus homotopic to fo. Since fo is essential, fi is 
essential, and bee contains O. 

The proof of Lemma 2.2 is similar to that of Lemma 2.1. If Y is 
a subset of E the complement of Y, relative to E, is denoted by CY. 

Lemma22, lf Cjfoo contains O, and if 2:4 holds, then 
fi is inessential, and CJ2, contains O. 

Proof of Lemma 1.1. That the conditions of Lemma 1.1 are necessary 
follows from remarks preceding the lemma. We note also that the conditions 
of the lemma imply that for each PEL, F? maps X? homeomorphically 
onto an open subset of EZ. For it follows from Corollary 2 of Ref. 8, §10 
No. 4, that F? is locally a homeomorphism, and so, by the Brouwer 
theorem on invariance of domain under homeomorphic mappings into E 
of open subsets of E, #? maps X? homeomorphically onto an open 


subset of E. 
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Assuming the conditions of Lemma 1.1 it remains to establish the 
continuity of Fo’. 

Let (a, q) be a point of X and (b, g) its image in EXT under F. 
Since X is open there exists a neighborhood of (a, 9) relative to X of 
the form BXV, where B is an open spherical n-ball in E with center a, 
and V a neighborhood of q relative to F. Let S be the (m—1)-sphere 
bounding B, and for each PEV set 


(2.8) F?(S) = My. 
Then 
(2.9) JM, = F?(B) 


since the right member of (2.9) is a bounded open subset of E whose 
boundary is My. 

Without loss of generality we can suppose that a=b=Q. Let B’ 
be an #-ball with center at O and closure in JM. lf V'CV “is-a" sur 
ficiently small open neighborhood of q relative to F, then, for PEV’, 
D(M,,M,) will be so small that B’ will not meet My, and, in accord 
with Lemma 2.1, the center O of the ball B’ will be contained in JM». 
Since B’ is connected, and does not meet My, we conclude that BC JM, 
for each PEV’. This inclusion and (2.9) imply that 


(F-1)?(B’) € (F-")? JM,) = B. 
Since V'CV and F is p-invariant, it follows that 
(2.10) PUB XV) CE (MCU 


Now BXV is an arbitrarily small neighborhood of (a, q) relative to X. 
Since B’ XV" is a neighborhood of (b,q) relative to X the inclusion 
(2.10) implies the continuity of F-1 at (b, q). 

This completes the proof of Lemma 1.1. 


As shown in the last paragraph of the proof of Lemma 1.1, the set 
F(X) includes the open neighborhood B’ XV’ of the arbitrary point (Db, q) 
of F(X) and is accordingly open. Hence we can affirm the following 
generalization of the Brouwer theorem on the invariance of domain under 
homeomorphic mappings of open subsets of E into E. 


Lemma 2.3. If X is an open subset of EXIF and F 4a 


THE DEPENDENCE OF THE SCHOENEFLIES EXTENSION... 217 


p-invariant homeomorphism of X into EXT, then the 
image F(X) isopen relative to EXD. 

Proof of Lemma 1.2. That the conditions of Lemma 1.2 are 
necessary is immediate. 

Assume then that the conditions of Lemma 1.2 are satisfied. That the 
mapping F is then a homeomorphism is a consequence of Lemma 1.1. 
It remains to show that F is locally a C™-diffeomorphism. 

Let (a, ¢g) be a point of X. Let a neighborhood of q relative to T,, 
be referred to admissible local coordinates (v1, ..., v») ranging over an open 
neighborhood V of the origin in an euclidean 7-space. Set (v1, ..., ¥,) =V. 
Let p(¥) be the point P<Im represented by VEV. If V is sufficiently 
small, and if U is a sufficiently small open neighborhood of a relative 
to E, thn UXp(V)CX, and Fi admits, by hypothesis, a representation 
over U XV of the form, 


(2.11) F,(x, p(v)) = h(x, v) (x, vyEeUXD), 
where hh is a vector-valued function of class C” with 

D(hy y Sse y hy) 
(2.12) Die eae) w= 0% ((x,vVeEUXYV). 


The restriction of the #-invariant mapping (x, p)>F(x,/) to the 
subset UX p(V) of X can be represented in the form 
& [ah éna,00 
v5 = Yj U1, gt) 
in terms of the points (x, v)€U XV and the coordinates of their images 
(x’, V’). Because of (2.12) the transformation (2.13) has a non-vanishing 
jacobian on the coordinate range U XV. 

Lemma 1.2 follows. 

Lemma 2.1 and the argument used in proving Lemma 1.1 imply a 
lemma frequently used in Part Il. 

Lemma 2.4. Let Dt be atopological (m—1)-sphere in E 
and F atopological space. Let F bea f-invarint homeo- 


morphism of MXIT into EXP. Thena subset Y of EXT 


such that 


(2.14) ye= from) — (per) 
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is open relative to EXT, and a subset W of EXT such that 
(2.15) We = C JF? (MM) (p€P) 


is alsoopenrelative to EXT. 

Let (a,q) be a point of Y. Lemma 2.1 and the argument used in 
proving Lemma 1.1 show that if B is an m-ball in E with center at a 
and closure in JFo(M), and if, corresponding to B, V is chosen as a 
sufficiently small neighborhood of g relative to I, then the set BXV is 
included in Y. Thus Y is open. 

That W is open is proved similarly, using Lemma 2.2 instead of 


Lemma 2.1. 
We conclude §2 by recording certain notational relations used through- 


out this paper. 
Let g be a p-invariant mapping of a subset A of EXT, into 


EXITee Then 


(2.16) g(x, p) = (g?(x), p) (xe A? , pepr, A), 
and 
(27) [g(A)]? = 2? (A?) (P€ pr2 A). 


Relation (2.16), it will be recalled, is the relation defining g? over A? 
for fixed P€pr2A. Relation (2.17) is verified by noting that for p€ pro A, 
[g(A)]? = g:(A?, p) by the p-invariance of g, and g?(A?’) = gi(A?, p) 
by, (ico). 

If, in addition, g is biunique, one has the relation 


(2.18) (g?)-*(y) = (e-')? (Y) (yeg?(A’), pep A). 
When compositions of mappings are used, further notational laws 


enter. Lemma 2.5 below, which states a fundamental principle for such 


compositions, makes use of a convention which we shall adopt in this paper. 


Convention. Let F’ and F be C™-diffeomorphisms, m2>0, 
into E of open subsets, X’ and X, respectively, of E, such 
that F(X) meets X’. We understand that F’F is defined on 
the subset f-*(X )-otex. 

A similar convention will be adopted when F' and F 
are p-invariant C”™-diffeomorphisms, m>0, into EXT» 


of open subsets of EXT, 
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The domain of definition F-'(X’) prescribed for the composite 
mapping F’F will be termed canonical. It is an open subset of E 
(respectively, E XTm). The mapping F’F is a C™-diffeomorphism of 
Pat As). 

Two cases arise according as X’ includes F(X) or does not include 
F(X). The first case is the classical case. Here, the canonical domain 
F-'(X") of F’F is X. This case arose, for example, in defining fp on N 
in (1.11). In the second case F-'(X’) is a proper open subset of X. 
The second case arises in this paper in §§3, 4, 5, 16. 

The following lemma will be referred to as the Notational Lemma. 

Lemma 2.5. Let # and f be two ~-invatiant homeo- 
morphisms into EXFm of subsets X and Y, respectively, 
of EXT,. Let V be the canonical domain of definition of 
Ff in EXTm, and let W be the subset of EXTI, whose 
p-section W? is the canonical domain of definition of 
Bey? Then V=W, and 


(2.19) (Ef)? (x) = (F? f?) (x) (x, peW). 
Equivalently, (2.19) can be written in the form 
(2.20) (Ff ,p) = (F? f?)@) (x, p)EW). 
By definition of V and W? the relation V = W _ becomes the relation 
(2.21) [F(A = OP) (Xe) 


This relation is a consequence of (2.18) when g is replaced by dif 

To establish (2.19) we apply (2.16) three times, replacing g suc- 
cessively by Ff, f and F. We find that for (x, P)eW 

(FS)? (x) , ») = (FS), £) = F (f? (x), 6) = (FP (/? ®), A) 
from which (2.19) follows. 

The equivalence of (2.19) and (2.20) is a consequence of the 
definition of (fF)?. 

The canonical domain V=W is maximal in the sense of the 
following corollary of the lemma. 

Corollary 2.1. If (x,~) is a point in EXT, such that 
Pee s)yeor i) (%,p)) is defined, then (x, p).is in VaW. 
In particular (x, f) is in the domain of (PD. 
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§ 3. External transformations of simple problems. 

Let P=(~,N,™m) bea simple problem. If (Ag, N«) is a solution 
of P, Ag is defined on NuJs, and the set 
G.1) Ay (NUFS) = 0(NJUS 0(S) = W(P) 
is an open subset of E which is completely determined by P. If f is a 
C™.diffeomorphism into E of an open subset U of E which includes W (P), 
we shall say that f operates externally on P and define fP by 
setting 
(3.2) [P=(fe ,N ,m). 
We understand thereby that fp is defined on N, in accord with our 
convention in §2. 


In Ref. 4 the following is shown. 

I. (fo, N,m) defines a simple Schoenflies problem. 

The proof of I, as given in Ref. 4, recognizes that /@ defines a 
C-diffeomorphism of N, and shows that fp maps points on WN interior 


(exterior) to S into points of E interior (exterior) to (fp) (S) and that 
(3.3) f (Jo (S)) = JF9)(S). 
The proof of Lemma 1 (ii), Ref. 4, then implies the following. 
Theorem 3.1. If (Ag, Ne) is a solution of the simple 


problem P, then with fAg understood as defined on W(P), 
(fA,g, Ns) is a solution of the simple problem /P., 


We term the simple problem /P the image of P under the 
€xternialoperavor se, 
We shall prove the following. 


Il. If f operates externally on a simple problem P 
then 


(3.4) W (fP) = f (W(P)). 

In accord with the definition of W (/P) 
(3.5) W(fP) = (fe) (NUS (Se)(S) = Ff (@(N)U Jo (S)) = f (WP) 
thus verifying (3.4). 


Use will be made of (3.4) to prove the following. 
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Hi Lt y operates externally on P, then f—' operates 
externally on, fP. 

We must show that f—' defines a C”-diffeomorphism into E of 
W(fP). Since f—' defines a C”-diffeomorphism of f{(W(P)) and 
f(W(P)) =W (YP), f-' operates externally on fP as stated. 

With III established, Theorem 3.1 has the corollary : 

Corollary 3.1. If (Ayo, Ne) is a solution of the problem 
fP then 


(3.6) (f—' Ayo , Ne) 
MoamsOlLUtion Of theproblem jf" (/P)=L. 


If f operates externally on the simple problem P, we say that P 
and fP are externally equivalent under f. When an affirmation of 
external equivalence of P to fP is made, it is always understood that / 
defines a C”-diffeomorphism of W (P) into E (by restriction of f to W (P), 
if necessary). The integer m is the integer m in the triple (9, N, m) 
defining P. 

erie Operates externally on Po and / on f/P, then 


(peoperates externally on P and 
(3.7) iE at (FE): 
The domain of definition of /’ includes W(fP) by hypothesis. The 


domain of definition of f’f, by our convention, then includes 

(3.8) pe rs (Ee GWE) = WP) 

so that ff operates externally on P. We remark that W(/P) need not 
include the range of /, in fact the range of f might be all of E. 

One verifies (3.7) formally, using the definition (3.2). 

It is seen that the relation of external equivalence in the class of 
simple problems is reflexive, symmetric and transitive. Simple problems 
P* and P are equivalent if and only if there exists an f which operates 
externally on P, and is such that P*=/P, or equivalently, if /~' operates 
externally on P* and f~'P*=P. 

If f operates on P, the neighborhood N and class index m are 
invariant in the transformation P>/fP. The nature of an internal 


transformation of P will be found to be somewhat different. 
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§ 4. External transformation of I,-problems. 

Given the Fm-problem P=(®,L,Fm), we first define an analogue 
of W(P) of §3. 

The set WP). If (Ag, Ls) is a solution of P, then the set 

Ye (ora 
is the domain of definition of Aw, and one can set 
(4.1) Ao(Y) = WP). 
This deflnition of W(P) is not adequate because we shall need W(P) 
before we have a priori knowledge that a solution of P exists, and because 
it is not clear from the definition (4.1) that W(P) depends only on P. 
The definition (4.2) of W(P), which we adopt, agrees with (4.1) when a 
solution of P exists. We set 
(4.2) WP)= VU (J?(S)XPf)U ®(L). 

ely 
So defined W(P) depends only on P. 

The representation (4.1) of W(P) had the merit of showing, in accord 
with the generalized Brouwer theorem, Lemma 2.3, that W(P) is an open 
subset of E XFm, granting that a solution of P exists. However the same 
result follows directly from (4.2) without assuming any solution of P. 
For ®(L) is open relative to EXF», by Lemma 2.3, while the set 


(4.3) U_ (Jor(S) x p) 
peElm 


is open relative to E XF, by Lemma 2.4. 

An external operator F. Let F be a -invariant C”-diffeomor- 
phism into E XT,, of an open subset of E XI which includes WP). 
We shall then say that F operates externally on P and set 
(4.4) BR (OU eek 
The following statements will now be proved. 

Ln! ORL eae Lite sen Pn-problem. 

We refer to the simple problem 
(4.5) EOC Lan) 


defined by P for each PET,,. From definitions (4.2) and (3.1) it follows that 
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(4.6) [W(P)]? = J? (S) U @? (Lt) = W (PP) (PET n) . 
To establish I one first recognizes that /® defines a C”-diffeomorphism 
of L into EXT,, since F is defined over W(P) and W(P)D ®(L). 
Statement I will follow if we show that for each PET,,, (F@)? maps 
points of L? which are interior (exterior) to S into points which are interior 
(exterior) to the topological (w—1)-sphere (F®)?(S), or equivalently if 
we show that 
(4.7) (FP)? = (FO)? , L? , m) = (FP O?, L? , m) 
defines a simple problem. This will follow from I of §3, if we show that 
FP? operates externally on P?, that is, if F? is defined over W(P?). But 
F? is defined over W(P?) since F is defined over W(P) and (4.6) holds. 
Statement I follows. 


init f Gperates externally on P then 
(4.8) WEP) = FWP). 
For each PET, 


(4.9) [W(FP)]|? = W ((FP)?) = W (F? PP) = FP (W’ (PP)) 
= Fe((W(P))?) = [F (WR). 


One uses (4.6) to justify the first and fourth equalities, and (3.4) to justify 
the third. We have seen that F? operates externally on P?, in the proof 
of I. The second and fifth equalities follow respectively from the definition 
of (FP)? by means of (4.7), and the -invariance of F. Relation (4.8) 
follows from (4.9). 

Theorem 4.1 can now be proved. 

Theorem 4.1. If (Ag, Z*) is a solution of the ly-problem 
P, then 


(4.10) (FAo, Le) 


is asolution of the Im-problem FP. 

Recall that Ag is defined on the above set Y, that Awo(Y)= W(P), 
and that F is defined on W(P). Thus FAg@ is a p-invariant homeomorphism 
of Y into EXF,. Since Ag extends ®|/(L,ULs), FA extends 
(FD) | (L.U Le). If m>0, Ao is in addition a C”-diffeomorphism of the set 


(4.11) ese Cg im) CY. 
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into EXIm, so that FAg is a C™-diffeomorphism of X into 2 XMFan 
This establishes Theorem 4.1. 

Statement II implies III. 

lll, Lt F operates externally an P, then F-* operates 
externally on FP. 

With III established it is evident that Theorem 4.1 has the following 
corollary. 

Corollary 4.1. If (Aro, Le) is a solution of the Im-problem 
FP, then 


(Teas AFo 5 I+) 


is a-solution of the problem / A(6P) =P: 
If F operates externally on a Fy,-problem P we say that P and FP 


are externally equivalent under F. It must be understood that the 
affirmation that F operates externally on a Fy»-problem P, implies that F 
defines a p-invariant C”-diffeomorphism of WP) into EXT, (by 
restriction of F to W(P), if necessary). 

IV. If F operates externally on Pand / on FP; thenjf 


Operates externally on P and 
(4.12) F(EP) =P) Pe 


Using the homogeneity relation (4.8), the proof that /F operates 
externally on P is similar to the proof of IV in §3. Use is made of our 
convention on the domain of fF. The relation (4.12) is verified formally. 
Here, as always, one distinguishes between the question of the admissibility 


of operations indicated, and the formal verification of equalities such as 
(4412), 


A necessary and sufficient condition that two Fim-problems P and P* 
be externally equivalent is that there exist a mapping F which operates 
externally on P and P°=FP, or equivalently that F—' operates externally 
on P* and P= F-'P*. With this formulation of external equivalence it is 


easy to verify that this relation is reflexive, symmetric and 


transitive. 
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§5. Internal transformations of [-problems. 


In the case of simple problems the notion of external equivalence is 
sufficient for our purposes. In the case of I,-problems the notion of 
external equivalence needs to be supplemented by the concept of internal 


equivalence. This we now define. 


Reduced mappings F of EXF, onto EXE». By a reduced 
C™.diffeomorphism jf of E onto E we mean a C”-diffeomorphism of E 
onto E which leaves fixed the center Z of S and the point Q = (0, 0, ..., 0, 1), 
and leaves S invariant as a set. By areduced mapping F of EXE, 
onto EXIT» we mean a p-invariant C”-diffeomorphism of E XI onto 
EXTm such that for each PEF,, F? is a reduced C”-diffeomorphism 
of E onto E. Corresponding to an arbitrary T,,-problem P = (9, L,T,,) 
and a reduced mapping F of E XFm onto E XF» we set 


(5.1) PE = (OF , F—(L) , Fn), 
understanding that PF is defined on F—'(L). 


Reduced problems. A simple problem (~,N,m) will be termed 
reduced if P(Q) =Q. A Tyn-problem P=(®,L, F,,) will be termed reduced 
if D?(0)=Q for each PET». 

We shall prove the following. 

I. if F is a reduced mapping of EXIT, onto EXTIn, 
pode (>) L71,) 2 le problem, then’ PF as a F,+problem: 
If Pis reduced, then PF is reduced. 

The set F—'(/) is an open neighborhood of SXTIm relative to 
(E—Z)XIm, since L is an open neighborhood of S XT relative to 
(E—Z)XIm, since both ZXFm and S XT are invariant as sets under 
F-', and since F-1(L) is open (Lemma 2.3) relative to E XIm. Moreover, 
for each PEFn, (OF)*=O?F? maps points of [F—'(L)]? =(F—')? (LP) 
intetior (exterior) to S, into points interior (exterior) to (PF )?(S). This 
is a consequence of the fact that F’? leaves JS and its complement setwise 
invariant, and ®? maps points of L? interior (exterior) to S into points 
interior (exterior) to ®?(S). Moreover @F is a f-invariant C”-diffeomor- 


phism of F—'(L) into E XIm. Thus PF is a Fy-problem. 
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Finally PF is reduced if P is reduced, since both ®? and F? then 
leave Q fixed for each PETn. 

Theorem 5.1. Let F be a reduced mapping of EXTIn 
onto EXTle and.-P=( ~L,In) a Te Problem eslic(ian s)al ee 
solution of P then (Asaf, F-*(s)) isa solution of CF. 

The mapping AwF is a p-invariant homeomorphism into E XTm 


of the open set 

(5.2) F-'(LU(JS XFm)) = F-'(L) U IS XTm) 

on which AgF is understood to be defined. Moreover AgF extends 

(5.3) (OF) | F-"(L.U Le) = (®F)| [(F-*(Z)). U Fo! (Ze). 

When m>0, AoF is, in addition, a C”-diffeomorphism into E XIm of 
(5.4) FIL U Ceo N ellen © UG ae 


This establishes Theorem 5.1. 

Corollary 5.1. If Le is an open neighborhood of SXF» 
in EX¥F, such that (Ae. *(Ls)) is a solution of ame 
problem PF of Theorem 5.1, then 


(5.5) (Aor F~* , Le) 


is asolution of problem P: 


Internal equivalence of I;,-problems. By virtue of Theorem 5.1 
and its corollary we say that a I,,-problem P=(®,L,F,) and PF are 
internally equivalent under F, whenever F is a reduced mapping 
of EXLn onto E XLT ,. It is understood always that a reduced mapping 
of EXT onto EXE is a reduced f-invariant C™-diffeomorphism of 
EXIm onto EXFm. We say that such an F operates internally 
onuR: 

In the class of Im-problems with a common [Ly the relation of 


internal equivalence is reflexive, symmetric, and transitive. 


§ 6. General equivalence of Fn-problems. 
A reduced mapping F of EXF, onto EXF,, as defined in §5, 
Operates internally on an arbitrary Fm-problem P, producing a Fn-problem 


PF. On the other hand a mapping f which is an external operator on a 
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Tm-problem P must define a C”-diffeomorphism of W(P) into EXT, 
and will not be, a priori, an external operator on a I'm-problem different 
from P. However, we shall prove the following. 

I. (i) If f operates externally ona Fm-problem P, and 
Meh isan atbitrary reduced mapping of EXP», onto EXT, 
then f operates externally on PF. Moreover (ii) ({P)F =/(PF). 

To prove I. (i) it is sufficient to prove that 
(6.1) W(P) = W(PF). 

For f operates externally on a Iy-problem P* if and only if it defines a 
p-invariant C”-diffeomorphism of W(P*) into E XI. If then (6.1) holds, 
f operates externally on PF, as well as on P. 


One begins with the representations 
(6.2) P=(0,L, Fp) PE = (OF, &-'(L) , Tm). 
By virtue of the definition (4.2), 
WPF) = U [J (@F)?(S) X p] U (OF) (F-"()). 
PETm 
Since F is a reduced mapping, this set reduces to 


(6.3) U (J0*(S) X p) U O(L) = WER) 
pETm 


thus verifying (6.1), and establishing I. (i). 

If one makes formal use of the definition (5.1), one finds that 
(6.4) GE) P = f (BF). 
Note that the left member of (6.4) is well-defined, since f/P is supposed 


well-defined and F is a reduced mapping of EXT, onto EXT,,. The 


right member is well-defined by virtue of I. (i). 


General equivalence of F,,-problems. In the class of all F,,-problems 
with a given parameter space I, an equivalence relation will now be defined. 

Recall first that the inverse of a reduced mapping F of E XFm onto 
EX¥, is a reduced mapping of E XT onto E XPm. 

Definition. Two Im-problems P and P® will be termed 
equivalent if either one of two equivalent conditions (i) 


oe (ijis satisfied. 
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(i) There exists areduced mapping F of EXOT 0 Hud 
EXIp, and a mapping f which operates externally on Ps 
such that P°=/PF. 

(ii) There exists a reduced mapping F* of EXln Onto 
EXIm, and amapping f* which operates externally on P* 
such that P= /°P°r”, 

The equivalence of conditions (i) and (ii) must be verified. We show 
that (i) implies (ii). Under (i), f~' operates externally on /P by III of §4. 
Then f-! operates externally on ({P) =P” by I of this section. Thus 
f-' P* and f-! P* F— are well-defined [y-problems. The relation 
f-1P*F—'=P is a formal consequence of the relation P* = fPF. 
Thus (i) implies (ii). Similarly (ii) implies (i). 

If P* and P are equivalent in the above sense, f and F are not 
uniquely determined, nor are /* and F", as examples will show. 

We shall review the structure of operations on Fy-problems. 

If f operates externally on a I'm-problem P and f’ on /P, then f’ / 
operates externally on P and f(/P)=(/ f)P. If f operates externally on 
P, f-' operates externally on fP. If / operates externally on P and F is 
an arbitrary reduced mapping of E XI onto EXTI,, then / operates 
externally on PF and (/P)F =f(PF). If F and F’ are arbitrary reduced 
mappings of EXTm onto EXT,, then FF’ is a reduced mapping of 
EXVm onto EXPm and (PF) F’= P(FF’). Finally (i) and (ii) are equivalent 
definitions of the equivalence of P and P’. 

With the aid of these properties one shows that the relation of 
equivalence between two Fm-problems is reflexive, symmetric and transitive. 
Moreover if P and P® are externally equivalent or internally equivalent, they 
are equivalent in the general sense. 

We close this section with a preliminary lemma. 

Lemma 6.1. Each simple problem P=(p,N,m) is 
externally equivalent toareduced simple problem, and 
each I,-probiem = (Oe Paes externally equivalent to 
a reduced Fy,-problem. 

Given P, let f be a translation of E onto E which catries p (Q) 


into Q. The problem /P is externally equivalent to P and is reduced. 
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Let q be the vector representing Q. Given P there exists a p-invariant 
C™-diffeomorphism F of E XI onto E Xfm such that 


Fi (x, p) = x — OP (q) + q. 


Cf. Lemmas 1.1 and 1.2. The Im-problem FP is externally equivalent to 
the problem P and is reduced. 


§7. The basic reduction theorem. 
Ref. 4. Let 7 be a positive constant, and let B(r) be an open spherical 
n-ball in E with center at Q and radius 7. We shall make use of such an 


m-ball throughout this paper. We refer to the simple reduced problem 
P=(p9,N,m). 


Accessory constants ¢,,¢:,¢;. We shall correlate the proof of 
Theorem 7.1 with two positive constants C, and c,, termed accessory 
to the problem P. A third positive constant ¢3 will be defined and used 
later. These constants and their extensions for reduced I,-problems are 
central in the proof that an arbitrary Im-problem is equivalent to a 


uniform I,,-problem (defined in §8). 


Definition of c,;. Let ¢; be a positive constant such that 
(7.1) B(2¢,) C P(N). 
We term ¢; directly accessory to P. 


Definition of ¢:. Let ¢, be a constant directly accessory to P. 


Corresponding to ¢ let ¢: be a constant such that O<20<1, B(a)CN, 
and 
(7.2) p(B(er)) C Be). 
We term ¢) inversely accessory to P, and say that 2 is dominated 
by 4. 

Lemma 2 of Ref. 4 will be given the following form. 

Theorem 7.1. Let P=(9,N,m™) be an arbitrary simple 
reduced problem to which a constant ¢ is inversely ac- 
cessory. The problem P is then externally equivalent to 


a problem fP=(/e,N,™m) such that 
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(7.3) (fe) =x (xe B(%)). 

Suppose ¢2 dominated by ¢:, a constant directly accesory to PY We 
introduce cettain mappings. 

The mapping A. Let A(t) be a C®-diffeomorphism of (0 , +0) 
onto (0, 2¢:), such that A(t)=¢ for t€(0,¢:). Such a mapping exists. 


The mapping wu. Let p be the C®-diffeomorphism of E onto B (2¢), 
such that the point q=(0,..., 0, 1)€£ is fixed, and such that for ye E—q 


(7.4) y> eG) = ay Mly—al) +4. 


The mapping u leaves q fixed and reduces to the identity for ye B(¢). 


The external operator /. Set 


(7.5) f(y) = 7" (y) (ye£). 
The mapping f is well-defined, since \t\(E) = B(2¢,) and since 7" is 
defined on B(2c,). Cf. (7.1). Moreover f is a C™-diffeomorphism over E. 


Note that f(y) = (7 '(y) for y€e B(c:), in accord with the definition of u. 
One thus has 


(7.6) (fp) (x) =x (xe ~—' (B))). 
Now (7.2) implies that 
B() C p(B (4) 
so that (7.6) holds for x€ B(c)). Theorem 7.1 follows. 
Definition. A reduced problem P=(p,N,m) with which there is 
associated an (7—1)-sphere Sg with center Q such that 
(7.7) p (x) = x (x € JSo) 
will be termed elementary. 
Lemma 6.1 and Theorem 7.1 have the following corollary. 
Corollary 7.1. Corresponding to an arbitrary simple 


problem there exists an externally equivalent elementary 


Schoenflies problem. 


Corresponding to any positive constant 0 we introduce the spherical 
shell 
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i! | 
(7.8) Sp =x =< bel < +l. 


The accessory constant ¢3. A constant ¢; such that 
(7.9) O<O3<1, s, CN 
will be termed radially accessory to the problem P=(p,N, m). 


Maxima of accessory constants. If c,...,c” is a finite sequence 


of constants directly accessory to the problem P then the constant 


(7.10) C; = max c®) 


1 


is directly accessory to the problem P. The maximum of a finite sequence 
of constants radially accessory to P is similarly radially accessory to the 
problem P. The maximum of a finite sequence of constants a, inversely 
accessory to P, and dominated respectively by constants c® directly accessory 
to P, is a constant a, inversely accessory to P, and dominated by the 


maximum of the constants c, 


§8. Mappings #;,%:,%; accessory to a reduced I,,-problem. 


When m= 0 it is assumed that I, is an arbitrary paracompact space, 
and when m>0, a connected differentiable manifold of class C™ with a 
countable base. When m>0 Iw» is locally compact with a countable base, 
hence “countable at infinity”, Ref. 8, §10, no. 11, and finally paracompact. 
Ref. 8, §10, no. 12. We are using the term paracompact in the sense 
of Bourbaki. 

Definition. A topological space X is said to be paracompact 
if it is a Hausdorff space and if every open covering of X admits an open 
locally finite refinement. 

To avoid ambiguity we recall the following definition, Ref. 9, § 4, 
no. 3. 

Definition. A partition of unity on a topological space X is 
a family (fi)i¢a Of numerically valued functions f;20, continuous on X, 


with supports forming a locally finite ensemble of sets on X, and such that 
(8.1) pa ne =1 (pe X). 


Definition. By a C”-partition of unity on Im we mean a 
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partition of unity on Im such that each mapping fi is of class C™ on Fw. 

The following result is known. 

Lemma 8.1. Given an open covering V of Im there 
exists a C™-partition of unity subordinate to V. 

In the case m>0O this follows from results presented in Ref. 10, 
page 6, Cor. 2. When m=0 the lemma is established in Ref. 9, § 4, 
no. 4, 

We return to the reduced Im-problem P of Lemma 6.1. For each 
peTm let (Pp), V=1, 2, 3, be a constant directly, inversely, and radially 


accessory to the simple problem 


(8.2) Pees (OF Ee), 


with #.(p) dominated by &: (p). 

We then term the mapping p>%8,(~) of In into Rt, 
directly accessory to Pif v=1, inversely accessory if 
V=2,and radially accessory if V=3, and say than 0. is 
dominated by th. 

We shall prove the following lemma. 

Lemma 8.2. There exists a C™-mapping p> (p) 
directly accessory to a ceduced I,,-problem FP. 

Let ¢ be an arbitrary fixed point of I,. Recall that q is the vector 
representing Q. The point (q,7¢) is in the open subset ®(L) of EXTm. 
There accordingly exists an open ”-ball B(2a;), of positive radius 2a and 


center q, and an open neighborhood V; of ¢ relative to Tm, such that 


(8.3) B (2a) X Vic O(L). 
Consequently 
(8.4) B(2a,) G[O (2) P= Or (*) (peV:). 


The inclusion (8.4) implies that, for fixed ¢, a is a constant directly 
accessory to the problem P? for each PEV,. 

Now (Vi)er,, is an open covering V of Tm. Lemma 8.1 implies the 
existence of a C”-partition of unity (/i)ice4, subordinate to V. There thus 
exists a mapping *>t(1) of A into I, such that the support of fj is 


included in Vig). Set 


(8.5) 1 (p) = a 41 i) Fi(P) (PET). 
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We shall show that the mapping p> (pf) so defined satisfies 
Lemma 8.2. {i 


This mapping is clearly of class C™. Moreover the relation = f;(p) =1 


implies that 
0o< (1) < max 4 (;) (‘ew f)), 


where w(p) is the finite set of values of 7 such that the support of /; 
meets ~. Since each constant a), for t@w(f), is a constant directly 
accessory to P?, i; (pf) is also directly accessory to P?. 

The mapping p > #,(f) thus satisfies the lemma. 

Lemma 8.2 leads to the following. 

Lemma 8.3. There exist C™-mappings p> dy(), V=1, 2, 3, 
directly, inversely and radially accessory, respectively, 
bose £educed I,-problem P, of which £>#:(~) is an 
utbiteary C™-mappinge directly accessory to Pr and tj-is 
dominated by th. 

The proof of Lemma 8.3 is similar to the proof of Lemma 8.2. 
Given a directly accessory C”-mapping p> th(f), one defines #2 (/) with 
the aid of a partition of unity so that 92(p) is dominated by 0, (f) and 
0<2%,(~)<1, while the mapping p> th (pf) is of class C™ and inversely 
accessory to P. The proof of the existence of the mapping p> #s(p) is 


similar to the proof in Lemma 8.2 of the existence of the mapping 
p> di (p). 


Uniform [,-problems. A reduced Im-problem P for 
which there exist constant accessory mappings Pp>*h(f), 
V=1, 2,3 with ®& dominated by &, will be called auniform 
[,-problem. 

Theorem 7.1 will be generalized for any uniform [;,-problem P, by 
Theorem 12.1, leading thereby to a Iy-problem /P which can then be 
solved by the methods of Ref. 5. 

In §9 and §10 we define mappings useful in proving in §11 that 
an arbitrary reduced [-problem is equivalent to a uniform I»-problem. 

The effect of transformations of reduced [I,,-problems P, on the 


accessory mappings of P, is important for our program. 
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Lemma 8.4. Let P=(®,L,¥Fm) he a reduced Fy-problem 
on which a mapping f operates externally, and a reduced 
mapping F of EXIF, onto EXFm operates internally. 

id A mapping p>A(p), directly accessory to P, is 
directly accessory to PF. 

(ii) A mapping p>%3(p), radially accessory to P, is 
radially accessory to /P. 

(iii) A mapping p> %3(p), radially accessory to Pris 
radially accessory to PF, provided 


(8.6) SD FF Pi(s,) (p € Fm) 


for each shell Ss, for which 0<@<l. 

Proof of (i). By definition of #: (Pf) 
(8.7) B(2d; (p)) C ®? (LP) 
for each PET». By virtue of (2.18) and (2.19) the right member of (8.7) 
equals (OF )?(F-1(L))?, so that the mapping p> (pf) is directly 
accessory to the problem PF. 

Proof of (ii). The mapping p> 3(p) is radially accessory to P if 
0< & (p)<1 and 
(8.8) (ikend i: (r = 83 (p)) 
for each DEFm. Now fP=(f®,L,IFm), so that L is associated as a 
neighborhood of SXF, both with P and /P. The condition (8.8) takes 
the same form accordingly for /P as for P so that (ii) holds. 

Proof of (iii). If (8.6) holds, as well as (8.8), then for r= %3(p), 
and arbitrary DET y,, 
(8.9) $, C FP) (5) CP * (2)? 
so that the mapping p > 03(p) is radially accessory to PF. 


§9. The family of mappings g*. 
Each mapping g* of the family of reduced C%-diffeomorphisms of E 
onto E, here to be defined, will leave each (7—1)-sphere concentric with 
S invariant as a set. In contradistinction each mapping ke of the family of 


reduced C®-diffeomorphisms to be defined in §10 will leave each ray 
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emanating from the origin invatiant as a set. Together these mappings will 
enable us to establish the existence of a uniform Fin-problem equivalent to 
a given reduced I'm-problem P. 

Both in §9 and in §10 we shall have occasion to apply the following 
lemma. 

Lemma 9.0. Let a C”-mapping x>/(x) of E into E be 
such that the origin goes into the origin, and that for 
each positive number #, the (m—1)-sphere S; on which 
|x|| =¢, suffers a C”.diffeomorphism onto an (n—1)-sphere 
Sy on which |x|=#>0, where the mapping t>?f is a 
C@.diffeomorphism of the interval (0, +c) onto the 
interval (0, +). If moreover the jacobian 


Pitino 
a e1 Cees ey) (x) 


dGes not vanish at the origin, the mapping x> /(K) is a 
C“@-diffeomorphism of E onto E. 

That the mapping x > /(X) is biunique and onto E is immediate. 
It remains to show that D(x) does not vanish when |x| >0. 

Let a be an arbitrary point of E such that lla] =¢>0. Let 
(V;,..., Vn) be independent contravariant vectors at a such that the vectors 
Vi,«:, Vat are tangent to 5; ait a, and V, is ofthogonal to S; at a, 
Set f(a)=a’ and t’= a’). Under the transformation of contravariant 
vectors associated with the given mapping at a, the vectors (V) go into 
a set of vectors (V'1,..., V’,) at a of which (V1, ..., V’n-1) are indepen- 
dent and tangent at a’ to the (m—1)-sphere Sy, on which |x) =?. More- 
over V’, is not null nor tangent to Sy at a’ since dt’/dtA0 by hypothesis. 
Hence the vectors (V1, ..., V’,) are independent. We infer that D(a)#0. 


This establishes Lemma 9.0. 
Let @ be a constant on the open interval (0,2). Set 
(9.0) Hams (y BG). 
The lemma characterizing the family g* is as follows. 
Lemma 9.1. There exists a C™-mapping 


(9.1) g:EX(0,2)>£, (*,4a)>8(, 4) 
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such that the partial mappings #7: %>¢(X; 4) 904-2 


bave the following properties. 
(a.1) The mapping g* is a reduced C®-diffeomorphism 


of Enon tose. 
(a.2) Each (m—1)-sphere with center at the origin is 


invariant as a set under g’. 
(a.3) The image of 7. under 7 is m1. 
(a4) For xEE, g(x,1)=x. Moreover 


(9.2) = Il (| (si > = 0<a<2). 


The mapping g, when restricted to SX (0, 2) will be identified with 
the mapping h defined in Lemma 9.2. 

Lemma 9.2. There exists a real analytic mapping 
(9.3) h:SX(0,2)>S, (x,a)>h({x, 4) 


suge that for fixed @e.2), bt is areal non-singulae 
analytic diffeomorphism of S onto S that leaves Q fixed, 


Maps 7, onto ni and reduces to the identity for @— 1; 


The reflection H. Let H be a reflection of E—Q in BB(i), 
the boundary of B(1). Let ym be the boundary of 4, relative to S, 
and note that 
(9.4) 7a = S 1 BB (a) (0<a<2). 
Let m be the (%—1)-plane through 7m. Let e be the point of intersection 


of m and the %,-axis. The image of S—Q under H is a. 


The radial mapping G,. For 0<a<2 let G, be a radial mapping 
of E onto E with center e, in which yeE goes into ZEE in such a 


manner that 

(9.5) Z—e= x(a) (y—e) (x(a)>0). 

We shall presently determine x(a) by the condition that under the mapping 
(9.6) xX > (G, H) (x) 


‘Na is mapped onto 771. Recall that q represents Q. 
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Definition of h. For each @€(0, 2) set h(q , a)=q and 
(9.7) h(x,a)=(H-'G,H)(x) (xeS—q). 
It is clear that h* maps S onto S for a€(0, 2). 

We shall now show that 


3a? 
4—a’ 


(9.8) x? (a) = (OS0 <2), 


Observe first that under H a point xe E —q goes into a point yEE 


such that 

x—q 
ae es 
and that H has the inverse 

Y= 4q 
9.10 x—q = ——___| (y+~q). 
bot) ty ale 


Let X° be a point of 7a and set 
(9.11) I ae = aly J: 
Since |x* —q||= a it follows from (9.9) that |ly*—q||=1/a. Now y’ 
and z* are in a. By hypothesis on x(a), z* is in SQ\a. Taking account 


1 
of the fact that e,= Y= Z => and q,=1, one finds that 


1 lle»® 2 |_@ 1\2 i! 

(9.12) pe ie Tt = He Sh ta 
| a» \2 || 2 1 
(9.13) i ez 4h 2. elf F< 
(9.14) ||z* —e||? = %? (a) ||y* —e||’ [Cf. (9.5)] 
so that 
Mba eyparag bon ae 
1 ca Oz 4 ? 


implying (9.8). 

Observe that x(1)=1-so that h(x, 1)=x for xES. 

The non-singular, analytic character of h on S X(0, 2) follows from 
(9.8), and from general principles in the geometry of inversion, but may 


be directly verified by the reader on writing out the components 
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hy (X,@), ..., 4n(X,@) of h(x, a) as rational functions of (%u,ceeE and cas 

It is clear that each h* maps 7 onto %1. 

This establishes Lemma 9.2. 

Proof of Lemma 91. We shall make use of a C”-mapping pw of 
the real axis R onto [0,1] such that w(4)=1 for i>, and u(Z)=0 
for t<-. For te€R and 0<a<2 set 


(9.15) At, a=pat+1—p). 

Note that A(¢,1)=1. The mapping 

(9.16) A:RX(0,2)>R; ¢,a)>A(t, a4) 

is of class C®, such that O0< A(t, @)<2 and 

(7). A(ija)=a (t= 5) 
(9.17)” A(t,a)=1 (¢<4). 


With the aid of A one obtains, for fixed ¢ and a, a C™-diffeomorphism 
(9.18) x >h(x, A(t, a)) (eK, 0<a< 2) 


of S onto S, leaving Q fixed. 
For each a€(0, 2) and x€E such that |x 0, set 


(9.19) g(x, a) = |x/B( 2, A(\x| 0} 
ean 
and complete the definition of g by setting g(O, a) =O. 
In accord with (9.17) 
(9.20) g(x, a) =x (oS|x| <p 


(9.21) g(x, a) = Pele (ray 2) (Ixl2 2). 


In particular (9.21) implies that on S 
(9.22) g(x, a) = h(x, a). 


The mapping g so defined satisfies Lemma 9.1. 

Proof of (a.1) and (a.2). Each g* reduces to the identity for 
IIx|<=, and for every value of £0 the (m—1)-sphere on which |/x\| = ¢ 
undergoes a C”-diffeomorphism onto itself in accord with (9.19). It follows 
from Lemma 9.0 that each g* is a C”.diffeomorphism of E onto E. The 


mapping ¢>t’ referred to in Lemma 9.0 is here the identity. 
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Proof of (a.3). This statement follows from (9.22) and the fact that 
under h*, as defined by G,aH, followed by H—", the restricted mapping of 
7Na onto 7m is followed by the identity mapping of yy: onto 7m. The 
mapping of 7 onto % is thereby determined. 

Proof of (a.4). That g(x, 1)=x on E follows from (9.19) and the 
identity h(x, 1)=x on S. Finally (9.2) follows from (9.21) and (9.22). 


§10. The family of mappings k’. 

We shall refer to the shell sp, defined in (7.8), and prove Lemma 10.1. 
The parameter ¢ ranges on the interval (1, 2). 

Lemma 10.1, There exists a C™-mapping 
(10.1) k:EX(1,2)>E ; (x,¢)>k(x,c) 
such that the partial mapping k° has the following pro- 
perties for each ce(1 , 2). 

(b.1) is a reduced C™”-diffeomorphism of E onto E 
in which each (m—1)-sphere with center at O undergoes a 
C*-diffeomorphism onto an (m—1)-sphere with center at O. 

(b.2) Under k’ each ray emanating from O is mapped 
onto itself. 

(b.3) For 0<p<1, the shell s) is mapped by Kk’ onto % 
“Mien ¢=—1+4 0, and for arbitrary C€(1,2) is mapped by k 


onto a shell whichincludes Sp. 


The mapping «. To define k, for each c€(1, 2) we shall introduce 
a mapping ¢>a(t,c) of the interval —1</<<© into the positive real 


axis R*t, by setting 
t¢ E (c) als 
(10.2) aG¢,o= xp |e ae |. 
where t(c) is a positive constant to be determined for each value of 
c€(1, 2) by the condition 
(10.3) CRAC (4) ==-2), 


Taking the logarithms of the members of (10.3) one has the condition 
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ce —1 
(10.4) loge — t (Cc) eal = log 2 
implying that 
+1 2 
(10.5) t(c)= le log > 0 (ia) 


The mapping ¢ >t(c) is thus real, positive and analytic for 1<¢< 2: 
The mapping (¢,c)>a, c) into R+ is of class C® and such that 


(10.6) abc) = 1 al? ,)>0 (054 <e—2) 
(10.7) a7, : | = CRE) (4>0, 1 <0) 
(10.8) €a(c™.c) —2, male lee (v<6€— 2) 

(10.9) acne 1 (S15 t<6< 2)2 


These relations are readily verified. 


The mapping k. Let k be defined by setting 
(10.10) k(x, c) = xa (||x||’, ¢) (sel t<e-2)y 


Proof of Lemma 10.1. It is clear that the mapping (x,c) > k(x, c) 
is of class C®. We shall accordingly verify (b.1), (b.2) and (b.3). 

Proof’ of (b.1)) “By (10.6), @(3e)= 1 for 1<¢< 2) so stharen. 
reduces to the identity on S. By definition k(O , c) =O. Thus each mapping 
k° is reduced. 

For any fixed positive constant ¢, the (”—1)-sphere on which |x| =¢ 


suffers a C™-diffeomorphism onto the (w—1)-sphere on which |x|| =?’, where 
(10.11) f= ta? © ¢) G6): 


For ¢>0 this mapping ¢>?f is a C®-diffeomorphism of the positive ¢-axis 
onto the positive t’-axis. This is a consequence of the differential conditions 
in (10.6) and (10.9). It follows then that each mapping k° is onto E. 

It remains to show that each k° is a C-diffeomorphism. To that 
end observe first that the jacobian 
Di Kea Ke) 


(0.12 Ee) (geet 
( ) D (a. Bets 
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does not vanish at the origin. That k° is a C™-diffeomorphism of E onto 
E now follows from Lemma 9.0. 

Proof of (b.2). That a ray emanating from O is mapped by k° into 
itself, follows at once from (10.10). That this mapping is onto, follows 
from the fact that the mapping ¢>?’ defined by (10.11) is a mapping of 
the positive ¢-axis onto the positive ¢’-axis. 

Proof of (b.3). The relations (10.8) imply that the (7—1)-spheres 
on which ||x||=c and — respectively are carried by k° into the (n—1)- 
spheres on which ||x|| = 2 and ||x|| =~ respectively. For 0<<1 the shell 
Sp is accordingly mapped by k't? onto the shell s,. Cf. (7.8). 

Consider the mapping of a shell 55, O< O<1, under kt, 1<¢<2. 
Set #=1-+ 0. Under the mapping k° the (w—1)-spheres on which ||x|| = ¢ 
1 


; tespectively go into (m—1)-spheres with radii 


and 
: - 1 i 
= bal? , 6c) : t -7(z>4| 


respectively, that is, with radii ¢’ and + by virtue of (10.7). Thus the 
image of Sp under k° is a shell sp) where 1+ '=?#. Since #>1 and 
(10.9) holds, ¢’>?#, and hence 0’ >. Thus S,yD5Sp and the proof of (b.3) 


is complete. 


§11. The fundamental equivalence theorem. 
A uniform F,-problem was defined in §8. In this section we shall show 
that an arbitrary In-problem is equivalent to a uniform I,-problem. An 
atbitrary Tm-problem is externally equivalent to a reduced T-problem 
(Lemma 6.1). We continue with such a problem. 

Lemma 11.1. An arbitrary reduced Im-problem is 
externally equivalent to a reduced [F,-problem to which 
a constant mapping p> is directly accessory. 

Let P=(®,L,T,) be the given reduced Fin-problem. To establish 
the lemma it suffices to prove the following. There exists a positive constant 


¢, and a p-invariant C”-diffeomorphism F of E XF, into E XIm such that 
(lant) B(2e:) C (F®)? (L?) (p EI im). 
To define F let p> #:(p) be a C”-mapping of I, into R*, directly 
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accessory to P (Lemma 8.2). By virtue of Lemmas 1.1 and 1.2 one can 
define a p-invariant C”-diffeomorphism of E XIm onto E X¥m by the 


conditions 


ged, 
in 1 (p) 


The definition of %:(p) as a constant directly accessory to the simple 


(11.2) F? (x) —q (xEE, pETm). 


reduced problem P?, implies that 
(11.3) B (28; (p)) C @? (L?). 


We shall apply the mapping F? to both members of (11.3), obtaining 
thereby the relation (Cf. Lemma 2.5) 

(11-4) B(2) Cre (OC 2) ae Del): 

Thus the mapping p> 1 is directly accessory to FP. Cf. §7. 

This establishes Lemma 11.1. 

Lemma 11.2. An arbitrary reduced Im-problem P is 
internally equivalent to a reduced Fy-problem P* to 
which the constant mapping p>1/2 is radially accessory. 
Any - mapping p>ti(p) directly accessory to P is directly 
accessory to P® (Lemma 8.4 (i)). 

Set P=(®,L,0m). If f is a reduced C”-diffeomorphism of E X In 
onto E XFm, the problem Pf has the form (®f , f—'(L), I'm) by definition, 


and its p-sections have the form 
(Pf)? = (Sf)? , F(Z)? , Tn) - 


We shall choose f so that the constant mapping p-+>1/2 is radially 


accessory to the Fy,-problem Pf. For this it is sufficient that the shell si/2 
admit the inclusion 

(11.5) Sip C (f-* (2)? 

for each DEI. Cf. (7.9). 


Definition of f. To define f, let p> 03(p) be a C”-mapping radially 
accessory to P (Lemma 8.3). We refer to the mapping k introduced in 


Lemma 10.1, and let f be the p-invariant homeomorphism f of E XT, 
onto E XT, determined by the conditions 
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(11.6) (f?)-* = kit #s@) (P € Em) 


recalling that O< #3 (p)<1. Cf. (7.9). The mapping f exists by Lemma 1.1. 
Because of the properties of k, f is a reduced mapping of E XPm onto 
EXTIm. That is, both (f?)—' and f? leave the origin and q fixed and 
leave S invariant as a set. Moreover f is of class C™ over EXIy,, while 
f? is a C™-diffeomorphism of E onto E for each PET», in accord with 
the properties of k° listed in Lemma 10.1 and the choice of #3(p). Hence 
f is a C™-diffeomorphism of E XI, onto E XP. Lemma 1.2. 

According to the definition of J3(p), (Cf. (7.9)), soCL? for p = 3(p) 
and for DET. It follows from (b.3) of Lemma 10.1, and from (11.6), that 


city) Si = (/?)—' (Sp) (for 0 = 03(p)). 
Hence 
(11.8) Si = (f?)—* (Sp) C (f—"')? (L*) = (f-* (2)? 


thereby implying (11.5). 
In proving Lemma 11.3 below we shall make use of the mappings 
g’ introduced in Lemma 9.1. For this purpose neighborhoods of Q of a 


special type naturally enter. 


Neighborhoods R(B,7) of Q. Recall the sets = SK B(a), 
0<a<2, introduced in §9. For 0<2B<1 and 0<7<1, with B and 7 
fixed, set 


1 
Lay 


(11.9) RG. r= {xlx=4, vers | <é<itzt. 


The set R(f6,7) is an open neighborhood of Q. It may be described as 
the intersection of the half cone of points on rays joining the origin Z 
to np, with the region between the (m—1)-spheres on which |x| =1+7 
and 1/1 +7 respectively. We shall prove statement I. 

ieivo< vost, Kip. p) C B(2p)., 

Let ap be the point on the %,-axis at which %,=1-+. The subset 
of points of Cl R(o,) at the maximum distance from Z is the intersection 


Xp, of the (”—1)-sphere 
(11.10) {x | [x|| = 1 + 9] 


with the closed m-ball 
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CED) {x||x—a)l| S e+ )}- 
It is clear that I holds if X,CB(2o), and that this inclusion holds if an 
arbitrary point y€ at which 
(11.12) lyJ=i1t+e, |l¥— a] =e +?) 
is in ClB(29). The point y projects orthogonally into a point xeS 
such that |ly—x||= and ||k—q,||= 0. Hence 
(11.13) lly —al] S$ |k—yIl + |x—all = 29. 
Thus y is in C1B(20) and X,CB(29), implying I. 
We continue by proving II. 


II. If gand k are the mappings introduced in Lemmas 9.1 


afd 10,1, respectively, then 


(11.14) (k'*? 9°) (R(o, 0) = RQ, 1) (0—20=. 12 
The relation 
(11515) g°(R (a0) = FB (1 76) 


is a consequence of (a.3) and (a.4) of Lemma 9.1. In this application of 
(a.4), we note that the condition ||x||>— is satisfied for points x€ R(p, 9), 


since for such X 


if 1 1 
ele seer = 
. Aaa 2 
We continue by proving that 
(11.16) keh tp) (eel e 


The range of |x|] on R(1, 0) is exactly that on the shell sp of Lemma 10.1. 
Moreover by Lemma 10.1 


k'P (s,) = 5 . 


The range of |x|] on R(1, 1) is that on $1. With this understood, (11.16) 
follows readily on recalling that the mappings k° leave rays emanating 


from the origin invariant as sets. 


Equations (11.15) and (11.16) together imply (11.14), completing 
the proof of II. 


By virtue of Lemmas 11.1 and 11.2 an arbitrary reduced I»-problem 
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is equivalent to a reduced [y-problem to which constant mappings p> ¢C 
and p>c3 of Im into R* are directly and radially accessory respectively. 
We are led thereby to a final lemma. 


Lemma 11.3. An arbitrary reduced [y,-problem 
P=(0,L,In) 


to which constant mappings p> and p>c; are directly 
and radially accessory respectively, is internally equi- 
valent to auniformI,-problem PF to which the constant 
mappings p>c, and P>c3 are again directly and radially 
accessory, and to which a constant mapping p> is 


inversely accessory with 
(11.17) (OF)? (B(c2)) C B(c1) (pETm) . 
In accord with Lemma 8.3 there exists a C”-mapping p > 92(/) 
of Tm into Rt, such that 
(11.18) ? (B (92 (P))) C Ba) (pb €Tm). 


To prove Lemma 11.3 it suffices to prove that there exists a reduced 
mapping F of E XF» onto E XT satisfying (8.6) and a positive constant 
Cz such that (11.17) holds, with O< 2¢2 <1. See Lemma 8.4. 

Definition of F. We shall define F by defining its inverse f as a 
p-invariant reduced mapping of E XIm onto E XF, such that 


(11.19) f= key (27 = th(p), DET mn). 


In accord with Lemmas 1.1 and 1.2 and the properties of g and k, 
enunciated in Lemmas 9.1 and 10.1, / as well as its inverse F, is a 


reduced mapping of E XI, onto E XT. 
Choice of ¢,. To simplify the notation set B (i: (f)) = B?. By virtue 


of I of this section, if one sets 20= :(p), then 

(11.20) R(o, 0) C BP (p ET mn) 

so that the definition of f and statement II imply that 

(11.21) RQ, 1) Cj? (8). 

Since F is the inverse of / the given inclusion (11.18) can be written 


in the form 
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Ciie22) (DF)? (f? (B*)) C B(c1). 
With the aid of (11.21), (11.22) implies that 
(11.23) (MF )?(R(1 , 1)) C Be) (pEImn). 


For x€R(1,1), ||x\| ranges over the interval (>, 2). Moreover 
R(1,1) includes the subset 7:=SAMB(1) of S. It follows that R(1, 1) 
includes BG), and from (11.23) we conclude then that 


(1774) (OF)? (B(>)) C B(4). 


Thus (11.17) holds with c,=1/2. 

It remains to prove III. 

II]. With F chosen as above the mappings p> and 
p>cz; are directly and radially accessory respectively 
ord es 

The constant mapping p >¢3, given as radially accessory to P, is also 
radially accessory to PF, if the condition (8.6) of Lemma 8.4 is satisfied 


for each DEF. This condition takes the form 

(11.25) Sp C f? (Sp) (0<e<1) 

on recalling that f is the inverse of /. Making use of the definition of f 
in (11.19), condition (11.25) takes the form 

(11.26) Sp C (k'*" g") (sp) (0<p<1) 

with 27=%)(p). In accord with (a.2) of Lemma 9.1 

(13:27) So= 2° (Sp) (0<p<1). 

By virtue of Lemma 10.1 (b.3) 

(11.28) $,.G kw "(5) (ON < 1, 0< 0 ae 


We conclude that (11.26) and hence (11.25) is satisfied. 

The mapping p > ¢ is directly accessory to PF by Lemma 8.4 (i). 

The problem PF is thus a uniform T[y-problem which satisfies 
Lemma 11.3. 

Taken together Lemmas 11.1, 11.2 and 11.3 imply the basic theorem 
of Part I. 

Theorem 11.1. An arbitrary Tm-problem is equivalent 


to auniform I,-problem. 
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PAR T- II 
~ PROOF OF THEOREM 1.2 


§12. Elementary J,,-problems. 
Theorem 7.1 has the following generalization. 
Theorem 12.1. Let P=(®, 1,1.) be an arbitrary uniform 
Pm-problem to which constant mappings p>a, p>, 
p>cz; of Fm into R*+ are directly, inversely and radially 


accessory, respectively, with 
(12.0) ®? (B(c2)) C B(ci) (DEF). 


fhe Problem P is then externally equivalent to a Im- 
problem FP such that 


(12.1) (FO)? (x) = x (xe B(c2), pETm). 


The constant mapping p€c3; remains radially accessory 
Gord b.. 

The proof of Theorem 12.1 is similar to that of Theorem 7.1. In 
terms ot the above constant ¢,, let mappings A and wu be defined as in $7. 
Let M be the p-invariant C”-diffeomorphism of E XIm onto B(2¢1:) X Fm 
such that M?(y)=u(y) for yEeL, pET,. 


The external p-invariant operator F. Set 


(i2.2) F(y,p)= 0-'(M(y, p)) (y,p)EEXEn). 


The mapping F is well-defined since IM (E XT.) = B(2c1) XT, @ set on 
which @-' is defined. Moreover F is a C”-diffeomorphism over E XT. 
Note that F(y,p)=®—'(y, p) for (y, p)€ B(e1) XIm in accord with the 
definition of M. For each DEF» 
(12.3) (F®)? (x) = x (x | ®?(x)eB(c,)). 
Now the side condition in (12.3) is satisfied whenever XE B(), by virtue 
of (12.0). Hence (12.1) holds. 

That the constant mapping p> c3, radially accessory to P, remains 
radially accessory to F (P), follows from Lemma 8.4 (ii). 


This completes the proof of Theorem 12.1. 
Definition. A T,-problem with which there are associ- 
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ated (1) an (m—1)-sphere So with center Osmch ith at 
(12.4) @? (x) = x (xe So, PETm) 


and (2) a shell §=s,, 0<o<i, with p independent of pEIm 
and Such that SCL? for each Pern. ewills bicmtcr men 
elementary. 

The problem FP of Theorem 12.1 with Se = B(e,) and 6=&,, 
is elementary in the above sense. Hence Theorems 11.1 and 12.1 imply the 
following corollary. 

Corollary 12.1. An arbitrary Pa-problem is equivalent 


to an elementary F,-problem. 


§13. The reflection ¢. 


According to Corollary 7.1 there exists a simple elementary problem 

externally equivalent to an arbitrary simple Schoenflies problem. Let 
P=(p,N,™m) be such a simple elementary problem. With sp defined as 
in (7.8) let 5=s, where ¢ is a constant radially accessory to P. Since P 
is elementary there exists a sphere Sg with center at Q such that 
(13.1) o(xy)=x (xe JS). 
We shall suppose that JS9C8 and that the radius 7 of So is at most 
1/4. We shall make a reflection t of E—Q in Sg. In this way we shall 
obtain a new problem termed the ¢-transform of P, a problem which 
is, for our purposes, simpler than P. In §15 we shall similarly define the 
t-transform of an elementary I,,-problem P. 

We shall be as explicit as possible in our definition of auxiliary sets 
K, H’, Ul, etc., in order that it will appear that these definitions need no 
alteration when we turn in §15 to an elementary I;,-problem, or more 
precisely that these sets do not depend on the particular simple problem 

P? = (OP , L? , m) (f € Fm) 
under consideration in §13. 
Under ¢ the image of S—Q is an (m—1)-plane II through SgQS 
2 
on which x, = 1— — Up to this point the origin has been Z the 


center of S, 
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For the remainder of this paper we shall suppose 
that the origin of-coordinates has been rechosen as the 
batersection of the %-axis with II, 

The facts which unify our treatment of the simple elementary problem 
P and the elementary F,,-problem P to be treated in §15, are that for a 
suitable choice of @>0, independent of PET, the shell 5=s,C1?, 
and that for a suitable choice of Sg, independent of pET,, P?(x) =x, 
for xeJ So. We shall suppose that JSgC8. 


With this understood set 


(13.2) w(x) =te(x) — (KEd—Q). 
So defined, wy is a C”-diffeomorphism of the subset ¢(6 — Q) of E into E, 
such that wp reduces to the identity U on E—J Sg. 


The rectangle K. Let K be the open -cube of points x€£, such 
that —1<*;<1, 7=1,...,”. Now JSqgCK, and yp reduces to the identity 
on the open complement C J Sg of JSg. We regard C J Sg as a neighbor- 
hood of the closed set CK. The open set on which y is defined includes 
the (x—1)-plane I]. On II, x,=0. The set on which wp is undefined and 


on which x,<0, is a closed subset of K of the form 
(13.3) C’ = t(JS —3) 


and the set on which w is undefined and on which %,>0, is a closed 


subset of K of the form 
(13.4) Pa 3(Clse- an. 0 (Genie 


The center Z of S, and #(Z). If Z is the center of S, the point 
t(Z) is a point in K on the %p-axis with %,<0. Moreover ¢(Z) EC. 


The constant d. Let Ky, v=1, 2, 3, 4, be the open subrectangles 
of K on which 
(13.5) —1+vd<x%<1—vd (fea ee, Mn 
Choose @>0 so small that w is the identity U on K—Kag. 


Let the open subrectangles of Kya on which %,<—vd and *,>vd, 


respectively, be denoted by 
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Hopes (when V=1) 
oe (when v= 2) 


and let the closures of the subrectangles of Kya on which *,<—vd and 
%, 2d, respectively, be denoted by 
G',G’ (when v = 3) 
0’, 0” (when v= 4). 
We suppose dso small that 
(13.6) Sees GO Dice 
We shall refer to the sets 
H= HUD, G=G U.Gl..6= 01 oe 
Since ZECN, one has 
(13.7) i(Zyeq COrCHs 


The mapping . Let w be the restriction of Wy to the open set 
K —O. Note that o(K—O) CK. 


The contraction a. Let D be the open 1-rectangle of points xeE 
such that (—1<%;<9), 7=1,..., 2. Note that D contains the special point 


(13.8) B=s1(8 5 0s ae O)- 
This point has been denoted by P in Ref. 5. Let a be a C®-diffeomorphism 


of D onto H’ that leaves L’ pointwise fixed. Such a contraction of D 


onto H’ is easily set up. See Ref. 3, § 14. 


The subrectangle Do of D. Let Do be a closed subrectangle of D 
with faces parallel to those of D, and with distances less than the above 
constant @ from the corresponding faces of D. We see that DoDH’. Note 
that a(Do)DL’, since DoD L’ and L’ is invariant under a. 


The simple problem (w, H’, m). The simple problem P with which 
we started has led us to a new problem associated with the rectangle H’. 
This problem will be denoted by (w, H’,m) and defined as the problem 
of finding a mapping hw of H' into E which satisfies Theorem 13.1 as 
stated below. Theorem 13.1 is a special form of Theorem 2.2 of Ref. 5. 


It is special in the sense that the compact set Q and point w which appear 
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in Theorem 2.2 are here replaced by a(Do) and a(S) respectively. The proof 
of Theorem 3.1 in Ref. 5 is essentially a proof that this special choice 
of Q and w is permissible and satisfies Theorem 2.2 of Ref. 5 with a 
suitable choice of Aw. 

Theorem 13.1. There exists a homeomorphism dw of H’ 
onto Jo (BH) which extends w|(H’—a(D.)) and which, when 
m>0, is in addition a C™-diffeomorphism of H’ — a() 
into E, 

We shall call the problem (@ , H’, m) a t-transform of the simple 
problem P, and shall define a t-transform of an elementary Fin-problem P 
by means of an analogue of Theorem 13.1, namely Theorem 15.1. As we 
shall show in §§17, 18, Theorem 15.1 will imply Theorem 1.2, our 


principal theorem. 


§ 14. Formulas for Aw. 


We shall here recall the explicit formulas appearing in Ref. 5 which 
give a definition of a mapping Aw satisfying Theorem 13.1. These formulas 
have been derived and are here so presented as to facilitate their extension 
to the case of the t-transform of an elementary T,,-problem P. 


Various auxiliary mappings are involved and must be described. 


The radial mapping R of E onto E. Under R the point xEE 
goes into a point x’€£ such that 


iS , XG 


The mapping R has $ as fixed point. Let R’, r=1, 2,..., be the r-fold 
iterate of R. Let R° be the identity and R~’ the inverse of R’. 


The extension w, of w. To define the domain of definition of w. 


we give E the partition, 


(14.0) E= WU R(K)UAUBR, 


=O 
choosing A suitably. The extension @. of will be defined on MU 


where M is the open subset of E given by the disjoint union 


(14.1) M=UR(K—9)UA. 


r=—0 
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A comparison of (14.0) and (14.1) shows that 
(ce) 
(14.2) CM = RO) UD. 
Note. For the sake of notational brevity we shall employ the following 


convention. When /f1(f2(X)) is well-defined we shall write fi + f2(X) 


for fi (f2 (X)) a 
The definition of ®. on the subset R’(K—QO) of M for r=0,1,... 


is given by setting 

(14.3) w,(X) = R’- w+ R-"(X) (xe k’(K —0)). 

The definition of w, over M is completed by setting m,.(x)=x for xe 4, 
As stated in Lemma 5.1 of Ref. 5, @., so defined, is a C”-diffeomorphism 
of M into E extending »|(K—®). We shall need the fact that 

(14.4) , (x) = x eR (K=hyy 


If one sets w.(%3) = the mapping o of MUS into E is a 


homeomorphism as affirmed in §5 of Ref. 5. 


The mapping 7,. (Ref. 3, §9 or Ref. 5, §6.) Let B be a bounded 
subset of E. Let Int B denote the smallest »-rectangle = with faces parallel 
to the coordinate planes and such that DB. There exists a C%-diffeomor- 


phism T of E onto E such that 


(14.5) Det Xx ax (xeK, x,>d) 
(14.6) T (x)= KR) (xe Kk, x,<—d) 
(14.7) RT (K) NT (K) = 

(14.8) T (K) € Int(K U RR) 


——————— 


while the sign of the x,-coordinate of T(x) is that of the x,-coordinate 
of x. Set 


(14.9) Tai = RT (= 0; ae): 
With the aid of (6.6) of Ref. 5 one sees that the sets 
(14.10) dd ol andy (eee eae 


are disjoint. Since G’'CH’, one accordingly has the Partition 
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(14.11) E=BUGU(UTAK)UL, 


for appropriate choice of L. The partition is the basis of our definition of 
the mapping o. We need however the following fact. 

(i) The set Lin (14.11) is included in M. 

Proof of (i) Recall the partition 
(14.12) I, (K) = T,(K — 9) U Rr(0') U R-" (0”) (y>0) 


given in (6.10) of Ref. 5. To show that LCM we make use of (14.2) 
and show that (LDCM. Now 


fee) 
CL=f$UGUUT,(K) 
v=) 


in accord with (14.11). This equality, with (14.12), and the inclusion 
G'D>0' = R°(0’) shows that 
CLIO PULUR(O)ULU R(O")] = cu. 
7=0 r—0 


Thus CLDCM, so that LCM. 
Before coming to the definition of o the following subsets of K 


require definition. 


G = Jo(6C/) 6” = Jo(BG’) 
seme § = Jo) S = Jo(BH’) 
‘= Joly o = Fo (GL) 

= WU W’ 6 =9UN’ 


The partition 
K.=6 Ua(kK —G), 


appearing as (5.7) of Ref. 5, is needed to show that the right member of 
(14.14) is well-defined. 


The mapping 9,. For 7 = 1, 2,... set 
(14.14) i, (KX) == Ly ar-* + T>* (x) (xe7,(K —@)). 


Taking account of the fact that w reduces to the identity over K— Ka, 


we see that for r= 1, 2, ... 
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(14.15) dy (x) = X (xeT,(K—K,)). 
Definition of « over CG’. The mapping © will be defined over each 
of the sets, other than G’, in the partition (14.11) of E. We set o(#) = 8, 
and for xEL, set o (x)= @,(x), recalling that MDL. 
To define o on J7,(K) use is made of the partition 
(14.16) T,(K) + T'(K—G) UT, (@) VT, (@’), 
given in (6.8) of Ref. 5. The partition (14.16) implies the following open 
covering of T,(K) (Cf. (6.11), Ref. 5) 
(14.17) T6) = 1, (K— 6).U0 7,(9) Ul, 


In accord with (14.17), 6 is overdefined on T,(K) by setting 


(14.18)’ 0 (X) = @, + , (X) x €T,(K — @) 
(14.18)” o (x) = R’- T>* (x) xéET,(’) 
(14.18) o (x) = R’-! - T7'(x) x €T,(’) 


In accord with (14.11) all points of CG’ — 8, not in the sets T,(K), 


are included in L, and hence in the open set 
(14.19) Lhe LU UT AK — Kh ycur, 
t—t 


Since a,(x)=x for xET,(K = Ky, the above definition of o, and in 


particular (14.18)', is consistent with the partial representation of o 
(14.20) 6 (X) = w,(X) (xeL*). 

Thus the partial representations (14.18) and (14.20) 
completely define o on CG —., 

It is to be noted that the domain for X in each of these partial 
representations is an open subset of E. As shown in Ref. 5, Lemma 7.2, 
6 so defined, is a homeomorphism of CG’ into E, and defines a C”- 


diffeomorphism of CG’—$ into E. Moreover, as stated in (7.3), Ref. 5, 
(14.21) o-T,(K) = J o,(BT,(K)). 


Definition of dw. Since a is a C%-diffeomorphism of D onto H’, 
a mapping dw of H’ into E can be given by defining Aw -a(z) for ze D. 
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To that end we refer to the partition, Cf. Ref. 5 (3.3), 
(14.22) D=6'U«o(D—-G), 


and consistently overdefine Aw on H’ by setting 


(14.23) Aw - a(Z) = @-a-o-!(z) (z€0(D—G’)) 
(14.23)” Aw + a(z)=Z (z EL’) 


See proof of Theorem 3.1 (ii) in Ref. 5. 


The exceptional point a(%) of dw. Since o(%) = B and 
PeD—G, PEeo(D—G’). Moreover, (14.23) implies that 


(14.24) Aw - a(R) = w - a(P). 
The point $8 is the one point at which o-' may fail to be of class C™ 
when m>0. Hence a(8) is the one point at which Aw may fail to be of 
class C™ when m>0. 

As shown in Ref. 5, §3, Aw as defined in (14.23) satisfies 
Theorem 13.1. 


Résumé. Each mapping defined in this section has as domain of 
definition an open subset of E, except that w, is defined on the union of 
the open set M and 8. Each mapping is a homeomorphism into E. 
Except for the definitions m, ($8) = o(8) = 8, the partial mappings defined 
in individual equations have also been over open sets. This has necessitated 
the use of overdefinition. In every case this has been self-consistent. 

The choice of d in §13 depends on m. Once this constant is fixed 
the mappings a, R’, and T,41 may be affirmed to be C”-diffeomorphisms 
with no other dependence on w. They will be taken over without change 
in the next section. 

The mappings ., a, 6 and finally dw, as defined above, are 
determined by w. The partial mappings in the individual numbered equations 
are all C”-diffeomorphisms of their open domains of definition, except that 


the partial mapping (14.23) may not be of class C™ at J, nor Aw at a(). 
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§15. The t-transform of an elementary T,,-problem. 
According to Corollary 12.1 an arbitrary Im-problem is equivalent to 


an elementaty Fy»,-problem 
(1521) P=(O ie Ve): 


By definition of such a problem there are associated with P an ("—1)- 


sphere Sg with center Q, such that 
(15.2) @? (x) =x (xe JSo, DEF m) 


and a shell § of the form sp (Cf. (7.8)), 0<@<1, with o independent of 
pE€V¥m, such that for each pEIm, 5CL?. We can suppose that the radius 
r of Sg is at most 1/4 and that JSgC. 

In this section we shall define a t-transform of P, 
analogous to the ¢-transform of P as defined in §13, 
A solution jg of this transformed problem will then be 


defined, leading to a solution Ao in §18 of P. 


Methods. In defining 4g, accessory p-invariant mappings V and ® 
are required and defined. In this section Ag is defined but not adequately 
represented. The definition of Ag in terms of its p-sections is complete, 
but does not disclose in an a priori way the fact that Ag is a homeo- 
morphism, or on what subdomain Ag is a C”-diffeomorphism. 

In §16 we shall turn to the problem of representing 4g so as to 
disclose these essential properties. In showing that 4g is a homeomorphism, 
our basic aid is Lemma 1.1, knowing that the p-sections of Ag are homeo- 
morphisms. In deriving the differentiability of Ag, the essential aid will 
be Lemma 1.2. In the problem of representing Ag in §16, there is the 
related problem of defining and representing the subsets of E XT upon 
which Ag and its associated p-invariant mappings are defined. These subsets 
of E XTm ate defined in terms of their p-sections. In showing that these 
subsets of E XT, are open, Lemma 2.4 is fundamental. When compositions 
of p-sections of p-invariant mappings enter, the Notational Lemma 2.5 is 
needed. When p-invariant homeomorphisms of open subsets of E XT 


enter, Lemma 2.3, generalizing the Brouwer theorem on the invariance of 
domain, is required. 
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We now proceed to introduce the elements which are needed to 
define Ag. We shall write MS in place of (Ag)?. 


The p-invariant mapping t. Let ¢ be the reflection of E —Q 
in Sg. Let t be the p-invariant C”-diffeomorphism of (E—Q)XFm onto 
(E —Q)XFm under which (x , p) > (¢(x), p). 


The p-invariant mapping . Following the procedures of §13, 
let V be a p-invariant mapping of #(8—Q)XIm into EXE such that 


(15.3) VP (t(x, p)) = t(®(, p)) (xed—Q, DETn). 


Then V is a C”-diffeomorphism of ¢(5— Q) XI» into E XF». Equivalently 
W can be defined by the conditions 


(15.4) Y? (¢ (x)) = (0? (x) (xe5—Q, DETmn) 
analogous to the condition on in (13.2). We note that VV? reduces to 


the identity on E—JSg because of (15.2), and that the set E — J So is 
independent of PET, . 


The constant d. With the rectangles Kyzg, v= 1, 2, 3,4, defined 
as in §13, a constant @€>0 can be chosen so small that VV? reduces to 
the identity on (K — Kia) for each p€ Fy. The subset of E XT, on which 
W is undefined, and on which %,<0, has a p-section which is the closed 
subset £’ of K given by (13.3), while the subset of E XF,» on which V 
is undefined, and on which *,>0, has a p-section which is the closed 
subset £” of K given by (13.4). 

The rectangles H’D>L’'D>G’D 0’ and H”DL”DG"D0", are defined in 


terms of K and d as in §13. As previously, d will be chosen so that 


Ci5,5) = ae Sis = Mae YS 


The #-invariant mapping 2. The analogue of © in §13 is the 
restriction w? of V? to K—O. Let @ be the p-invariant mapping of 
(K— 0) XT into E XTm such that Q? = w?. One could also define Q as 
the restriction of V to (K—®)XI,,. It appears then that Q is a C- 
diffeomorphism of (K—9) XI into EXT. 

The rectangle D, point $, contraction a of Deo ato i 


and the subrectangle Dy of D are defined as in $13. 
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Theorem 15.1 prepares for the basic Theorem 16.1. 

Theorem 15.1. There exists a p-invariant homeomor- 
phism dg of H’XFy, into EXFm which extends the restric- 
tion Q|[(H’—a(Do))XIn], which is such that 4§(1')=§' 
for each pE€lm and which, when m0, is in addition a C™- 
diffeomorphism of (H’—a()) XFm into EXFy. 

The problem of finding a mapping 4g which satisfies Theorem 15.1 
will be called the ttransform of the elementary I,,-problem P. 

The given elementary I,,-problem (15.1) has a “p-section”, by 


definition, of the form 
(15.6) Pp? = (@? , L? , m) (PET). 
One sees that P? is a simple elementary problem. The ¢-transform of the 
elementary problem P?’ is the simple problem 
C5) (w? , H’, m) (fEF mn) - 
By virtue of Theorem 13.1 the simple problem (15.7) has a solution Aw?, 
explicitly defined by formulas in $14, for each p€F,,, in terms of elements 
we now recall. 

The mappings w?, a?, o?. Corresponding to the mapping @ of 
K —@O into E, mappings @., %, 6 into E have been formally defined 


in §14 over the respective sets 
MU, T.(K—8), CG (¢=1,2,.). 


When w? replaces @ it is necessary to replace the sets ©, GG’, etc. 


by the sets, 
©, = Jw? (BGC’) G; = J w? (BG’) 
(15.8) EE RIAA S Gh = Jor(BH") 
Lp = Jw? (BL) Qs = Jw? (BL’) 
G», = BW UG; Dp = Dp U Gp. 
Mappings 
(15.9) OF Os 0% (Pets) 


naturally replace the mappings ., o,, 6 when wm? replaces , and are 
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similarly defined over the respective sets 
MU, T,(K—Gy,), CG’ {is oe eee 


Definition. Suppose Aw? defined as is hw in (14.23), with w?, of, 2’, 
replacing wo ,o,&’. Then Ag will be defined as the p-invariant mapping of 
H’ XTm into E XI such that 
(15.10) Mb = hor (PET). 


We state a major lemma. 

Lemma isl: The p-invariant mapping 4g of H’ Xf, 
into EXT, defined by (15.10), satisfies Theorem 15.1. 

The mapping Ag defined by (15.10) is biunique and obviously extends 
the restriction Q|[(H’—a(Do)) XFm], since Awe extends the restriction 
w?|(H’—a(Do)). Moreover 46 (H’)=§'p in accord with Theorem 13.1 
and the definition of 5’» in (15.8). Cf. (14.13). To establish Lemma 15.1 
it remains to prove the following lemma. 

Lemma 15.2. The mapping Ag is a homeomorphism of 
Hoyle into EXKT,. and when #>0, is in addition, a.C*- 


diffeomorphism into EXIT, of the set 


Piet &) (H’—a()) XT. 


§16. The representation of Ag. 


The proof of Lemma 15.2 will be based on a representation of Ag 
in terms of p-invariant mappings 
(16.1) Q,, Ar, = 
with p-sections 
(16.2) w?, a?, o? 
respectively. It is natural that the mappings (16.1) be used to represent hg 
since the mappings (16.2) were used to represent the p-section hw? of hg. 
In establishing the continuity and differentiability properties of Q., A, and %, 
affirmed in statements I, IJ, IJI below, the projections on E of these mappings 
will enter through our use of Lemmas 1.1 and 1.2. These projections will 


be denoted by 2.1, Ar1, 21 respectively. 
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The -invariant mapping ®,. The mapping w? is defined on the 
set M Ui®. We introduce the open subset of E 
(16.3) At=AU [u R'(K—K,)] — (Cf. (14.0)) 
in order that we may give M the infinite open covering 
(16.4) M=UR(K—®)U At (Cf. (14.1)). 


7=0 


Corresponding to this covering of M, w? admits the representation 


(16.5) we (x) = R'-o? R(x) (xe R'(K—@)) 
(16.5)” w? (x) = x (xe At) 


on M in accord with the definition of w? in $14. 

The p-invariant mapping Q, is defined on (M U ¥)XIm by putting 
02? (x) = w? (x). We shall prove the following. 

I. The p-invariant mapping 2 is a homeomorphism 
into EXT, of (VU 8) XT, and, in addition, a C™dificomer- 
phism of MXF, when m>0. 

Let R’,v=0, +1, +2,..., be the p-invariant mapping of E XT 
onto EXF, such that the point (x,p) in EXV» goes into the point 
(R’ (x), p). Note that R’ is a C”-diffeomorphism of E XT,, by Lemma 1.2, 
that R° is the identity, and R- is the inverse of R’. In (16.5), 
wo? (x) = Q.1(x,p). On applying (2.20) of the Notational Lemma 2.5 to 
the right member of (16.5), one has 


(16.6) Q.) (x, p) = (R’QR-"), (x, p) ((x, p)€ R" (K—O) X Fw) 
(16.6)” Q.1 (x, p) == 4 (x,p) € At XT) 


on M XT», provided the points (x,p) admitted in (16.6) are in the 
canonical domain B of R’' QR defined in § 2. The points (x , p) admitted 
in (16.6) are in B in accord with Corollary 2.1 because the right member 
of (16.5) is well-defined. Since the domains in the partial representations 
(16.6) are open sets in EXT, it follows that Q, is of class C” on 
MXIYm. Thus , is a C"-diffeomorphism on MXF,, (Lemma 1.2). To 


complete the proof of J it remains, in view of Lemma 1.1, to prove I (a). 
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I(a). The mapping Q,, is continuous at each point of 


oe T ost 

Let ¢ be the vector representing $ in E. In the proof of Lemma 5.1 
of Ref. 5, a mapping x>p(x) of M into Rt is defined such that 
u(X)>0O as X> 6, and 
(16.7) || @? (x) — ¢ || S w(x) (xeM, DET»). 


Since w? (¢)=e¢, and Qa (x , p) = w? (x) by definition of 2,, the continuity 
of Q,, at each point of $ XT follows from (16.7). 
For future reference it is to be noted that the point w?(x) converges 


to © as X>C, uniformly with respect to pET,,. 
The #-invariant mapping A,. The mapping of, r= 1, 2, ... 
given (Cf. (14.14)) by 
(16.8) a? (x) =T,-(@*)"' TQ) (ET (K—6,)). 
Let A, be the subset of E XI, defined by its p-sections (p € Fm) 
(16.9) A? = T,(K) —T,(@;) (r= 1,2, ..). 
The p-invariant mapping 4, is defined on its domain A, by 
(16.10) A? (x) = a? (x). 
We need statement (i). 
(i) The set A, is openrelativeto EXTI, (7=1, 2,...). 
Write T,(G») in the form (Cf. (15.8)) 
(16.11) T, (Gp) = J (Tr?) (BE) U J (Lr 0?) (BG"). 
The subsets U and V of E XV whose p-sections are 
U? = CJ (T, a?) (BG), V? = CJ (T,o*) (66") 
are open in E XY, in accord with Lemma 2.4, and (16.9) implies that 
(16.12) Dea, (iow len) Tie Tie. 
Statement (i) follows. 
Il, The p-invariant mapping A, is a C™diffeomor- 
phism of A, into EXT». 


Let T,,7=1, 2,..., be the p-invariant C®-diffeomorphism of EAT me 
onto EXF, such that (X,p) goes into (7,(x),p). By (16.8), the 
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Notational Lemma 2.5, and Corollary 2.1, A, can be given the representation 
(16.13) A,(x,p)=(T,Q°T)(x,p) (x, p) Ay) 
for Y= 1, 2, .... Statement II follows. 

The #-invariant mapping =. The mapping o? is defined on the set 
CG’. The set CG’-- 8 admits the infinite open covering 


(oe) 
(16.14) CG B= UT A)Ua 
=i 


(Cf. (14.11) and (14.19)). Corresponding to this covering, and in accord 
with (14.18) and (14.20), o? admits the representation 


(16.15)’ o? (x) = w? - af (x) (xe T,(K — G,)) 
(16.15) | of (xy =R- To (x) (xe T,($%,)) 
(16515 ie Of (5) arnt a le (x) (x €7T,(H;)) 

on T,(K), and the representation 

(16.16) o? (x) = w? (x) (xe Lt) 
ofl 


The p-invariant mapping = is defined on CG’ XT, by putting 
=? (x) = 0?(x). We shall represent 2%; on the set (CG’—) X Fm in a 
form which corresponds to the representations of the p-sections of = in 
(16.15) and (16.16). 

Let A’,, A, r= 1, 2,..., be the subsets of E XIm defined by their 


p-sections (p € Fm) 
(16.17) (A7)? = T,(H'r), (Ar)? = T, (G5). 
It follows from Lemma 2.4 that A’, A; are open relative to EXFm, 
and from (14.17) that 
(16.18) A,U AYU Ay = T,(K) X Fn. 
By (16.15), (16.16), the Notational Lemma 2.5 and Corollary, ©; 


can be given the representation 


(16;19)) 21 (x , Pp) = (Q. Ay (X, p) ((x, p)€A,) 
(16.19)” 21 (x, p) = (R’'T>'), (x, p) ((x , p) € Aj) 


(iG2r9) 3 21 (x , p) = (R’-1T-'), (x, p) ((x , p) € A’) 
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on T,(K) XT, and the representation 


(16.20) P(e pp) = a(x, p) (x ppyelexsr,) 
OO DE ines 

il. The p-invariant mapping = is a homeomorphism 
into E Xf, of CG'XT,, and, in addition, a C™-diffeomorphism 
of (CG’—)XIFn when m>0. 

In accord with (16.14) and (16.18), the partial representations (16.19), 
(16.20) completely define =, on the set (CG’—)XT,,. Since the right 
members in these representations are of class C” on their respective domains 
and these domains are open subsets of EXI,, Xi is of class C™ on 
(CG’—®) X Fm. Thus =X is a C-diffeomorphism of (CG’—) X Fn 
(Lemma 1.2). To complete the proof of IIJ it remains, in view of 
Lemma 1.1, to prove III (a). 

Il(a). The mapping 2, is continuous at each point of 
2$XFm. The proof of III (a) is similar to that of I(a). Paralleling (16.7) 
we affirm that there exists a mapping xX > v(X) of a neighborhood N of 


$ relative to E, into the interval [0 , oo), such that v(x) >0O as X>€ and 
(16.21) || o? (x) — e|| < v(x) (xEN, pEFn). 


One can set y(X)=p(xX) at all points in N at which o? (x) = w?(x). 
Set v(c)=0. If WN is sufficiently small the remaining points in N are in 
sets T,(K). In accord with (14.21) 


(16.22) o? T,(K) = J w? (BT, (K)). 

Since co? (x) converges to ©, as X >, uniformly with respect to DET m, 
(16.22) implies that o?7,(K) converges to ¢ as rho, uniformly with 
respect to pEF,,. The definition of v(x) on N can accordingly be completed 
so that (16.21) holds and v(x) >0 as x>c. 


Statement III (a) follows and the proof of II is complete. 


Proof of Lemmas 15.1 and 15.2. The relations (14.23), with w?, 


o?, 2’, replacing , 6, & give the following for each DETm. 


(16.23) Awe + a(Z) =H? -a-(o")-'(z) (ze oP? (D—-G’)) 
(16:23) Awp + a(Z) =2Z (ze L’,). 


a 
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To establish Lemma 15.2 we need an adequate tepresentation of the 
E-projection 4g: of 4g. This is obtained from (16.23) as follows. 
The subsets W’ and W” of EXTm. Let W’ and W” be subsets 
of E XT» such that 
(Wyp=or(D—G), (WP—k, (DET m). 
The set W’= X[(D—G’) XF,,], and so is open by Lemma 2.3. The set 


W” is open as a consequence of Lemma 2.4. 
The f-invariant mapping A. Let A be the #-invariant C©-diffeo- 
morphism of D XIm onto H’ XT under which (x, p) goes into (a(x), p)- 
It follows from the definition of 4g in (15.10), and from (16.23), 


using the Notational Lemma 2.5 and Corollary, that 


(16.24)’ [AQ A]: (z,p)=[QAZ“"]i(z,p) (Zz, ppeW) 
(16.24)” [Ag A]: (2, p) =z (z,p)€W’). 


Now QA-! is a p-invariant homeomorphism of W’ into EXImn, 
which, when m>0, defines, in addition, a C”-diffeomorphism of the open 
subset W’ —($ XTi) of W’ into E XFy. Moreover W’ and W” are open 
subsets of E XT», whose union is DXF, (cf. (14.22)). With the aid of 
Lemmas 1.1 and 1.2, (16.24) implies that AgA is a p-invariant homeomorphism 
of DXT,, into EXTy, which, when m>0, defines, in addition, a C”- 
diffeomorphism of (D—$)XTIy into EXT». Taking account of the 
nature of A and its inverse, we see that Ag satisfies Lemma 15.2 and 
hence Lemma 15.1. 


This completes the proof of Theorem 15.1. 


Exceptional loci. Let 4 be an open subset of a differentiable manifold 
= of class C™, m>0. Let B be a closed subset of A, and 7 a homeo- 
morphism of A into = which is a C”-diffeomorphism into = of A—B. 
We say then that B is an m-exceptional set of 7. If B is an 
m-exceptional set of 7, then B’ is also an m-exceptional set of 7, provided 
B’ is closed and B’DB. Our definition does not imply that an m-exceptional 
set is minimal. The subset B of A might be affirmed to be an m-exceptional 
set for each mapping of a class [7] of mappings which includes a C™- 


diffeomorphism 7: of A into >. 
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For the mapping Ao of Theorem 1.2, ZXFm is an m-exceptional 
set. For the mapping Ag-of Theorem 15.1, a($) XI is an m-exceptional 
set. In Lemma 17.1 w XT is an m-exceptional set of Fo, where w may 
differ from Z. In proving Lemma 17.1 we shall make use of the following 
lemma. 

Lemma 16.1. Given the mapping 7: A>2X as above, 
let BCA be an m-exceptional set of yn. (i) If f is a C™ 
diffeomorphism into 2 of an open subset of & such that 
the range of f includes B, then f-'(B) is an m-exceptional 
ser Of ¥/- (i) lf F ise C™-diffeomorphism into 2 of an 
open subset of & which includes 7(B), then B is an m- 


exceptional set:of Fy. 


§17. Lemma 17.1, prelude to Theorem 1.2. 

Lemma 17.1 will be derived from Theorem 15.1, and, as we shall 
show in §18, will imply Theorem 1.2. Lemma 17.1 differs from Theorem 
1.2 in that Lemma 17.1 implies that w XT, is an m-exceptional set of Fa, 
whereas Theorem 1.2 implies that ZF, is an m-exceptional set of Ag. 
Moreover Lemma 17.1 deals with an elementary Fyw-problem rather 
than with the general F,,-problem with which Theorem 1.2 is concerned. 

Lemma 17.1. Let P=(©,L,I1,) be the arbitrary elemen- 
tary Im-problem (15.1). If xis a suitably chosen compact 
subset of JS, which, when m>0, includes a suitably chosen 
point w, there exists a p-invariant homeomorphism F¢ 
Orel Ut/S Afal into EX¥,, which extends ®/f, where 
& = L—(xXT,), and when m>0, is, in addition, a C”-diffeo- 


morphism into EXT,» of 
(17.0) LU CUS XIm) — (w XFw)- 
Definition of M’,M” ,M”’. Recall the set inclusions (cf. § 13), 
(ie7.1) (<= 0) ie ayo. 
Recall that 7s == 1(X|%,~— 0),,and. set 
ize) M' =1t(BH’), M”’ =t(Ba(D)), MM’ =¢t(BC). 
Since ¢ maps JM’, JM” and JM” homeomorphically into Be (172) 
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implies that 

(17.3) JM’ =t(H’), JM" =t(a(D)), JM” =4(C). 
On applying ¢ to the successive sets in (17.1) one finds that 
(17.4) ISD IM DUM DS IMG. 


If 5 is the spherical shell introduced in §15, ¢(¢’) = JS —4, by virtue of 
the definition of £’ in (13.3). Hence JM’ = JS—8S in accord with the 
last equality in (17.3). It follows then from (17.4) that 


(17.5) 1S Ot 0 f= oe 


The domain L?U qs of F2. The shell 5 was chosen in §15 so 
that L?D5 for each DET». On taking the union of L? with the successive 


sets in (17.5), and using the inclusion L?D56, one obtains the relations 


(17.6) LUIS =12U JM’ =17U JM" = Leu JM”. 


The restriction F* |(JM’ — JM’), PEIn. Before coming to the 
definition of Fo we shall deduce a relation that links the extension problem 
on H’XF¥,, as solved in Theorem 15.1, with the problem P. Since 
§8—QD JM’— JM", the relation (15.3) which defines V over ¢(S—Q) XT yp, 
holds in particular for xe JM’— JM” and pEl,. In accord with (17.3) 
t(JM’ — JM") = H’—a(D>) so that Theorem 15.1 implies that 
(17.7) wo? (y) = 13 (y), (yet(JM’— JM"). 
It follows from the definition of w? and (17.7) that 
(17.7)" P(x) =f -wP-t(x)=t-2B-t(K) = (xe JM’— JM’). 

Lemma 17.2. The p-invariant mapping 
(17.8) Fo o1.U. (1S 40) ere 


defined by the conditions 


(17.9) Ff (x) = @? (x) (xe L?— JM”) 
(17.9)” Fe (x) = t+ 2b - t(x) (xe JM’) 


for each PGT, taken with a set % and point w such that 
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% = t(a(Do)) = J(M"), w= t(a(¥)), 


satisfies Lemma 17.1. 


We begin the proof of Lemma 17.1 by proving statements (a), (b), 
(c) for each PET,,. 

(a) The composition of mappings in the right member 
of (17.9)” is well-defined. 

(b) The union of the domains in (17.9) and (17.9)” is 
the set LEU JS.. On. this set F2 is, overdéfined,. but 
consistently. 

(c) The mapping F? of Luss into E is biunique. 

Proof of (a). Since JM’CJS, JM’ does not contain the singular 
point Q of ¢t. Hence ¢(x) is well-defined in (17.9)”. We shall now verify 
the fact that when x€ JM’ and y=#(x) then 4 (y) is defined, and that, 
when Z=AZ,-#(x), ¢(z) is defined. Now fae) = in accord with 
(17.3) and 14 (H’)= 9’, by virtue of Theorem 15.1. The mapping ¢ is 
defined over §’, if $, does not meet Q. That §’, does not meet Q 
follows from statement (1) ot §7, Ref. 5. 

Proof of (b). It is a consequence of (17.4) and (17.6) that 
(17.10) (L?—JM’)U JM'=L?U JM’ = Ley fs (er. )e 
Moreover the equations (17.9) overdefine F% on the set 
(17.11) (L?— JM") nN JM’ = (JM — JM") nL? = JM’— JM’. 

It follows from (17.7)” that the representations (17.9)’ and (17.9)” are 
consistent for xe JM’ — JM”. 

Proof of (c). We begin the proof of (c) by showing that (i) the 
restriction of F% to Js is biunique for each DET». 

To this end we use Corollary 4.1 of Ref. 5, satisfying the conditions 
of this corollary by setting f= @?, A= L? and 
(712) X=JM’, Y=Jjs, %=JO(M), Y= Joris), 
where ¥, and Y» here replace X and ¥) in the corollary. Conditions (a) 
and (B) of the corollary are trivially satisfied. Condition (7) is satisfied, 
since @? maps points of L? which are interior to S into points which are 


interior to @?(S). According to the corollary, one has the partition 
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(i703) = kU OY =) 

To establish (c), the mapping F% will be applied to the sets 
Venndl Ve <aiethe partition Y=Xu (Ye=nin Under Ff, X is mapped 
biuniquely onto £3 for 

Fe (X) =¢-18,(X) = 1-18 (H) = 16> 
= t (fo? (BH) = J (Eo? - t(M’)) = FO? (M) = &p. 
On the other hand F% maps Varo biuniquely onto @(Y—X), since 
(17.9) holds and ®? is biunique. Since the two sets on the right of (17.13) 
do not meet we infer that F?,|Y is biunique. 

To complete the proof of (c) note first that F¥ (Y) =, = Jo?(S) 
in accord with (17.13) and the definition of ¥),. We now give the domain 
L®#U JS of F*, the partition (L7—Y)UY. Recall that ®?, and hence 
Fe, maps L?—Y biuniquely (by hypothesis) into the closed exterior of 
@?(S), and hence onto a set disjoint from the set J@®?(S) onto which 
FE gaps -Y, 

This establishes (c). 


The representation (17.14) of Fo. In order to complete the proof 
of Lemma 17.1 we shall give a representation of Fg which reveals the 
continuity and differentiability of Fo. 

Recall the #-invariant C%-diffeomorphism t introduced in §15. It 
follows from the Notational Lemma 2.5 and Corollary that Fo, as defined 


in (17.9), can be given the representation 


(17.14) Fo (x, p) = (x, p) ((x , p) €é) 
(17.14)" Fo (x, p) = (thet) (x,p) ((x,p)€ JM’ XT»), 


where £=L—(JM’ XFm) = L—(uXXEPp). 


Proof of Lemma 17.1. The case m=O. We note that the union 
of the domains in (17.14) is 


(17.15) LU JM’ XI) = LU (JS XIm) (CE. (17.6). 


The p-section of the set (17.15) is the domain of definition Leu JS of 


Fi, in Lemma 17.2. That Fo is biunique follows from the biuniqueness of 
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each of its sections Fi as defined in (17.9). The domains in (17.14) and 
(17.14)” give an open covering of the domain (17.15) of Fe. It follows 
from (17.14) that Fg: is continuous over the domain (17.15), so that by 
Lemma 1.1, /’g is a homeomorphic mapping of the set (17.15) into E X Tm. 
Finally Fo extends ®|&, by virtue of (17.14Y’. 


The case m>0. It remains to show that w XF, is an m-exceptional 
set of Fo in case m>0. 

To that end we shall apply Lemma 16.1. The point a(§) is in H’, 
so that fa(}) is in the set tH’ = JM’. Cf. (17.3). The image under Fo 
of a pair (w,p) for pEIm is accordingly given by (17.14)”. Now 
a(P$)XF, is an m-exceptional set of Ag in accord with Theorem 15.1. 
By Lemma 16.1 (i), the set 


80h) 4X1, — FS Ale Ol 


is an m-exceptional set of Agt, restricted as in (17.14). On this same 
domain tigt is well-defined and has w XTI,, as an m-exceptional set, by 
(ii) of Lemma 16.1. It follows, using (17.14) and Lemma 1.2, that Fo 
is a C”-diffeomorphism into E XIm of the set (17.0). 


This completes the proof of Lemma 17.1. 


§ 18. Proof of Theorem 1.2. 


We begin with a proof of the following. 

(aetheorem 1.2 holds for the case in which the 
problem (®,L,T,) is elementary. 

Referring to Lemma 17.1 we shall make use of the set x, point w 
and mapping Fo. Recall also the shell 5 which was so chosen in §15 
that SCL? for each PEF. Let Ns be an open neighborhood of S such 
that (i) the line segment joining w to the center Z of S does not meet 
CIN«, and (ii) NeC5—x. It follows from (i) and Lemma 2.1 of Ref. 14 
that there exists a C”-diffeomorphism t of E onto E that leaves NeUCJS 
pointwise invariant and carties Z into w. Let £ be the p-invariant C”- 
diffeomorphism of E XFm onto E XFm such that for arbitrary xe and 
PEIm, €(X,p) = ((X), Pp). The domain LU(JS X¥m) of Fo remains 
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invariant as a set under the mapping €. We shall show that the p-invariant 


homeomorphism 
(18.1) Ag = FoG (G = €|LU(JSXIm)) 


of LU(JS X¥m) into E XT, taken with the neighborhood Le = N« XTm 
of SXT,, relative to E XV, satisfies Theorem 1.2. 

Recalling that L,= L—(JSXY¥m) by definition, we shall first 
show that 
(18.2) Ao} (LeU L) = D1 Zs UL). 
To that end observe that the set (NeUCJS) XI» on which ¢ reduces to 
the identity, includes Le UL,. Hence Ao reduces to Fg on LeUL,. 


Since Fg reduces to ® on L —(%XFm) the inclusion 
(18.3) le VLG XE 


implies that Fo reduces to ® on LeUL,. Relation (18.2) follows. 

We shall now show that ZXIJ,, is an m-exceptional set of Ao. 
The mapping Fo is a p-invariant homeomorphism into E X Im of 
LU(JSXFn). Moreover w XT,, is an m-exceptional set of Fo in accord 
with Lemma 17.1. Now €(ZXFm) =wXTF,, and it then follows from 
Lemma 16.1 that Z XI, is an m-exceptional set of Ao. 

This completes the proof of (4). 

An arbitrary Tn-problem P* has the form 


(18.4) Pp Py, (Cor 22.4) 


where P= (®,L,Tm) is an elementary F,-problem, where f’ operates 
externally on P and f/f is a reduced mapping of E XFm onto EXT. 
If (Ao, Le) affords a solution of problem P then by Theorem 4.1 
(f’ Aw, Le) is a solution of problem f’P, and, by Theorem 5.1, 


(18.5) (f'Aof , f-' (Ls) 
is a solution of the given F,,-problem P*. 


This completes the proof of Theorem 1.2. 
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SUR UN THEOREME DE PROLONGEMENT FONCTIONNEL DE 


KELDYCH CONCERNANT LE PROBLEME DE DIRICHLET ® 
Par 


Marcel Brelot 


a Paris, France 


I. INTRODUCTION 


1. Considérons un ouvert borné w de R* et l'ensemble @ des fonctions 
réelles finies continues sur la frontiére @*. On dit que f€@ est classique- 
ment résolutive s’il existe une fonction harmonique dans @ tendant en tout 
point-frontiére %o vers /(%o). On notera @r l'ensemble de telles f. On 
connait d’autre part pour toute f/€@ la solution généralisée H,(x) de 
Perron-Wiener qui vaut la solution classique lorsque f€ @r. Or Keldych 
a montré ([15]—[16]) que si Y;(x) est harmonique par rapport a xEo, 
et pour tout *€W, fonctionnelle croissante™ de f, égale a H,(x) 
pour f € @r, alors ;(*) = H;(x) pour toute fe @. C’est une conséquence 
facile d’un lemme affirmant l’existence pour tout point-frontiére régulier 


*%)€w* d’une fonction PE Ge telle que 

P(%)=0, P(x)>0 YyrEew* — {x}. 
Mais ce lemme était établi par Keldych d’une maniére compliquée, basée 
sur le critére de régularité de Wiener et qui ne peut s’étendre aux problémes 
de Dirichlet trés généraux considérés aujourd’hui. 

Je voudrais d’abord faire remarquer qu’il suffit d’un lemme plus faible, 
facile 4 démontrer (et dont on peut d’ailleurs déduire le lemme de Keldych). 
Puis, j’examinerai l’extension de ces développements pour le probléme de 
Dirichlet dans une axiomatique trés générale que j'ai récemment développée 
((4], [5], [6]) et dont Mme Hervé poursuit l’étude ([10], [11], [12], [13]). 
If faudra une certaine adaptation des démonstrations et une petite restriction 
indispensable sur #, ou sur la frontiére. 


1. Ces recherches ont fait l’objet d'exposés, d’abord au Séminaire de théorie 


du potentie! (Paris, janvier 1960). 
2. En fait, Keldych impose Y, < sup fice qui, avec la linéarité, entraine la 


croissance. Mais la croissance est seule utilisée, par suite seule supposée ict. 
273 


274 MARCEL BRELOT 


Enfin, au lieu de s’occuper de la croissance de Y, on peut songer 
a imposer la linéarité ou méme seulement la continuité pour une topologie 
convenable sur @. Je donnerai donc sur le prolongement fonctionnel de la 
solution classique Hy (f € @r) selon Hy (f € @) des résultats de ce genre, 
basés sur une démonstration analogue a celle du nouveau lemme et valables 


dans le cadre de l’axiomatique générale considérée. 


II. LE LEMME AFFAIBLI 

2. Lemme 1. Soit % un point-frontiére régulier dun 
ouvert borné w de R", 8 un voisinage de %, eet K choisis 
So. Il existe sur w* une fonction PE@rR satisfaisant a 
P20, G(%)<s, et P(*%)ZK pour EWN (5. 

On peut faire en sorte que p <K’ (K’ choisi >K) et on la réalise 
en définissant une fonction sous-harmonique finie continue “20 dans 
Oo = O , harmonique dans , satisfaisant a u(%o)<¢e, u(x)2K pour 
xEC§, et U<K’ dans wo. 

Prenons pour @o une boule de centre % et introduisons une autre 
boule 6, de centre *o et rayon 7; la solution du probléme de Dirichlet dans 
la couronne Wo — b, avecdonnée K’ sur w5 et O sur b* tend vers K’ quand 
¥>0O, donc majore K dans (§ pour 7 convenable. Prolongée par 0 dans 
6, cette solution donne une fonction sous-harmoniquae U (OSU<K). 
Le “balayage” de qui consiste 4 remplacer dans w, U par H®?, puis la 
nouvelle fonction dans Wo par sa limite supérieure en chaque point (ce qui 
revient 4 une majoration aux points-frontiére irréguliers de w), donne une 
fonction sous-harmonique “#2U, harmonique dans et telle que w20, 
U<K’ et u(%)=0, u(x)>K hors 8. 

Noter que v= K’— uw est le potentiel de Green d’une mesure »>0 
dans Wo (portée par m* U DO). Or, d’aprés un théoréme classique de Lusin, 
il existe un ouvert o de u-mesure <a (donné >0) tel que la restriction 
de v sur (o soit continue; le potentiel V des masses situées hors 6 a 


donc sa restriction sur (o aussi continue “); par suite V est continu dans 


7 & Je dois 4 Choquet une remarque ayant permis de satisfaire a cette con- 
dition, indispensable pour retrouver le lemme de Keldych lui-méme, 
4. On rappelle que si la somme de devx fonctions semi-continues inférieu- 


sement et >—oo est continue en un point, chacune des fonctions est continue en ce 
point. 
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Rk"), De plus, le potentiel v—V des masses situées sur o est en Xo 
arbitrairement petit avec a. 

On obtiendrait aussi un tel V en remarquant que les points-frontiére 
irréguliers de @ forment un ensemble de p-mesure nulle et en prenant 
pour 6 un ouvert de |t-mesure <©, contenant ces points irréguliers mais 
non %). On voit directement que v est continu hors 6, donc le potentiel 
des masses situées hors 6 est continu partout. 


Du potentiel V obtenu, on déduit K’—V qui répond 4 la question. 


3. Application au lemme de Keldych. 

On peut déduire de 1a le lemme de Keldych comme me I’a com- 
muniqué H. Bauer. Voici une démonstration analogue : 

On va former une fonction surharmonique >0 dans la boule wo, 
finie continue, égale 4 1 en %o régulier de w*, <1 ailleurs et harmonique 
dans . 

On part de v1 surharmonique continue dans po et satisfaisant a 
0<%1<1, harmonique dans w. 

Soit 5 une boule de centre % ot ¥1< 01 (%0) + (1 — V;(%o)). On peut 


former une fonction w de méme type que v1, satisfaisant a: 


Oo<w< = (1 —v,(%o)) partout 


w<a(i1—supv:) dans (§ (0<o fixé <1) 
C8 


. . bs 1 5 
w(%o) arbitrairement voisin de >(1—1(%o0)), ce qui permet 
“2 s x 1 
par un facteur de proportionnalité <1, de le ramener égal a 7(1—v (%0)). 
Alors ¥:+w est une fonction V2 surharmonique continue, harmonique 


dans @ satisfaisant a: 
V< 1, <1 
V2 (Xo) = 01 (%0) +3 (1 — 1 (0) 
v2 (x) < v1 (x) +5 (v2 (%0) — 21 (%0)) 


V2 (*) <1(%)+a(1— sup 1) dans (§. 
C3 
On recommence 4 partir de v2 et on répéte l’opération en prenant des 5 


4 rayon tendant vers 0 et des a formant les termes d’une série convergente. 


5. D’aprés un théoréme de Evans-Vasilesco (ou régularité du noyau de Green). 
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On voit que ¥, toujours du méme type, croit, converge uniformément 
et satisfait a: 
C2U,= tty! 
et en tout % #%, Val) < M—1(%) + (1 —% a1) a pattieedua 
rang N. D’ou: 


1 —v_(%) > (1— Gn) (1—Oy—1) ... (1--On) (1-2-1 (4) > Wat: =O, 


Ainsi lim v,(%) répond a la question. 


If]. LE THEOREME DE KELDYCH 


4. Théoréme 1. Soit pour ® ouvert borné de Rk”, la 
fonctionnelle @,(*) croissante de fE%, pour tout EO, 
harmonique en x et égale a Hy pour toute fE€ GR. Alors 
Lp 

Il est aussi simple d’utiliser le lemme affaibli. 

¢ étant donné, soit 5 un voisinage du point-frontiére régulier %), sur 
lequel f < f(%o) +. Soit @ une fonction du Lemme 1, majorant 
sup f =f (%) hors 8. Alors f Sf (%)+e+@ sur w* d'or: 


Ly = L § (xy) 42+ = FT g(x ))+e+9 - 


Donc: 


lim sup # (*) < f (%o) + e+ @ (%) < f (%o) + 2¢ 


XEW ,*>% 
lim sup ZY; < f (%o) et de méme liminf LY, > f (*o). 
xEW, X>Xo %>Xo 


Ainsi @; tend vers f(% ) en tout point-frontiére régulier x). Or Ly est 


fonction bornée de x car 
inf f — ee anay 4 = aay = sup /. 
Donec #@;— Hy est une fonction harmonique bornée s’annulant aux 
points-frontiére réguliers. Elle est nulle. 


Si l'on dispose du lemme de Keldych, on peut prendre pour @ une 
fonction de ce lemme multipliée par un facteur convenable, ce qui donne 


(0) = 0, sans changer sensiblement la démonstration. 
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1V. RAPPEL D'UNE AXIOMATIQUE (6) ET COMPLEMENTS 


5. Soit ® un espace topologique localement compact et connexe, non 
compact et rendu compact selon Q par adjonction du point d’Alexandroff. 
On adopte la topologie de Q. On fait correspondre a chaque ouvert mc Q 
un espace vectoriel réel de fonctions finies continues sur @, dites harmoniques 


et On suppose satisfaits les axiomes suivants: 


Axiome 1 (Axiome de faisceau). Toute fonction harmonique 
dans @ est harmonique dans toute partie ouverte et toute 
fonction harmonique dans un voisinage ouvert de chaque 


point de @ est harmonique dans o. 


Ouvert régulier. On dit que @ est régulier si oc Q et si pour toute 
fonction réelle finie continue sur la frontiére w*, il existe une seule fonction 
harmonique dans @ se prolongeant continiment selon f et qui soit 20 
si f 20. Cette “solution du probléme classique pour @ et f” notée H; (x) 
est donc de la forme ffo) do? (y) (do? mesure de Radon sur w*, dite 
mesure harmonique relative 4 *€@). On voit que si est bornée 
supérieurement 

> ee 
i eae Meee) gdo? Slim sup P en %o. 

Axiome 2 (Axiome de résolubilité locale du probléme de Dirichlet). 
Dmexiste une base de domaines réguliers. 

Axiome 3 (Axiome de convergence). Pour tout ensemble 
ordonné filtrant croissant de fonctions harmoniges 4%; 


dans un domaine, sup¥ est harmonique ou vaut +o. 


x 


Cela équivaut 4 la méme condition pour les suites croissantes si 0 


est a base dénombrable; et dans le cas général, lorsque 1 et 2 sont supposés, 


x 


(3) équivaut 4 ce que pour tout domaine régulier, la sommabilité-dv? soit 
indépendante de x Ew et l'intégrale f fapx pour une fonction / sommable- 


do, quelconque soit continue de ¥%. 


6. Axiomatique développée dans le Séminaire de théorie du potentiel ([4] et 
[5]), et dans un cours du Tata Institute [6]. 

Cette axiomatique inspirée de Doob ((8] et [9]) est prolongée par les travaux 
actuels de Mme Hervé ((10], [11], [12], [13]). Signalons des recherches similaires de 
Kamke [14] et H. Bauer [(1], [2] et [3)). 
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Exemples. 

1° On prend pour 2 un “espace &” non compact (voir [7]), en particulier 
R® ou ume surface de Riemann non compacte. On prend, comme fonctions 
harmoniques, celles qui, localement, deviennent sur l’espace-image R” pourvu 
de son point a l’infini, harmoniques au sens classique (avec extension 
convenable au voisinage de ce point a l’infini). 

2° Dans R” (ou dans des variétés plus générales), on prend comme 


fonctions harmoniques, les solutions de l’équation de type elliptique a 


coefficients assez réguliers 


Fonctions hyperharmoniques. Ce sont dans @ ouvert les fonctions 


u satisfaisant aux conditions: 


wu semi-continue inférieurement, 4 >—o, 
“(x)= fi udoe pour tout @ régulier (ou, ce qu’on démontre étre Equivalent, 
pour les domaines d’une base de domaines réguliers). 

Dans un domaine, une telle fonction est +o ou finie sur un ensemble 
partout dense. On dit dans ce dernier cas qu’elle est surharmonique. 

On dit que est hypo (sous)-harmonique si —w est hyper (sur)- 
harmonique. Le remplacement de # par f ude? dans © conserve l’hyper- 
harmonicité. 

Lorsque les constantes sont harmoniques, les fonctions hyperharmoniques 
satisfont au “principe du minimum”. 

Lorsque “ surharmonique admet une minorante sous-harmonique, il 
en existe une maxima qui est harmonique; lorsque la plus grande minorante 
harmonique est nulle, « est appelé “potentiel => 0” ou brigvement “potentiel”, 
S'il existe un tel potentiel >0, il existe aussi un potentiel fini continn >0. 

L’otdre “spécifique” des fonctions surharmoniques est défini par 
Vio U2 signifiant : 


Vv, = v2 + fonction sutharmonique 20. 


Rappelons enfin que s’il existe dans Q une fonction harmonique h>0, 
les quotients par i des fonctions harmoniques (quotients qui comportent 


alors les constantes) satisfont aux axiomes avec mémes ouverts réguliers 
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(ce sont les fonctions dites h-harmoniques) et que les fonctions hyper- 


harmoniques correspondantes sont les quotients par / des anciennes. 


Théoreme de prolongement. Sous sa forme générale (donnée par 
Mme Hervé), on considére une fonction surharmonique uw >0 dans w et w’ 
ouvert quelconque Cw’ cw. Sil existe un potentiel >0 dans Q, il existe 


un potentiel 20 dans Q qui dans w’, vaut «a une fonction harmonique prés. 


Théoréme de partition (Mme Hervé). Pour tout ouvert @, toute 
fonction surharmonique 20 dans 9 se décompose en une somme de deux 
fonctions surharmoniques 2 0, v =v!) + v?, of 2; est la plus grande minorante 
spécifique surharmonique de v, harmonique dans m. Si Q est a base 
dénombrable et v(%o) fini, v?(%o) est une fonction de w qui se prolonge 


en fonction d’ensemble vz, mesure de Radon sur Q (mesure de Mme Hervé). 


Le probléme de Dirichlet. Soit w ouvert cmc et I’ensemble 
des fonctions réelles finies continues / sur *. En supposant l’existence d’un 
potentiel >0 dans Q, sans plus, Mme Hervé montre |l’approximation a € 
prés de toute f€@ par une différence de deux potentiels > 0 finis continus 
dans 2; il s’ensuit que les deux enveloppes analogues a celles de Perron- 
Wiener sont égales et harmoniques. C’est la solution généralisée A” (x) 
qui s’écrit f fave (de mesure de Radon sur w*, dite mesure harmonique 
et qui, si @ est régulier, vaut f fdo?. 

On notera encore @, ou €p |’ensemble des f “classiquement réso- 


. ) ~ ~ Siesta * 
lutives” c’est-a-dire telles que Hy se prolonge contindment par f sur ”. 


Un point-frontiére est dit régulier si ae > f (%o) quelle que soit f € %. 
XX 


6. Ensembles polaires. 

Un ensemble ¢ <Q est dit polaire s’il existe une fonction surharmonique 
>0 dans Q, valant -+-co au moins sur €. Quasi partout signifie “sauf sur 
un ensemtle polaire” : 

Lorsqu’il existe un potentiel >0 dans Q, un ensemble localement 
polaire est polaire (voir [5] ou [6]). Les ensembles ouverts polaires du 
sous-space ”* (@ ouvert cwc Q) sont les ouverts de m* de du,-mesure 
nulle quel que soit *€@: il est d’abord facile de voir que tout ensemble 
polaire de w* est de dyy-mesure nulle. Réciproquement, supposons que ¢ 


ouvert sur @* soit de duty-mesure nulle quel que soit *, soit 5 un domaine 
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ne coupant w* que selon une partie de é et 5’ un domaine composant de 
SA: la partie de frontiére e’ située dans 5 appartient a e et est de mesure 
harmonique nulle pour 5’ comme pour @ d’ot J’existence d’une fonction 
surharmonique 20 dans 6’, tendant vers +o aux points de e’; prolongée 
par --co, cette fonction donnerait une fonction hyperharmonique 20 dans 
5, ce qui exige 5A@ connexe et €M5 polaire dans § donc dans &. 

Il existe alors sur ®* un ouvert polaire maximum (réunion des ouverts 
polaires) qu’on appellera partie impropre de". Le reste sera dit partie 
propre de w*. On voit que tout point de la partie impropre est irrégulier. 

On sait que si dans un domaine 5, un ensemble e fermé dans 8 est 
polaire, 5 —e est connexe et toute fonction surharmonique (resp. harmonique 
bornée) dans 5—e se prolonge surharmoniquement (harmoniquement) de 
facon unique dans 4. 

Enfin, rappelons que, selon Mme Hervé, pour la mesure Vz, associée 
comme plus haut a une fonction surharmonique = 0 localement bornée (lorsque 


Q est a base dénombrable) tout ensemble polaire est de Vz,-mesure nulle. 


Z. L’axiome D. 


Nous aurons besoin d’une propriété équivalente 4 l’axiome suivant, 


introduit dans un développement plus avancé de l’axiomatique précédente: 


Axiome D (ou principe de domination). Si v est un potentiel 
localement borné 2O dans Q, toute fonction surharmo- 
nique ZO majorant Y sur son support (complementaire 
de l'ensemble ouvert maximum od ? est harmonique) 


majore Vv partout. 


Conséquences des axiomes 1, 2, 3, D. 

1° Rappelons que pour toute fonction « surharmonique localement 
bornée, si la restriction 4 son support est continue en un point, ™ est 
continue en ce point dans Q. 

Remarque (Mme Hervé). En supposant les axiomes 1, 2,3 et Q a 
base dénombrable, l’axiome D €équivaut 4 ce que pour toute fonction v 
suthatmonique localement bornée, la continuité de la restriction sur le 
support entraine la continuité dans . 


2° Une application fondamentale de (D) jointe aux axiomes 1, 2, 3 
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et a I’hypothése de {2 a base dénombrable, est que dans le probleme de 
Dirichlet considéré plus’ haut pour @ (dans I’hypothése d’existence d’un 
potentiel >0) l'ensemble des points-frontiére irréguliers est polaire, donc 
la partie propre de la frontiére est l’adhérence de l’ensemble des points 
réguliers. Toute fonction harmonique et bornée dans w s’annulant aux 


points-frontiére réguliers est nulle. 


V. EXTENSION DU THEOREME DE KELDYCH DANS LE CAS GENERAL 

8. Il est commode de traiter d’abord le cas ot les constantes sont 
harmoniques. 

Lemme 2. On suppose Q a base dénombrable, les 
Betoweaed.2,3,), existence dun potéentiel >0, et les 
constantes harmoniques. Soit @ ouvert CwcQ et % un 
point-frontiére régulier formant un ensemble polaire. 
Alors ’énoncé du Lemme 1 est vrai (en prenant pour @o 
un domaine tel que CWC Oo EQ) dans la théorie axioma- 
tique précédente. 

La démonstration s’adapte par exemple comme suit: 

On introduit > comme indiqué et un voisinage b de xo. La solution 
pour w—b, la donnée K’ sur 5 et 0 sur 5* tend vers K’ selon le filtre de 0. 

Elle a en effet une limite harmonique v hors % donc se prolongeant 
harmoniquement dans @o et comme ¥ est bornée et de limite K’ aux points 
réguliers de @ 9, elle vaut K’. La convergence est uniforme hors d’un 
voisinage de %o. 

On choisira donc o et 5 comme au numéro 2, mais le prolongement 
de la solution par O dans b n’est peut-étre pas continu et sous-harmonique ; 
on prendra la régularisée (semi-continue supérieurement et sous-harmonique) 
puis on en déduit une fonction finie continue sous-harmonique et majorante, 
mais de méme valeur hors d’un voisinage de b* (on utilise des w; réguliers 
couvrant b* et le passage d’une fonction sous-harmonique w a yi dwori 
opéré successivement; voir [5] ou [6]). A partir de cette fonction U, on 
passe 2 u en remplacant U par AH‘, dans @ et la régularisation semi-continue 


ae . . . . xX 
donne “ sous-harmonique mais harmonique dans w et satisfaisant a 


u>o } eK : ‘ub (xo) = 0 ; u>K hors 5. 
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On considére alors (as surharmonique 20 dans 9 et, selon 
le théoréme de partition appliqué 4 @o, la mesure Vz, associée qui est 
d’ailleurs supportée par @*U0". Il existe un ouvert 6 de vVz,-mesure <a 
tel que la restriction de v sur (6 soit continue; la composante Ue est 
aussi de restriction continue sur (o et v° est donc continue dans @o, 
harmonique dans w. Enfin v (%o) — vf (%)<a@. 

On peut aussi, comme dans le cas classique, donner une autre démon- 
stration en prenant o contenant les points irréguliers et non %o. 

Lemme 3. Soit, avec les mémes hypothéses quau 
Lemme 2, un point-frontiére régulier % de , tel que {%o} 
soit non polaire. Soit ® un domaine contenant wo, Sun 
voisinage ouvert de % (Sco). 1] existe sur o* une fonction 
Oe G2 satisfaisant a #20, F(%)=0, PSK donné hors 5, 
quasi-partout (c’est-a-dire sur la partie propre de @*)- 
On la réalise en définissant une fonction surharmonique 
V>0 dans @— |x}, finie continue, s’annulant en %, 
harmonique hors d’un compact non polaire de @* et 
majorant K quassi-partout hors 0. 

Considérons les domaines composant Wo — {%o} et retenons ceux @;, 
en nombre fini, qui rencontrent 5* et coupent * selon un ensemble non 
polaire, c’est-d-dire contiennent un compact non polaire K; de w*. On introduit 
Hoi-*i od @ continue vaut 0 en xo et 1 ailleurs. On prolonge cette 
fonction sur K;, par les valeurs de la limite inférieure aux points de K;, 
qui valent 1 aux points réguliers pour @;— K; (il en existe puisque K; est 
non polaire). On obtient ainsi une fonction surharmonique v;>0 dans ;. 
Grace au théoréme de partition, on en déduit une autre v;<;, donc 
tendant vers 0 en %o, continue dans @;, harmoaique dans o; — K; et 
arbitrairement voisine de ¥; en un point fixé, donc >0 dans o;. Comme 
@; 1 (5*U@") est compact, 4,0"; pour 4; convenable majore K fixé >0 sur 
ce compact, donc sur louvert C60; (dont la frontiére appartient au 
compact précédent). On considére alors dans Wo — {xo} la fonction égale a 
A;v’; dans chaque @; et a 0 dans les autres domaines composants. C’est 
une fonction V de l’énoncé qui fournit # cherchée. 

Lemme 4. On améliore le Lemme 3 dans les mémes 


hypothéses comme suit (sans introduire de voisinage 6 
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ni de minorante K): il existe sur w* une fonction veg. 
satisfaisant a P(m)=0, P(x)>0 sur w*—{xo} quasi-partout 
(c'est-a-dire hors de la partie impropre de @*), De plus, 
si Q — {%} est connexe, ce “quasi-partout” peut étre 
Eemplacé par “partout’. 

Ce dernier cas se traite immédiatement. On peut choisir un domaine 
@o FS WoC Q contenant w et tel que po — {Xo} soit connexe. La fonction 
Ho {*o3 ou P vaut 1 sur W) et O en % est >O parce qu'il y a au moins 
un point-frontiére régulier de Mo —{|Xo| sur @§ (sinon ws serait polaire, 
donc de mesure harmonique nulle pour Wo); elle tend vers zéro au point 
%o (régulier pour o — {%o}). Donc sa trace sur w*, prolongée par 0 en %o 
est une 0 répondant a la question. 

Traitons le cas général en reprenant la démonstration du Lemme 3 
et en introduisant une suite décroissante de voisinages ouverts 5, de %o 
tels que 5, = {%o}. A 5; associons la réunion (2; des domaines composants 
de Wo — {Xo} tels qu’ils rencontrent Sf et coupent * selon un ensemble non 
polaire; il existe, d’aprés la démonstration précédente, une fonction sur- 
harmonique %; dans 92;, continue >0,<1, harmonique dans AQ), et 
tendant vers O en %o. 

A 8, associons les domaines composants de Wo —|%o} qui sont 
contenus dans 5; mais coupent 5} et rencontrent w* selon un ensemble 
non polaire; sur leur réunion 22, on peut définir une fonction surharmonique 


2 1 
w- 0; continue, a>, 


harmonique dans wOQ2,, tendant vers 0 en %; 
et ainsi de suite, v, étant <-. 

Sur la réunion des , est ainsi définie une fonction qu’on prolonge 
par O dans les domaines de o—{%o} qui coupent * suivant un ensemble 
polaire. La fonction obtenue prolongée par 0 en %o donne sur ©" une 


fonction # répondant a la question. 


9. Extension. 

En supprimant la restriction que les constantes sont harmoniques, les 
Lemmes 3 et 4 subsistent tels quels et aussi le Lemme 1, 2 en supprimant 
a la fin le choix arbitraire de K’>K. Il suffit d’introduire un domaine 
2’ tel que Mc Mo QcQ, et une fonction harmonique 4>0O dans cy 


x 


On considére dans ©’ les mémes problémes a partir des fonctions /- 
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harmoniques; on applique les lemmes précédents et on utilise le fait que h 
est sur Wo compris entre deux nombres >0. 


Concluons: le Lemroe 4 devient le: 


Lemme de Keldych étendu 5: On suppose 4a base dé- 
nombrable, les axiomes 1, 2, 3, D et Vexistence dun 
potentiel >0. Si % est un point-frontiére régulier dewcac Q, 
il existe sur ®#* une fonction #®E@,, telle que #(%)=0, 
(x) >0 pour x Ax sur w* seulement quasi-partout (ou sur 
la partie propre, hors de %). Si Q—(%) est connexe (en 
particulier si {*o} est polaire), “quasi-partout” peut tre 


remplacé par partout . 


10. Théoréme de Keldych étendu 2. 


Dans les hypothéses du lemme précédent, soit L,(*) 
reel fini satisiassant aux conditions suivantes- 
1° £,(%) est fonction harmonique de % pour chaque 
Beek 
2° L(x) = H;(*) pour toute fE@.. 
3° #,{%) Est pour chaque #% fonction croissante dey, 
ao Ly, = Ly, si fr_=f2 quasi-partout, ou, ce qui est 
Equivalent, Y, ne dépend que des valeurs de f sur 
la partie propre de ow’. 
Alors 2,=H,, solution généralisée pour toute fe”. 
Cela résulte du lemme de Keldych étendu ou seulement de |’ensemble 
plus faible des Lemmes 2 et 3. Méme raisonnement que dans le cas clas- 


sique (numéro 4), sauf qu’au début on écrira: 
fi f(%o) +e+ @  quasi-partout. 


Si f1 est le second membre, inf(/, /1) vaut f quasi-partout, d’ou: 


/ 


Ly = Lists, 4) SLs, = Aye, )seto- 
Méme fin du raisonnement. 
Remarque 1. La condition (4) disparait s’il n’y a pas de partie 


impropre, pas de point non polaire dans Q ou si pour tout point-frontiére 


non polaire %, 9 — {xo} est connexe. 
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Remarque 2. (Contre-exemple). La condition (4) est nécessaire d’aprés 
lexemple suivant: il suffit de réaliser un espace 2 dont un domaine 6 4Q 
n’admet dans Q qu'un seul point-frontiére, le point non polaire %»E€Q et 
contient un point polaire %,, puis de choisir des fonctions harmoniques 
satisfaisant aux axiomes du théoréme précédent et comportant les constantes. 

Cat si @ est l’ouvert o diminué du point %;, prenons pour #; (*) 
la constante = Lf (%0) + f (#1). cs vaut la constante f(%) et f n'est 
classiquement résolutive que si /(%») = f(*:). Les conditions 1, 2, 3 sont 
satisfaites, mais l’on n’a pas toujours Y;= H,. 

Pour réaliser l’espace Q et les fonctions harmoniques considérées, on 
prendra un ensemble £; formé d’un espace R,, (m1 23) diminué d’une boule 
fermée © mais pourvu de son point a l’infini A, et un ensemble E2 formé 
d’un espace R,, (7223) pourvu de son point a l’infini qui sera identifié 
a A. La topologie de la réunion © de ces ensembles sera définie par les 
voisinages; pour * A, une base sera celle des voisinages dans E; ou £2; 
si x = A, on réunit un voisinage quelconque de £; et un voisinage quel- 
congue de £; pour avoir un voisinage quelconque de A. Une fonction finie 
continue sera harmonique dans un ouvert de E;—A ou E,—A si elle l’est 
dans K,, ou K,,; 


si elle l’est dans wOE,—{A} et MOE,—{A} et si la somme des flux 


elle sera harmonique dans un ouvert wo C2 contenant A 


en A calculés dans R,, et R,, et méme, multipliés par des facteurs >0 
fixés, est nulle. 

Grace a la théorie classique dans l’espace euclidien pourvu du point 
a Vinfini, on vérifie les divers axiomes et conditions nécessaires et d’abord 
les axiomes 1, 2, 3 (et méme 3’). Evidemment une fonction surharmonique 
dans wc est dans F,,M, R,,Mo aussi surharmonique au sens relatif 
aux espaces euclidiens R,, et R,,. De plus, toute fonction surharmonique 
u dans {2 reste surharmonique quand on la remplace dans R,, par la 
constante “(A) et on en déduit que # est surharmonique dans /; (au sens 
relatif aux espaces euclidiens) ; par suite, grace au théoréme du prolongement, 
si une fonction surharmonique au voisinage de A dans Q est finie continue 


sur son support en A, elle est continue sur /; au point Ad; comme on 


7. On adapte ici une idée de Mme Hervé. Le flux en A dans R,, est la limite 
(quand Je rayon tend vers l'infini) du flux entrant dans une boule de centre fixe 


(quelconque) de R,,. 
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peut permuter le role de R,, et R,,, 4 est aussi continue sur E2 en A, 


Il s’ensuit la validité de l’axiome D. 


VI. PROBLEMES ANALOGUES DE PROLONGEMENT FONCTIONNEL 


11. Prenons le cas de J’axiomatique générale et les hypotheses 
générales du théoréme de Keldych étendu (axiomes 1, 2, 3, D, 2 a base 
dénombrable, existence d’un potentiel +0). On notera en outre @*, @} 
les parties de @, @r formées de fonctions 20. On considérera encore 
pour fE@, L(x) satisfaisant aux conditions 1 et 2 du théoréme. Nous 
voudrions conclure de méme, mais au lieu d’imposer directement la condition 
de croissance (3) qui est une propriété de la solution généralisée H,;, 
on songera a imposer 2 &, d'autres propriétés de Hy, (4) devant ou non 
étre maintenue: 

Proposition 1. Soit T une topologie sur @ pour laquelle 
CF est partout dense dans @*. On peut, dans le Théoréme 2, 
remplacer la condition de croissance (3) par celle que 
£,(*%) est linéaire et continue de f€¢G pour chaque %. 

Car #, sera 20 si f 20, donc #, sera croissante. 

Proposition 2. Soit 7; une topologie sur @ pour laquelle 
@r est partout dense dans @ et la solution générale H,;(*) 
continue de f sur Y. Alors, dans le Théoréme 2, on peu 
remplacer les conditions 3 et 4 par celle que™27(4) fees 
continue de fE€@ pour chaque ¥. 

Car cette continuité et l’identité a Hy sur @pr entraine l’identité 
sur @. On est donc amené 4 rechercher les topologies T et T; précédentes. 
En voici des exemples: 

Théoréme 3. Considérons la topologie Z (sur @) des 
semi-normes fF aes (pour tous les x€@, ce qui équivaut, 
si laxiome (3’) (voir [5], [6]) est satisfait, Aa prendre un * 
dans chaque domaine composant); elle est plus fine'que 
celle 7; des semi-normes | f fdu.|, laquelle est la moins 
fine rendant H;(x) continue de f, quel queso tte: 

JF donc FJ, rendent @§ partout dense dans @+ (donc 
@r partout dense dans @),. 


La premiére partie est banale. Il s’agit ensuite de montrer qu étant 
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donné fE@+t, %,, x2... x» dans w, €>0, il existe Pe €z telle que 
f\f-@|du.,<e C= 1,2), 2). 
On sait qu’on peut approcher f sur ©* uniformément arbitrairement 
par une différence de deux potentiels 20. Si W est un potentiel fini continu 


>0 dans Q, on voit d’abord qu’on peut trouver deux potentiels 20, 


Vi,V2 et a>0 tels que 
Vi—V2>—eW sur o* 


eon ee rete 
af Wau, < > 


donc que Wi; = Vi + aW et W2=Vz2 sont deux potentiels > 0 satisfaisant a 


W,=2 Wz. sur o* 


f\f-s = W)| due = 1.2... ,). 


On remplace W, par Hy, dans ® d’ot une fonction dont la régularisée 
semi-continae inférieurement est un potentiel W’;, harmonique dans @ ov 
elle vaut hs W,du,. On en déduit, en utilisant comme plus haut le théoréme 
de partition et la mesure de Mme Hervé (soit avec Ja propriété de Lusin, 
soit avec un ouvert contenant les points irréguliers) un potentiel Wj} [WS W,, 


continu dans $2, harmonique dans © et satisfaisant a: 
WW € 
iy (W, a Wi) du, << va . 


De méme, on introduit W2, puis Wr (0 < W2< W2) continu, 


harmonique dans @ et satisfaisant 4 
f (2 — Wi) dps, < <2 


Sur w*, on sait que W’; > W’, > W)' mais on ne sait si Wi >Wy7. Aussi 
allons-nous introduire au lieu de Wy une suite croissante IJ, de potentiels 
de ce méme type, et de limite W1, par exemple au moyen d'une suite 
décroissante d’ouverts dont l’intersection est l’ensemble des points irréguliers. 


Alors, pour ” choisi assez grand 


Il, > Wz —oaW sur o%*, 
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tandis que 
flf — Ch +oW —W2)| dus <e. 


La trace sur w* de I], +aW —W? est une @ répondant a la question. 
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RELATIVE LIMIT THEOREMS IN ANALYSIS 
By 
JeieeD oo 'b 
in Urbana, Illinois, U.S.A. 


1. Introduction. 

In many fields of analysis, for example in the theory of Fourier 
series and in the theory of harmonic functions, there are classical limit theorems, 
dating back to the first decade after the introduction of measure theory 
into analysis, which state roughly that, when a measure U of Borel sets 
determines a sequence of numbers in a certain way, then the sequence 
converges to U’ (derivative with respect to Lebesgue measure) at a specified 
point. An early example is Lebesgue’s theorem that the Fourier series of 
a summable function f converges (C , 1) almost everywhere to the function. 
In this case U is the measure having density f with respect to Lebesgue 
measure. Such theorems led in a natural way to sequences defined in terms 


of kernels, 
(1.1) un(E)= f K(Qn,&,n) Un), 


for which it can be proved that, under suitable restrictions on the kernel, 


(1.2) lim -#,,(E) = U'(é) 
n> aw 


for almost all & [see for example VIII p. 28]. 

More recently [I, II] examples have been discovered in which, if “, 
is given by (1.1) im terms of a measure U, and if h, is given similarly 
in terms of a measure H using the same kernel, (1.2) can be generalized to 


pe Male) aU 
(1.3) SG neared 


for H-almost every €. The purpose of this paper is to derive conditions 
on kernels for which this generalization is true. Applications are made to 
harmonic and analogous functions, as well as to Fourier series. An alter- 


native approach given in |II] is more clumsy and more difficult to apply. 
289 


290 J. L. DOOB 


2. Set functions and derivatives. 

Let U be a signed measure of Borel subsets of Euclidean N-space, 
finite for compact sets. The absolute variation ||U|| is then a measure, also 
finite for compact sets. A Baire function f will be called summable with 
respect to U if and only if |f| is summable with respect to |U || . 

If N=1 and if U and H are two such signed measures, @U/dH 
will denote the derivative, defined at a point € by the following limit 


eo LUGD) 2 
‘ 1 = 
(2.1) tie: H (Is) 1H 


if the denominator on the left is not zero for sufficiently small |z|, and 
if the indicated limit exists. Here Iz is any closed interval containing the 
point € and |J;| is the length. If H is Lebesgue measure, we shall write 
U’ for dU/dH. The limit in (2.1) exists and is finite at ||H|| almost every 
point € [XI], and is the Radon-Nikodym derivative of U with respect to H. 
The reference only treats the case of positive (by which we always mean = 0) 
H, but the general case is easily reduced to the positive one by the following 
remark. If A is a set of positivity of H, that is a Borel set on whose 
Borel subsets H is positive and on the Borel subsets of whose complement—H 


is positive, then, aside from a set of |H|| measure 0, 


aH s, ; 
(2-2) Farell (f)= 1 if GEA 
=-—1 if F&A, 
so that 
aU dU 
\ & & 
(AU epee igh 38 
aay if F€¢€A. 


This evaluation together with the fact that U is the difference between two 
measures enables one to reduce most proofs involving derivatives dU/dH 
to the case in which both U and H are positive. 

If the dimensionality is greater than 1, the existence of the set 
function derivatives is covered by a terminological blanket, and the scientist 


who clarifies without addivelating the situation will deserve a perfect starred 
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halo. Dehubbing a definition which is unnecessarily general for our purposes, 
we shall say that U has the derivative @ with respect to H if the following 
condition is satisfied. If S is a closed convex set containing £, let d’(S) 
be the distance from & to the boundary of S, and let d” (S) be the diameter 
of S. Then the condition is that, whenever Se 2 LiF is <4 sequence of 
closed convex sets containing €, for which 


(2.4) ees y= 0.) lim inf 


Pn Fe > 0, 
npn es sd CA ad 


it follows that H(S,)0 for large , and that 


=) peat. ine 


This derivative will be denoted by (dU/dH)(&), or by U’(E) if A is 
Lebesgue N-dimensional measure. The derivative dU/dH exists and is finite 
'|H|| almost everywhere, and is the Radon-Nikodym derivative of U with 
respect to H [VI]. 
Suppose that N21 and that there is a number 2 for which 

a\|U —aH| 


aja, =~ ° 


(2.6) 


Then (dU/dH) (€) =a, and we shall say that dU/dH has the value a at & 
in the variational sense. If H({(!) 4.0, 4U/dH has the value U (&})/H ({&}) 


in the variational sense. 


Lemma 2.1. The derivative dU/dH exists ||H|| almost 


everywhere in the variational sense. 


This lemma is well known if N= 1 and if H is Lebesgue measure, 
going back to Lebesgue in that case if also U is absolutely continuous 
relative to H. The standard proof [XII, p. 59] is easily extended to the 
present case, and therefore will only be outlined. In the first place, if we 
denote dU/dH by f, and if ais any real number, 


d\||U —aH 
(2.7) | d ||H|| | =|f—a| 


\|H|| almost everywhere. Then (2.7) is true ||H|| almost everywhere simulta- 


neously for all rational a, and it follows that (2.7) is true ||H'| almost 
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everywhere simultaneously for all @. Finally, if E isnot in the exceptional 


set for the last statement, we set a= f(£) and deduce (2.6). 


3. Ai general relative limit theorem. 

In the following discussion, K(n,.) will be a specified bounded 
positive Baire function on N-space, for each positive integer . The 
rephrasing of the results to apply to an arbitrary open subset of N-space 
will be too obvious to require an explicit statement. To apply the results 
to a compact subset A of N-space, define K(n,.) as O off the subset, or, 
which amounts to the same thing, consider only signed measures vanishing 
on the Borel subsets of the complement of A. 

If U is a signed measure of Borel sets, finite for compact sets, 
define 4, by 


(3.1) Fe i K(n,)U (dn). 


Similarly, define #, in terms of signed measure H. Let [(K) be the class 
of signed measures U for which K(m,.) is summable with respect to U 
for all ~. We shall restrict our attention to signed measures in this class, 
which includes the signed measures of bounded variation, that is, the 


finite-valued signed measures. 


Theorem 3.1. Let U and H be in the class F(K). Suppose 
that (dU/dH)(0) and (dH/d||H||\)(0) exist in the variational 
sense, and that the latter derivative is either 1’ or —1. 
Suppose also that ||H|/'(0) exists, with 0< ||H|/(o)< oo. 
Suppose that 0S KS1. Let ¢ be a constant, with c=1 7 
N=1 but 0<c<1 otherwise. Let {8,,~21} bea sequence of 


strictly positive numbers, and let |,,n21} be a sequence 


of points in N-space. Suppose that the following con- 
ditions ate satisfied. 


(a) 1% = 60g tim’ 8, = 0- 


n>2D 


(b) lim inf int” KK (7) S.0. 


n-> co N-Ny|S4,, 


(c) For every a>0, 
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Ki(# ,«) = sup K(n, 7) = 0(6%). 


—— (=e 
(d) There is a constant b for which 
Ki(n,|7 —n|) S bK (nm, n) 
for all #, if 6.5197 —7.|)Sa and if o is sufficiently 
small. 
(e) If a>0, there is an integer m=m(a), for which 
K(m, 1) $0(8%)K (to, 7) when blz. 
Here 0(5”) may depend ona but not on 7. 


Then, defining 4, My as above, 


Uy aU 

(3.2) se he aH (9): 
If U and H are of bounded variation, (e) is unnecessary. 

Suppose that this theorem is known to be true when H is positive. 
We shall now show that it then must be true in the general case. Suppose 
for definiteness that (¢H/d||H||)(0)=1 and suppose that (€U/dH)(0) =a. 
Then under the hypothesis of the theorem, (dU/d||H||)(0) =a in the 
variational sense, because, taking N= 1 for example, if Io is a closed 
interval containing 0, 
3,3) ||(—allEI)|| Zo) < | aH] (Lo) + [al || —[IzN)|| Lo) = 0 (1z7| Co) 

(\Zo| > 0). 

Hence, if ||h'|, is defined like #, but with H replaced by |H||, the application 


of the theorem to %,/|\/\||, and h,/|\h|, yields 


hy, 
(3.4) fie a. fin oe 


PES te 
w->co ||Plln no ||P|ln 


We conclude from (3.4) that (3.2) is true. Thus it is sufficient to prove 
the theorem under the hypothesis that H is positive, and we shall assume 
that this hypothesis is verified from now on. 

In the following, we shall denote the closed ball of center 7 and 
radius 7 by Sy(7). Define V=||U—aH||. We shall choose a strictly 
positive a below. It will be supposed throughout that @ is so small that 
(d) is applicable, and that ” is so large that h,>O and 25,<a. With 


these conventions, 
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G5) Leal <P K(n,MVG@nlnt —f Ki, Nav Sa Mlhy 


Sn) (5,4, ] 
+f KiQr)@V (Sain = +h tds. 
(a, 2) 
Now fy satisfies the inequality 


(3.6) ig & 1 (S,,(0,)) : inf Ke 7). 


n\n 
Hence, when ” > co 


(3.7) V (Sh (5n))/Tin == 0(1), Et (Sa (5n))/7n = O(1), 
, Ki(n,a)/h, =o0(1), pe XEN I) 
Applying (3.7), we find that 
(3.8) Ti SV (Sn bn))/hn = 01). 
Integrating by parts, 
(3.9) In < Ki(m,0)V (Sn (4))/In— J V (Sn (r)) dKi (1, 1)/hn. 
(Sy, &) 
Here the first term on the right is 0(1) by (3.7). If €>0 there is, since 
(dV /dH)(0)=0, a value of @ so small that 


(3.10) Vi Salt) 8 (Sa(¥)), 16 0a aaa 
With this value of @, we find that the right side of (3.9) is at most 
G.11) o(1)—e f H(Sa(Q)dKi(H, rly. 

(6,0) 


Integrating by parts again, this expression becomes 


(3.12) 0(1) +e0(1) +e Jf Ki.) dH Sp O)lin S 0(1) + 80(1) +0e, 


(by &] 


where O(1) does not depend on the choice of a. We have now proved 
that J, can be made arbitrarily small by choosing a sufficiently small. 
If U and H are both of bounded variation, 


(3.13) Ls SK (">.2) O11) /k, = 2G). 


by (3.7). The left side of (3.5) is therefore 0(1), and we have thus 
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finished the proof of theorem, under the special hypothesis that U and H 
are of bounded variation. —- 
If U and A are merely supposed to be in the class I (K), the above 


discussion remains valid except for the treatment of J;. Moreover, if (e) 
is true, 


G14) Is $088) [ K(m, 0) V dn)/In = 0(8")/in = 0(1), 


by (3.7), and we have thus proved that the left side of (3.5) is 0(1) in 
all cases. 

If K(”, .) vanishes strictly on one side of a hyperplane through 7p, 
the conditions of Theorem 3.1 cannot be satisfied, but the idea of the 
proof remains applicable if we simply ignore the half-spaces on which K 
vanishes. In this way we obtain the following theorem, which can be 
generalized to cover other zero-sets for K. 

Theorem 3.2. Theorem 3.1 remains valid if for each m 
K(m,.) vanishes strictly on one side of a hyperplane 
through mm, if in conditions (b)—(e) 7 is restricted to be 
in the complementary closed half-space A,, if the origin 
lies in A,, and if when N>1 the origin is at distance 
2 1 —e)5, from the boundary of A,. 


4. Specialization. 


As an application of Theorem 3.1 we prove a relative limit theorem 


for functions defined by expressions of the form 


(4.1) (s,é) = fo. E — 7) U (dn). 


Here £ and 7 ate points of Euclidean N-space, s is a point of a linear set 
with limit point 0, Q(s, .) is a Baire function, and U is a signed measure 
of Borel subsets of N-space, finite for compact sets. It is supposed that 
Q(s,&—.) is summable with respect to U for & in any compact set, 
if s is sufficiently small, depending on the set. The class of such signed 
measures U will be denoted by I'(Q), and includes all signed measures of 
bounded variation, since Q(s,.) is a bounded function for each value of 


s under the hypotheses of the following theorem. 
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Theorem 4.1. Let U and H be in the class F(Q). Suppose 
that 
OO (8) SM Ae 
Let d(.) bea strictly positive function on (0 , co), witb 
limit 0 at 0. Suppose that the following conditions are 


satisfied. 


Q(s,n) 
i a ee 
TT ince MO) 


(b) For every a>0, 
Qi(s,a)= sup Q(s, 7) = 0[8(s)¥] M (s). 
"j=a 
(c) There is a constant 6 for which 


Qi(s, |u|) S$ 4Q(s, 7) 


forall 7 satisfying 5(s) < |y] So, if ais sufficiently smal 
(d) If a>0, there is a number So, which can be taken 


arbitrarily néar 0, for which 
Q(s, 7) So[5(s)¥] QO (S0,4)M(s) when |yl 2a. 
Here o[8(s)"] may depend on a@ but not on . 
If wu and h are defined as described above then, 


excluding a -set of ||\H|) measure 0, independent of the 


choice of the function. ), 


: u(s,&) _ aU 
ord si hG,€) an” 
(SS45 


if §€=€(s)>€ in such a way that |&(s)—¢|<8(s) if N=1 or 
lim sup |&(s)—¢|/8(s)< 1 if N31. 
s>0 


Before proving the theorem we remark that its application to integrals 
over a compact subset A of N-space is obtained by defining Q as 0 off 
the set, or, which amounts to the same thing, considering only signed 
measures vanishing on the Borel subsets of the complement of A. Under 
this condition U and H are necessarily of bounded variation on the domain 


of integration, so that condition (d) becomes irrelevant. 
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In the most important applications, Q(s,%7) defines a monotone 
decreasing function of |7|; for fixed s, so that Q(s ,7)=Q,.(s, |n|), and 
(c) is then satisfied with b=1. 

To prove Theorem 4.1, let € be a point of N-space at which the 
following conditions are satisfied: (dU/dH)(£) exists in the variational 
sense; (dH/d||H||)(£) exists in the variational sense and is 1 or —1; 


most a set of ||| measure 0, and we shall show that the excluded set 


and is strictly positive. These conditions exclude at 


will serve as the exceptional set of the theorem. Throughout the proof we 
shall suppose without further comment that s is so small that u(s, & 
h(s,&) are defined in a neighborhood of €. Let {s,,#21} be any 
sequence of points, with limit 0, in the domain of the first argument of 
Q, and let {&,,%21} be any sequence of points of N-space satisfying 
the condition |&—€|<5(s,) if N=1, or the stronger condition 
fia stip] £5 — £|/8 (sn) <1 if N>1. We now identify K(m,7), mn, Sn, 
U (in), H (dn) of Theorem 3.1 with 


Q(Sn ,&n—& —n)/M (Sa), oe 5 (sy), Oe an). Hf (f + dn) 


respectively. Then the hypotheses of the present theorem correspond to 


those of Theorem 3.1, so that 


; U(Sy,&,) aU 
(4,3) Bee an 


as was to be proved. 

Theorem 3.2 specializes to the following. 

Theorem 4.2. Theorem 4.1 remains valid if there is a 
hyperplane through the origin such that, for all s, K(s,.) 
vanishes on the half-space strictly on one side of the 
hyperplane, if in conditions (a)—(d) 7 is restricted to be 
in the complementary closed half-space A, and if E(s)>¢ 
in such a way that &(s)—¢ lies in A and, when N>1, the 
distance of &(s)—f fromthe boundary of Ais 28(s)/O(1). 


5. Applications. 
To illustrate the applications of our relative limit theorems, we detail 


several special cases. 
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Case (A). Let F4 be the class of functions # on an open ball of 
radius R in Euclidean N-space, N>1, which are differences between pairs 
of positive harmonic functions there. Such a function has a Poisson-Stieltjes 


representation 
(5.1) u(&) = { er U (an) , 


where U is a signed measure of Borel subsets of the ball boundary, of 
bounded variation. To simplify notation we have assumed that the ball 
center is at the origin. If s= R—&o|, and if & is the point at which the 
ray from the center passing through £ meets the ball boundary, ¢o is 


determined by the pair (s, &), and ™ can be written in the form 
6.2) uE)—=u(s,é)= { Qs, f—n)U Gn). 


The integral here is an integral over the ball boundary which, locally at 
least, is an integral over (N—1)-dimensional sets. A trivial extension of 
Theorem 4.1, with N in that theorem replaced by N—1, is applicable to 
this case. We can choose 5(s)=7s, for any strictly positive constant 7. 
We thus obtain the following theorem. 

Theorem 5.1. Let 4 and h be in the class Ta, wren 
Poisson-Stieltjes representations in-terms of U, H res- 
pectively. Then, at ||H|| almost every point € of the ball 
boundary, u/h has the limit (dU/dH)(£) on approach to ¢ 
along non-tangential paths. 

This theorem was proved in [J] for u and h positive. We remark 
that, at the expense of losing the harmonic function interpretation, the 
boundary limit assertion remains true, with no change in proof, if the 


exponent NV is replaced in (5.1) by any exponent m>N—1. 


Case (B). In this example, the integration is over N-space, and U, 
H, need not be of bounded variation. Define Q by 


(5.3) Q(s, &) = s-N/? e~6l?/28 | O<s<1, 


and choose 5(s)= js", for any strictly positive constant 7. Then Theorem 
4.1 is applicable. Now if U is chosen so that Q(s,&—.) is summable 
with respect to U for all pairs (€,s) im the strip S: 0<s<1, then the 
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representation (4.1) is the Poisson-Stieltjes representation of a parabolic 
function (4, => At uw), valid if and only if the function is the difference 
between two positive parabolic functions on S. Let Tg be the class of such 
differences. Theorem 4.1 yields the following. 

Theorem 5.2. Let # and h be parabolic functions on S, 
in the class Tg, with Poisson-Stieltjes representations 
interms of U and H respectively. Then, at ||H|| almost 
every point (0,¢) of the lower boundary of S, u/h has the 
limit (dU/dH)(£) on parabolic approach to (0, &). 

Here ‘parabolic approach’ means approach remaining in some paraboloid 
of revolution tangent to the lower boundary of S ac (0, £) and openiag 
out into S. This theorem is known [II] when N=1 and /h is positive. 

Case (C). Let {pn , —oo << oe} be a sequence of positive numbers, 


not all 0, and define 
(5.4) DO = bp, VE)——E0'O)/ 06), 


where it is supposed that the series for ® converges in some open interval J. 
Define « by 


n& 
(5.5) u@.= f gopl@n. nz0, 
Ve 


and define # similarly in terms of H. Here U and H are necessarily of 
bounded variation. It is easy to verify that the kernel in (5.5) is, for each &, 
a maximum as % varies when = W (7), and is monotone on each side of 
the maximum. It has been shown [III] (at least for U and H positive, 


from which the general case can readily be deduced) that 


Sout, 6) av 
pe wie b(n, €) — an 

E>¢ 
at ||H|| almost every point ¢ of J, if E=&,> V(C) in such a way that 
(5.7) bee el a) 


(In the reference, m& is integer-valued, but this is irrelevant to the proof.) 
This result cannot be deduced from Theorems 4.1 or 4.2. To apply 


Theorem 3.1 with N= 1, define K by. 
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+O)» © (nn + 
(5.8) K(n,7) = oe ae an f)"n 2 


on = WV (m+), 


where £, > V (£). All the hypotheses of Theorem 3.1 except (d) are satisfied 
if 8, of that theorem is accepted as 77‘, for any strictly positive 7, large 
enough to match (5.7), and if 7 of that theorem is identified with 7, 
here, and, finally, if U(d7), H(dy) there are identified with U(€+dn), 
H(f-+ dy) here. Unfortunately K does not satisfy (d), but this fact causes 
no difficulty. In fact because of the monotoneity properties of the kernel, 
K satisfies a ‘one-sided’ version of (d), now to be described, under which 
Theorem 3.1 remains true. If K+ [Ky] is defined like Ki in Theorem 3.1 
(c) except that 7—%,20 [7 —%,<—a] in the definition, then the 


correspondingly modified version of (d) requires that 
(5.9) Ks = r,) SDK ie, 7) if On iw ee 
« Ky (1,7 —%) SOK (n,7) if 8, S5%m—n Sa. 


Now the only place (d) was used was in (3.12), and here, if Ky, has been 
replaced by K/ and Ky, as made possible by carrying out the integration 
separately over the two intervals involved, the last term on the left in (3.12) 


is replaced by 


(5.10) « f KE, NHG@) [hy + © if K- (n, 1) H (ar) | I. 


(04, a) [-a, =on 


Applying (5.9), we find that this sum is at most be, the same majorant 
obtained in (3.12). Thus Theorem 3.1 remains valid when N=1 
under the one-sided version of (d). The corresponding one-sided 


modification of Theorem 4.1 is of course also true. 


Case D. Let F be a monotone increasing function on (—co 
and define 


, ©), 


oo 


(5.11) 2@= f{edF~™, VY=o/, 


v 


- 0 


where it is supposed that the integral converges on an open interval J. 
Define 4 by 
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12) u(n,&) = Sepee™. 
"9 


and define / similarly in terms of H, where both signed measures are of 
bounded variation. If the support of F is a subset of the class of integers, 
Case (D) reduces to Case (C). In the present more general case an 
application of the one-sided version of Theorem 3.1 is still possible, and 
proves that (5.6) is true ||H|| almost everywhere on J under the approach 
restriction (5.7). The fact that an analogue of Theorem 3.1 (see |II]) is 
applicable to obtain this result has already been pointed out [VII]. 

Case (E). We now give an example of the application of Theorem 4.2. 
Define 4 by 


@ ie.) 


(5.13) u(t,e)=tf et U (ax) =t { eUs (an), Us (dn) =U E+dn), 


Eg 0 


where U is a signed measure of linear Borel sets, finite for compact sets. 


It is supposed that 


oo 
a 


(5.14) J oe iUll@n) < 
0 
for sufficiently large ¢. Define # similarly in terms of H. Then we have 
the following theorem. 
Theorem 5.3. At ||H|| almost every point ¢, 
6.15) lin. 2) = at © 
ES>o 
if €=£()>C in such a way that OS f—E(t)=O(1/2). 
To apply Theorem 4.2, identify s of that theorem with 1/¢ here, 
defining Q(s , &) by 


(5.16) Os Fe) = eh isr it ES 0 
= 0 if € SO, 


and set 8(s)=7s, where 7 is any strictly positive constant. The theorem 
is well-known [IX, p. 182] when H is Lebesgue measure, so that A= 1, 


Theorem 5.3. can be put into a probabilistic context. Define 
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p(t:,4,€, A), the probability of a transition from the point E at time 
ti >0O to a point of the set A at time >h, by 
P(t ,t2, &, {E}) = th/te 


t,(4—t _ : 
b(t, €, dn) = AE) nrtdn, if n>€. 
2 


a7) 


In words, € goes into itself with probability ti/t2; if not, it goes into 
n>€ in such a way that »—€ is distributed exponentially with expectation 
1/t:. The transition probability distribution is that of a Markov process, 
that is, the Chapman-Kolmogorov equation is satisfied. If [¥(¢),¢2¢t.>0} 
is a Markov process with this transition probability function, any function 
u defined by (5.13) has the property that the u[?¢,x(¢)] process is a 
martingale if the initial random variable has a finite expectation, and, under 
appropriate side conditions, the converse is true. If the x(¢) process is 
separable, and if we neglect zero probabilities, the following statements are 
true. Each sample function of the x(t) process is monotone increasing (wide 
sense) and has a finite limit when ¢ > c. The transition probability function 


under the condition that the sample function limit is € is given by 


Pl, .€ 16) = e--we) 


Do ik} - s 
a” Pi, ,€, dn) = G—t) eee w dy ie ee 


The ratio w/h has the limit (@U/dH)(£) on a probability path to the upper 
limit ¢. The latter fact can be deduced probabilistically, independently 
of Theorem 5.3. 


Case (F). In all these examples, as an examination of the references 
for Cases (A)—(D) shows, and as the probability context in Case (E) shows, 
we have been dealing either with ratios of harmonic functions, as in 
Case (A), or with ratios of generalized harmonic functions. The averaging 
properties of such ratios are fundamental, and in fact these led to the 
probabilistic background which suggested the relative limit theorems. The 
following example does not seem to have a probabilistic context, however. 
Let K™ be the kernel corresponding to (C , 7) summability of a Fourier- 


Stieltjes transform of a signed measure U, so that the th sum is 


(5.19) ul (n, &) = a K@(n , & —n)U (dn). 
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Here 


(5.20) Ko (n , E) = Nee Mary, Ae KO) (k : E)/A, 
k=0 


where 
5 1 
n ain 
(3.21) KO(n,é) = aes an 
2 site 
and 


(5:22) AG! = (r-+-1)... (r+) [ni ~ an /P+1), 14-1, —2,.., 


so that 
n (2) 
— ( pss 
(5.23) Artst) = ee As) , > Ape =(1—2)7-!, 
k=0 k=0 


The function K(n,.) is even, and 


Bee Er n 
2u(r+1) mr 1)” 


(5.24) EI (2 0) = 


If r=1, K® is the Fejer kernel, 


1 sin (n+1) = 2 
( Je 


(5.25) K®(n,&) = TICES 


sin = 
Applying (5.20) one can verify that certain properties of K® valid for 
specified values of 7 will be valid for larger values of 7. The reference 
to (5.20) will be omitted below. For example, K((n, .) has its maximum 
at O when 7=O and therefore also when r>0; K is positive when 
y= 1 and therefore also when 7>1; K(n,.) is monotone decreasing on 
[o , t] when r= 3 [XII] and therefore also when 7>3. 

We define Q™(s,.) = K™(1/s,.) for s the reciprocal of a strictly 
positive integer and show that Theorem 4.1 is applicable to Q® when 
y>1 and 5(s)=ys for any strictly positive 7. To prove that condition (a) 


of Theorem 4.1 is satisfied we show that 
(5.26) E@U@eeye miro i" oS Fs y/e; r>1, 


for a suitable strictly positive a1. To see this we can suppose that 7 > 


and then if 1<7<2 and if #22, 
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* sin? (R+1) = 
(5.27) K(n,&) = 2 Ava rf 


Zz 


(PY os 
2nA HT it 


2AG 2 
n 


m3 Alr) 
n 


(k+1)’ 2a(7,7) 


hS(ner /y)—1 


I 


f O56 yore 


If r>2, (5.26) is valid, for properly chosen 41, since it is valid for r= 2. 


To prove that condition (c) of Theorem 4.1 is satisfied, we show that 


(5.28) sup KO(n, £) Sm”) KO(m, 7) if r>1, nZO, 
(Fey) 


for suitably chosen a2. This inequality is trivial, with 42(7)=1 when 72 3 
because of the monotoneity property of K® in that case, but we shall not 


use this fact. Apply (5.20) to obtain, after a trivial manipulation, 


A ys A=?) cos(k+1) € 
(5.29) KO(n,&) = oe 


4A sin? 
Atr-») 
n 


£ 
2 


\ 


if eS Le 


20 A") sin? = 
Note that the right hand side is O(n—'!&—*), so that condition (b) of 
Theorem 4.1 for Q® is satisfied. If 1<7<2, (5.23) can be applied, 


together with an Abel transformation, to yield the inequality 


Wy n 
(5.30) DAG cos (R--1) €) = Ds AG Ne 
k=0 j=0 
ee) 
= (1 eats) eee Al’-2) e-i8 | 
f ) 
| g=n+1 
< E —r+1 E 
in $—=2) ojo 1 
S {2 sin | 2 AN sin = 


SAPO] 2 if EZas(r)/n 
and if @3 is sufficiently large. Combining (5.29) and (5.30) we obtain 
(5.31) au KO(n,€)<4KO(™,») if 1<r<2 
=y ¥i 


and if 7 2a3(r)/m. On the other hand, this restriction on » (always 
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assumed 2 0) is unnecessary in view of (5.24) and (5.26), if we are willing 
to increase the constant factor in (5.31). We have thus proved (5.28) for 
1<7S2, and it must therefore be true for y>2. (The function a, can be 
taken to be monotone non-increasing.) 

Since we are dealing with a compact interval [—2, =], our signed 
measures on the interval are necessarily of bounded variation, so that 
condition (d) of Theorem 4.1 is irrelevant. Our work has thus led to the 
following theorem. 

Theorem 5.4. Let u™(n,.) and AM(n,.) be the Fourier- 
Stieltjes (C,7) mth sums corresponding to the signed 
Meeademres U and H respectively..Then if r>1, for |[H]| 
almost every point €, 

_. won é& aU 
(5.32) ee eee = 7a 6 
E> 
whenever € =&,>€ in such a way that |&—C€|=O(1/n). 

If H is Lebesgue measure and U is absolutely continuous, this theorem 
is classical. In fact Lebesgue [V] proved it in that case, even with r=1 
(but with €=€ im (5.32)) and Hardy [IV] extended the validity to 7>0. 
W. H. Young [X] further extended the result to cover a not necessarily 
absolutely continuous U. See [XII] for a proof of Theorem 5.4 with r>0, 
for H Lebesgue measure. The following example shows that the theorem 
cannot be extended to the case y= 1 without further restrictions. Let U be 
Lebesgue measure, and let H be the measure confined to the point 0, with 
H(j0})=1. Then if r= 1, #” is the constant function 1 and paz KO: 
If E,=2n/(n+1), WO (m, &,)=0, whereas ww, €,)/h" (n, E,) would 


have the limit 0, as ” > co if the theorem were true for 7=1. 
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VARIATION DIMINISHING HANKEL TRANSFORMS “) 
By 
I. 1. Hirschman, Je. 


in Saint Louis, Missouri, U.S.A. 


1. Introduction. 


If P(x) is a continuous function on a (possibly infinite) interval then 
we denote by V [p] the numbex of changes of sign of ((*) on the interval 
in question. A function G(x)EL'(—c , 0) is said to be a variation 


diminishing «-kernel if 
V[e-e] sV [9] 


for every bounded continuous function ~(*) defined on (—~,-~). Here 


Geo-@)= [ G&-yeW)dy (-x<x<@), 


-@ 


In 1947 I. J. Schoenberg proved that G is a variation diminishing «-kernel 


if and only if (after multiplication by a suitable constant) 


DPD 


G*M@= [ GWedx 


v 


—2 


ct? + ibt 1 ut it /ap . 
=e — — | e*’ ' 
ee) 


k 


/ 


where the a,’s are real and >, a,” is finite, b is real, and c is real and 


non-negative. 
In this paper we will establish an analogous theory associated with 


certain convolutions defined for functions on (0, ©). Let v be fixed, v>0. 


We set 
(1) u(x) = 24" (2*4E (V+ 5)}4 


1. This research was supported in part by the United States Air Force through 
the Air Force Office of Scientific Research and Development Command under Contract 
No. AF49 (638)—218. 

2. The case Y= 0 is Schoenberg’s theorem for an even kernel. While the 


arguments given here are valid for v= 0 many formulas require slight changes. 
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and we define L? (0, 0), 1< p< oe, as the space of those real measurable 


functions on (0, o) for which 
Pe | \/p 
iflo=[f lf Pane] 


is finite. Similarly L” (0 , co) is the space of those real measurable functions 


on (0, ©) for which 
II/lloo = ess sup | f (*)| 
0<24< wm 
is finite. Let us further define 
3(3¥—4) F W+5)" 
Tv) 2% 


(xyzy?"*" A (x, %,2)°7? 


(2) D(A) 2) = 


where A(x, ¥, 2) is the area of a triangle whose sides are x,y,2 if there 
is such a triangle and otherwise is zero. If f(*) and g(x) are real measur- 


able functions on (0, ©) then we formally set 
(3) fet ee { f FOOD, ¥,94uO) du). 
(0) 0 


We will show in §2 that the operation “#” has most of the familiar 
properties of the convolution operation “+” on the real line. In particular 
if f(x)EL* (0, ~) and g(%)EL” (0, oo) then the integral (3) is absolutely 
convergent for O0<%<o, ||/f#e|lo<|lflli|lgl., and S#g-(*) is 
continuous for O< ¥< co. Similarly if f(*)EL'(0, co) and g(x) EL'(0, o) 
then the integral (3) is absolutely convergent for almost all x in (0, ©) 


and || f #@||) < |[flh llg||t . Finally let 


(4) F(x) = 2-"T (V+ 1/2) 2%” Jy (2). 
We define 


PO= {TOHf Wu o<t< @; 


f* (@) is the Hankel transform of f(x). The Hankel transform behaves in 


regard to the convolution “#” exactly as does the Fourier transform in 
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regard to ordinary convolution “»” on the real line; for example if 
§,€€L'(0; co) then 
Ff #8)°@) =f Oe. 

Let w(x) be a continuous function on 0<%< oc and let us denote 
by V [w] the number of changes of sign of w(x) on O<%< oo. A function 
H(x)EL' (0, ~) is said to be a variation diminishing # -kernel if 

VHAW<VIw] 
for every bounded continuous :. The principal result of the present paper 
is that H is a variation diminishing #-kernel if and only if (after multi- 
plication by a suitable constant 


@ 


H(G= f HE)I (Hd) adu(e) 


fae 


where the a;’s are real and 2,4,” is finite, and ¢ is non-negative. 

Many important integral transforms, for example the Laplace transform 
and the Stieltjes transform, can be put in the form f/=G+q@ where G is 
a variation diminishing *-kernel. Such integral transforms have an extensive 
theory, see [8]. The present paper makes it evident that almost all this 


theory can be transferred to the present context. See also in this connection [6]. 


2. Hankel transforms. 
In this section we will develop systematically the theory of Hankel 
transforms. While most of this material is known it is nowhere systematically 


treated in the form we will require. 


Using the notation developed in the introduction we have the following 
basic formula, 


(1) | J (zt) D(x, ¥, 2 du(z) = Id) I (94) 

9) 
valid for 0<%< 00 , O<y< om, 0St <0 see [15; p. 367 and p. 411]. 
The special case t= 0 yields 
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(2) f D@,y, dau) = 1. 


We note that if O0<%,y,z< 0 then 
(3) Dt, Vet) 205 


we also note that 


(4) Dix 2) = BOls 2) = YG 32.) ree 


Theorem 2a. |J(*)| <1 for OSX %<m. 
The function J(%) is continuous for 0 <*< co. The familiar asymptotic 


behavior of Bessel functions implies that lim J(¥) = 0. Let 
x—> a 


m= bab. J (x). 


0=%< mw 


If m,>1 then since J(0)=1 there will be a value %1, 0<%1< © such 


that J(%,) = m,. Setting ¢= 1, *=%1, Y=% in (2) we find that 


m= I3(%)I(m) = J J(z) D(& , %1 , 2) du(z) 


fee) 
= J m, D(x, , %1,2)du(z) = m. 
0 
Here we have used the positivity of D and (2). This contradicts m>1. 


Similarly let 


. m= gl b. J(x)- 


0=%< © 
There is a value %2, O0<%2< 00, for which J(%2)=m,. Let t=1, x= %2, 


y=%2 in (1). We find that, using m:1=1, we have 


feo) 


m? = I(x) I(%) = lb J (2) D (xz , x, 2) dw(z) 


0 


S {Dim a@=1 
0 
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and thus m,>—1. A slightly more careful analysis shows that |J(x)|<1 
if *>0. The above proof is due to Bochner [2]. 

Let L? (0, x), 1S P< be defined as in §1. 

Bneoreni 2D, Let 1S S70, 12 Ss,00 and Jer 15 p50 


where 


If fel’(0,~), geLls(0, 0%) then the integral 


fee )= f [sO)g@DO,y, dO) de. 


0 
converges for almost all %, 6<%<o~ and 
(5) IF # elle S Ilflh > llells- 
Moreover if =o then f #e:-(%) is defined for all x 
O0<%<co and is continuous. 
That f #g-(x) is defined almost everywhere and that (5) holds is 


a consequence of the relations 


eo} 
| ieee ina 9 te 1 253 


0 


which follow from (2), (3) and (4). Since the argument is standard it is 


omitted. If b= then 


f#e-()—f #8: (%) 
= [ f fO)s@D.¥,9—Dlwo, 9, MdnOaue), 


Li x#e-@=f/#e-@)|/ shih, 


where 


I= iy fisort|Dey. 2) — Dl. 9, 2)|anO)an@]" 


I, = {fis ? VD (G49, 2) ee HONE y,2)/du(yan@]. 
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Since 
fee) 
{|P@.9.9 — D(%o,¥,2)|du@) S2 
; 
and since (as is easily verified) 


Cc 
lim J \2@.9.2)— Dw, 9, 2) |du(@) = 0 0<¥<c 
0 


X>% 6 


a simple application of the Lebesgue limit theorem implies that nee I,=0. 
0 


Similarly lim J, = 0, etc. 
XX 


The property (4) implies that under the assumptions of Theorem 2b 
(6) fe wM=gA#f-(*) almost everywhere ; 


that is = 74° is commutative. 


The next result concerns approximate identities. 


Theorem 2c. If 


1. k,(%) 20 (0<% <3)" 
oO 
2. f Fo @) aux) =H (n= 0, 1, 2,...), 
0 
Se 
3. lim | Ry (4) a(x) = 0 (each 5>0), 
diner 


4, p(xyEL” (0,e), 
5. @ is continuous at %o, 


then 
Ae @ # Rn » (%0) = P(X). 
We see using (2) that 
T= # ky + (%0) — & (%0) 


=f i [? (%) — @ (%0)] kn) D(%o , x y) du (x) du(y). 
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Given €>0 let us choose 5>0 so small that 


|p (x) — @ (%) | —s for |*—%|< 5. 


We now let 


= i { [P (x) — 9 (%)] Pn (Y) D (Xo, ¥, v) du (x) du(y), 
6 0 
56 
I= | if [1p (x) — @ (%)] bn (Y) D (xo, « , y) du (x) du (y). 


Now | (x) — @ (%0) |< 2|I@||,,. Thus using (2) 
oOo 


L1| <2 \!Pley ff #O)D Go, x, 9) dn(x) quo), 
6. 0 


S20. f & Oa), 
é 


and thus lim /,=0. 


n>@D 


Referring back to the explicit form of D in §1 we see that if 
0<y<5 then D(% ,%,¥) vanishes except when 


%—-O<*%*5%4+ 58. 


But in this range | p(x) — @(%)| <<. Thus 
5 @ 


| se ff bm O)DG, x,» due) du) 


0 


6 
<e fh ()dnoyse. 


It now follows that lim |J|<e, or since & is arbitrary lim J = 0, 
n> n->C 


as desired. 
Corollary 2c. Under the same assumptions on Rat e)y ut 


f@WEL'(, ~) then 
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It is easily seen that if g(x)€L'(0,0) and if gy(x)EL' (0, o) 


nm = 1, 2,... then the conditions 


1. lim gn(*) = g(*) almost everywhere O<%< om, 


n->D 


2. ||gal Sie: 


imply that 


Wie eee ensees 


lim ||g — gall: = 0. 
n>o 


Using this principle (7) follows from Theorem 2c in the special case where 


f(*x)EeL'(0,%) and in addition f(x) is bounded and continuous. Since 


such functions 


approximation. 


are dense in /'(0, ©) the general case follows by 


For f(x)€L'(0,%) we define, as in §1, 


fO= f FOIE) OSt<e. 


It is apparent from Theorem 2a that f(t) is continuous for 0 <t< © 


and that 


IF Ilo SII F Ih - 


Theorem 2d. If f, géeLl'(0,~%) then 


We have 


Are || 


¢#e)° O=f* Oe" Nee ec 


ie.) i 2) 
» 


J [4 8@DO,y¥, )duQau@) 


0 


Multiplying by J (xt) and integrating with respect to du(x) we find that 


Cf # g)* (t) 


l 


Cc @ 


fseda ff SOs@DE,y7,9anO)an@) 


0 
es) 
0 


0 


foe) 


vu 
0) 


fO)E@auO)an@ [ Dew, y,2I (at) du). 
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The change of order in the integrations is easily justified using Fubini’s 


theorem and (2). 
Making use of (1) we see that 


G49 O= ff FOVEOIONI EH duo) au@ 


0 0 
=f" @s° @O, 
as desired. 
Let us choose a sequence of functions k,(%) 7 = 0, 1, 2, ... such that: 
Le eke (X) 0 0<*4<mX; 


pee) 


p& hy, (x) de = ig 
J 


lo.) 


3. lim k,(s)ex = 0 for each €>0; 


n> 
& 


4. ky t)EL'(0,<); 

uth, wate) == (2%), 
One such sequence of functions will be exhibited at the end of the proof 
of the following result. 

Theorem 2e.-lf #,(%) #=0,1,.. has thé “properties 1—5 
above then for any fEL'(0, ©) we have 


lim || f (%) — (f° &e )” (%) |: = 0. 


n>D 


By definition 


I 


ke) @) = [Be OF OFCA) dO 


I 


[ ke OIC ar(O | “fF O)I(O) dey) 


i 


J £O)dO) [Ae OICHIOD de) 
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: J HOPED SIRO HO) | LID 


fo) dn) ji D(w,¥,2) du @) i! he (I (at) aU.) 


— 


= [ fO)d&O) | D&,y, Dane) 


a i iA f(y) a (2) Dw, 9, 2) du (y) dz) 


a H# ky + (X). 

Here all the various changes of orders of integrations are justified by easy 
applications of Fubini’s theorem. Our demonstration may now be completed 
by appealing to Corollary 2c. 

An example of a set of functions satisfying the conditions 1 — 5 
above is 

ky, (%) = e-** n*1 9°” Pv + 1/2) / F@v-+1). 
Clearly Conditions 1, 2 and 3 are met. Since 
2 =p} 


iA 
= ; 


see Watson [15; p. 386], Condition 4 is satisfied. Finally Condition 5 is 


Ratt) [i+ 


a consequence of formula (2) of Watson [15; p. 434]. 
Corollary 2e. If f(*#)EL' (0, o) and if f~@eELl'(0, ~) then 


f(x) may be redefined ona set of measure O so that it is 


continuous 0<*%< «x, and then 
ie 
f= J FOT@=)duO os x<e, 
0 


An immediate consequence of Theorem 2c is that if f,g,hEL'(0, oo) 


then 


(8) (#8) #Ah- (x) = f # (eg #h)- (x) 
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almost everywhere for O<*%<oo; that is “#” is associative. Using 


Theorem 2d we see that 
(f#Qq FM HS OAM RSLS (MK K(e#A]* 
from which using Theorem 2c we deduce that 
If A (SAD —(f#e) hl], =0. 


This implies (8). 

For future reference we remark that (8) is also valid for all x, 
0<%*< cc, under the assumptions f,geELl'(0, ~), hEL™ (0, ow). 
This can be deduced by an evident approximation argument. 


We conclude this section by verifying certain differential relations. 


Let us set 
” 2v , 

We assert that 
(9) A J (st) = —# I(t). 
To see this let z=xt. Then if ¢, = 2” ”?F(v+ 1/2) 

Sey = cy 2'7"F py, (2), 

ad 

Ss J (<i) = it [22 See (z)] : 


ax 


\ 


2 laa hv 
es Txt) = cyt (| [22 Juv, (2)]- 
Thus 


QV ia 
= Zz = cat Jv- (2)] 


eth) 


= ett [Jy +2 Ten @— ar — 112) Jen] 


= oy tt 2 [Jy (2)) = —? TA). 


In the next to last step we have used the relation 


318 I. I. HIRSCHMAN, Jr. 


fit, @ +2J+-4@ +1? — 0-1/2) IG) 6 

see Watson [15; p. 82]. 
Let us also set 
(10) I(x) = [2-“r(v+ 1/2)" Ly ()**”, 
(11) K (se) = Bap Ge 
We assert that 
(12) Mi Gh = Vale 
AKG) =F KG) 

This is proved exactly as (9) using 

PT 42) + #T'ny (2) — +0 — 1/2)" Loy) = 0, 


etc. Finally a routine result about Wronskians shows that 

K (xt) “3 (at) — 1(xt)  K (xt) = ay 
2) Dee dx ye 
where ay is independent of ~%. 


3. Elementary kernels. 
A real function f(x) defined for 0<*%< oo is said to have at least » 
changes of sign if there exist numbers 
OS bo Ss te She 
such that 
ft) fis) < 0 as ee ae 
f has exactly changes of sign if it has at least m changes of sign and 


does not have at least -+ 1 changes of sign. The number of changes of 


sign of f is denoted by V[/]; V[f] has one of the values 0, 1, 2, ... 
Off ap eS ¢ 


We denote by C the subset of L® (0, co) consisting of functions 
continuous for O<%< oo. 
Definition 3a. A function K(x)eL' (0) cc) is said to ber 


variation diminishing kernel if for every fEC we have 


VK avis 
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In the present section we will exhibit a family of simple variation- 
diminishing kernels. 
Let S be the subclass of C consisting of functions /f (x) infinitely 


differentiable and vanishing outside a compact subset of 0<x< om. 
Lemma 3b. If f(~)€S then f*(EL' (0, ~). 
Proof. We have 


[oo] 
f° O= [ FIA) aux), 
0 
If we first use the identity 


== pk 2v 
te ids" x 


d 
= | J (xt) = I (xt) 


and then integrate by parts we find that 


oe) 


PIO = [ LSM) ICA aun) 


0 


where 


Lf (s) => — | £ ) es (x) + aux 9241 f(x) : 


Clearly Lf ES. Repeated application of this identity gives 


oO 


Pr pr (= f [EF] ICH dn) 


0 


from which our assertion easily follows. 


We require the following elementary results. Let A(x, 7?) and 


0 
9, AG ,t) be continuous functions of * and ¢t for O<t, x< ox, and let 
i 


|A(*e,))/ sa 


| 7) 
oe 


| Oi, Po itocle 
A(x, t) < a () 


We assert that if 
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(ee) 
J leOla@a< 
0 
then 
(ec) 
v= f oO Al, dat 
0 
is well defined and continuous for 0<*< oe, and that if in addition 


{le@la@a 


0 


then 


[o-9) 
d 0 
= V@= [ eO= Aw. Dat O42 
0 


d : ; ; 
and further a VO) is continuous. The proofs of these assertions are 


familiar and are omitted. 
For @>0 let us set 
galt) = aK (ax) 
where K is defined as in (10) of §2. The object of the present section is 
to prove that g,(%) is a variation diminishing kernel. 


Ke ?? —1 
Lemma 3c. & 4 Oe ee | OS = Co. 


This follows from a formula of Watson [15; p. 410]. 


Lemma 3d. If fel’ (0, <3) and is such that / G2 (Omics) 
and if 


h(x) = 8a(x) # f(x) 


then 


(1) 4) = 100) 
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where 6 
” oN 3 
A h(x) = h" (*) + ime (a) 
By Theorem 2d we have 
rt t? =1 
h ) = @(1+ 5) : 


Since h~ (t)EL' (0, ce) it follows by Corollary 2e that 


2 =, 
=| ‘S(xd)du(t)  o< <0. 


me = J for + 
0 
Now from the asymptotic formulas for Bessel functions it is easily seen 


that there exists a constant A such that 


0 
ae Fe < At 


Oi acon 


Bear a) elo a 
pCO) 


The discussion preceding Lemma 3c now shows that with the assumptions 


we have made 


A 
7 |3 (xt) du(t). 


p-Spew= frrofis 4p [4 


Since 
tf? 
[i— arse = [} + a]se, 
a a 


see (9) § 2, we have 
fi—2]4@ = f FP OIEDAR = SO, 


where the Jast equality is justified by a second application of Corollary 2e. 


Lemma 3e. If I(x) is defined as in §2 then 
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(1) 8) = ata (qe) EO (Ge) O/T}, 
(2) = tan (ae) [eK OO" (ge) OOK a. 
The differential operators on both sides of these relations are of 
the form 
h” (x) + A(x) h(x) + BDA). 
If we can find two linearly independent functions such that both functions 


are annihilated by each of the operators in question then the operators 
must coincide. Now it follows from (10) of §2 that I(ax) and K (ax) 


are annihilated by f elk Consider the operator on the right of (1). 
It clearly annihilates h(x) =I(ax). Using (11) of §2 it is apparent that 
it annihilates K(ax) as well. This proves (1) and (2) is entirely similar. 


Theorem 3f. For @>0 ga(*) is a variation diminishing 


kernel. 


Proof. Suppose first that f(*)€S. Then by Lemma 3d if h=g,4 f 


we have 


f(*) = (1-2) Ae. 


We require the following simple remark. If (%) is a continuously dif- 
ferentiable function for 0<*%<co, and if Q(x) is a positive continuously 


differentiable function such that either of the conditions 
lim Q(x)h(x)= 0 or lim Q(x)h(x) = 0 
x—>0+ x > 
holds then 
Rien 
ae Oh (| 2 V [h(x)]. 


If fES then h™(x)EC for »=0, 1, 2, .... Using this, the relations 


lim 1/E(ax)=0, lim x"I (ax)? = 0, 
X>D x—>0+ 


the remark above, and formula (1) of Lemma 3e, we see that V [fe V [A]. 
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If f is continuous and bounded then there exist a sequence of functions 
Sn(%) on 0<%< 0 such that 


1. ||falleo S [If lleo 


Beeld f_(%) = | (x) O<x< co, 
n> 
a fae, 


4 VALS Lf). 
Let In = 8a # fn. By the Lebesgue limit theorem lim h,(*) = h(x), 


O<%< co. For each m we have V [h,])<V[f,]<V flows thus passing 
to the limit V [A] <V[/], q.e.d. 


4. Composite kernels. 

In this section we will use the simple variation diminishing kernels 
found in the preceding section in order to build up more complex variation 
diminishing kernels. 

Lemma 4a. If Ki(*) and K2(%) are variation diminishing 
kernels then K=K,# kK? is also a variation diminishing 
kernel. 

Proof. Let f€C. Then 

VIKZA HVAC) SVS SV) 
where we have utilized in succession the variation diminishing properties 
of K, and K2. 


ihenpren! 4b. Let ¢ 260 and®? O0< 4,5 45... where 
2,4, < co, ie 


2 [ ? 
E(t) = e U|)+2 
. a, 
k 


then 1/E(t) is the Hankel transform of a variation dimi- 
nishing kernel G(x), 

oe) 

J J (xt) G (x) du (x) = 1/E(t), 

0 


3. There may be no @,’s or finitely many @,’s ot infinitely many @,’s. However 


we do exclude the case C=O and no 4@,’s; ie. E(t)=1. 


324 I. I. HIRSCHMAN, Jr. 
Proof. By Lemma 4a and Theorem 3f if E(¢) is of the form 
ee 
I] 
then our theorem is true with 


G(x) = 8a, (*) # ... A 8a, (*). 


Consider next the case 


ee) 2 


(1) E@=]J [1+]. 
Letaismset 


Cy = fl: [E (t)|-? S(t) dud). 


(0) 


Since E(A)EL'(0, 0) , G(*)EC. Let 


5.0 Wh+4] 


Then if G,= g, # ... # &a, we have 


J (xt) G, (x) du (t) = 1/E, (2). 


If m is sufficiently large (2x >2v+1) then [E,(#)]-'<€L'(0, ~) and 
therefore 


co 


G(x) = f [E, OF Gt) dus), 


0) 


see Corollary 2e. Thus 


oO 


GQ) — Ge) = f LE OM —E.0F4 Fed au 


0 
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and from this it is easy to show that 
(2) lim G, (x) = G(x), 
n> 


uniformly for O0<*<o%. Since each G,(x)>0 it follows that 
(3) Gis) 0 . 0<sx<es, 


Finally since 
co 

(4) | Ga(2) au(s) = 2 4= 0, toe 
0 


it follows from Fatou’s Lemma that 


ee) 


| G@)du@) <1. 


(¢) 


Thus GEL'(0, ~). Appealing to Corollary 2e we now see that 
me 

(s) f JOH E@) du) = EO. 
0 


We have thus shown that 1/E(¢) is indeed the Hankel transform of a 
function G(x)EL'(0, ©). It remains to prove that G(*) is variation 


diminishing. Letting ¢> 0+ im (5) we find that 
ios) 

(6) [ G@ ano = 1. 
0 


The above information in conjunction with the remarks following Corol- 


lary 2c implies that 
lim || G(x) — G,(*) ||; = 0. 
n> 


Thus if f(*)€C then 
G He f - (x) a= lim Gy HF o(%) 0<%< &, 


n->00 
and thus 


V(G# fl SlimV[G, 4 f] SV Lf). 


n> 
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The case 
(1) E(@)=e" — (€>0) 


is dealt with in almost the same fashion. The only difference is that we put 


z(t) = ee 
Q=[1+—-]. 


Finally the general case can be obtained by combining the cases we have 
treated. 


We note for future reference that if 


(8) he (t) = 
then 
(9) hy (a) = (20) ae 7, 


see Watson [15; p. 394]. 


5. Order properties. 

In this section we will essentially show that every variation diminishing 
kernel vanishes exponentially at + oo. We begin with some elementary 
remarks on normalization. 

Definition 5a. A measurable function h(%) on 0<4%¥<@&@ is 
Said to bea (probability) density function 1¢ 

0 < A(x) O@F <a, 


es) 


if h(x)du(x) =1. 


0 


Clearly any finite convolution of density functions is again a density 
function. 

Lemma 5b. If h(~) is a variation diminishing kernel 
then either W() 20 of 2(%) 290 almoc: everywhere on 
ON %K oO. 

Proof. By Corollary 2c 


lim ||h—h #€k, |], = 0. 
n> 


Here k,(%) is any sequence of functions satisfying conditions 1—3 of 
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Theorem 2c. If the conclusion of our lemma is false then for every 
sufficiently large m we will have V[h#k,]>1. But since A is variation 
diminishing we must have V(h#k,) <V[h,] =0. This contradiction 


proves our result. 


It now follows that if (x) is a variation diminishing kernel then 


a~'h(x) will be a variation diminishing density function if 
. 
a= | h(x) du (x). 
0 


Let G(x) be a variation diminishing density function. We set 
G; ores G Hp hy ‘ 
Here fh, is defined by (9) of §4. The advantage of replacing G by Gi is 


that Gi, which is also a variation diminishing frequency function, is 


infinitely differentiable for O<x< x. 
Lemma 5c. Let a>0. Then G,(x)/K(ax) does not havea 
local minimum in 0<%< oo. 


We first note that the function 


[ — ari) = hela | + 


1+ 2v 1 : 
K — 
bee 4c? | 


has one change of sign in O<%<o~. It follows that since Gi is a variation 


diminishing kernel 


A 
a? 


(1) Gi(*%) # fs h, (*) 


has at most one change of sign for OC ¥< ov. 


Now the function 
A 
(2) [1 — e]G@ # ae 


has the same “~” as the function above. Thus since both functions are 
in L1(0 , &) they are equal almost everywhere and since they are continuous 
they are equal everywhere for 0<*¥< oo. Letting ©>O+ we find, see 


Theorem 2c, that 
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| —S]a0 


has at most one change of sign in OC ¥< ~. 


Now by Lemma 3e 


(A —4*) Gi (*) = are ( . yer ae ta cs |: 


We must distinguish two cases: i. O<v<1/2 and ii. 1/2<v<~. 


Case i. 


y = G, (x)/K (ax) 


d 
If G;(*)/K (ax) had a local minimum at ¢ then aes [G,: («)/K (ax)] would 


have some negative 


right of ¢. Now it 


(3) 


(4) 


values to the left of ¢ and some positive values to the 


is easy to see that 


lim x?” K (ax)? i SUE 
ax 


41> K (ax) 
ev K (axe (2 _\ G1 @) 
jim 4 ee. ea K (as) 


To see that (3) holds we note that Gi(*),G1i(x) are O(1) as x>o 
while K(ax), K’(ax) vanish exponentially as *>&. To see that (4) 


holds we note that 


G; («) 


x?” K (ax)? ( S 


K (ax) 


a 
= — x” G, (x) ak (ax) + x?" K (ax) — G, (x) 


from which it follows that 


: ; d G, (x) : d 
oy 2 ot 2 
oe K (ax) | a ] KG G; (0+) ee ad K (ax) 
= d,Gi (0+) 


where dy>0. 
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Gi (x) 


d 
Clearly x*” K (ax)? —— oo Gas | must be successively decreasing, increasing, 


K (ax) 
and decreasing and thus its derivative must have at least two changes of 
sign, a contradiction. 
Case ii. v21/2. Here K(ax) approaches infinity as x >0O+ 


and thus 


(5) = G1 (x) /K (ax) = 0. 


If Gi(x)/K(ax) has a local minimum at *=c 


< y = Gi (x) / K (ax) 


then Be, 1(«) /K(ax) must be successively positive, negative, and positive. 
x 
As before 
ad \ G,(x) 
27 K (a = 
6) tim 2° K (ex? (Z| Keay 
y 


a are.) 
pe tN a K (a) 
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must have two (or more) 


Thus the derivative of x7” K (ax)? ( 


changes of sign, a contradiction. 


Theorem 5d. There is a value @>0 such that 
G, (x) = O[K (ax)] KPO, 


Proof. We know from Lemma Sc that for a given a>0, Gy (x)/K (ax) 
is either non-decreasing for 0<*%<© or it is eventually non-increasing. 
In the latter case we have our desired conclusion. Thus what we must do 
is to rule out Gi (x)/K(ax) non-increasing on 0<%<©& for every a>0. 


There are three cases: i. O<V<1/2; ii. V=1/2; and iii. v>1/2. 


Case i. Here lim K(x)=c>0 (¢ depends on v). Thus 
x>0+ 


Gi (x) = lim ¢Gi(x)/K (ax). 
a>0+ 


If for every a>0 G,(x)/K(ax) is non-decreasing so is Gi(x) but this is 
impossible because Gi€L' (0, &). 


1\7! 
Case ii. Here lim (ioe KG 60 ies 
40+ x | 


a>o+ 


HAG Salm ORE (| G. («) /K (ax) . 


If for every @>0 Gi («)/K(ax) is non-decreasing then so is G,(x); but 


this is impossible. 


Case iii. Here lim x”-"*K(x)=e50. Thus 


x—>0+ 


Gy (%) 47°" = lim oa? G(x) / K (ax), 
a>0+ 


etc. 


6. Variation diminishing kernels. 
In this section we will prove the converse of Theorem 4b. 
Lemma 6a. Let G(x) be a variation diminishing kernel. 


If f(*) is continuous for 0<#%< comand aseeuen that-for 


cach V>O the integral 
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G#t-w=f{ f E@S@D,y¥,dan@au’e) 
0 


0 
is absolutely convergent then 


Fit J) a iy). 


Proof. Let 
—n if f(*)<-—n 
fa =<%f (x) if N= (Xan 
a cee yes. 


Then for each positive integer 1, f,€C; thus 
Views) SV lid = Vf). 
By Lebesgue’s convergence theorem for each y>0 
G#f-O)=limG# f,-(), 
n> 
and from this it follows that 


V[G # f] SlimV [6G # f,], 


n-> Oo 
etc. 
We require the following result which is a special case of a theorem 
of Pélya, see Obrechkoff [9; p. 11]. 
Theorem 6b. Let @(z) be analytic for jz| <r for some 
r>0O. If there exists a sequence of polynomials P,(z) of 


the form 


r= WPS) 


where the @,; are positive, such that 


n—> CO 
uniformly in the circle jz) <7, then (z) is of the form 
— ~cz? a ; 
@(z) =e II|!- es 
j 


: : ns ae 
where ¢ is non-negative, the a are positive, and 2445 < oo, 
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Theorem 6c. If G(*) is a variation diminishing density 


function then 
GO = 17 £G) 


where 


: p 
EQ = TT [1 +2]. 
k 


Here ¢20, @>0, Fe l,2,.., 2s1/4,< 
Proof. Let G; be defined as in §5, and let 


oo 


(a) GO= [ GH) ICA) ar~, 


io 


0 
Theorem 5d implies that for some constant )>0 
(2) OG: @) Ss Ae’ O<x<m. 


Let us permit ¢ in (1) to take on complex values, ¢=u-+iv. Using (2) 


and familiar estimates for Bessel functions in the complex plane we find 


that Gr (t) is analytic in the strip |Imt|<b. Because G:(x) is a density 
function Gr (0)=1. It follows that if 


O@) =1/6,() 


then Q(¢) is analytic in some circle |f/ < about t=0. Moreover it is 


apparent from the evenness of J(xt) that Q(¢) is even. Thus we have 
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[e.2) 
Q() = ye one — |e <p. 


0 


If we multiply both sides of the formula 
ms 
ji J (zt) D(x, y, 2)du(z) = I(t) IG?) 
0 
by Gi(%)du(x) and integrate we find that 
Se ao 
ff @@IENDE.y, DduOan~ = EF HIGH 
0 0 


or 


Oo © 


(1) fe iE Gi (x) Q(T (et) D(x, y, 2) du(z)du(x) = I(yt). 


0 0 
For positive € and integral ~ let us set 
Pen (7) = (€—71) (28 —7) ... (ne —7). 


Let A be defined as in §2, the differentiation being with respect to ?. 
Applying pe,n(—A) to both sides of (1) we obtain formally 


(2) if f Gi (x) {Pe n(—A) Q (é) J (z2)} Die wee 2) du (z) du (x) 
= pen (—A) J (yd) 


= pe n(W) Id). 


Here we have used (9) from §2. The differentiation under the integral sign 
may be justified by the argument in §3. Let us now set ¢=O in (2). 


Then if we let 
ge,n (2) = {ben (—A) QS (2¢)} 1-0 


we obtain 


o ow 
ff GO) gen @ DOH, 9, 2) du (x) a0) = Pe.n0"), 
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By Lemma 6a 


n= V [ben(¥")} SV [4c ,n (2)] 

from which it follows that ge,» (2) which is an even polynomial of degree 
2n in z has only real zeros. Letting €>0 it follows from a theorem of 
Hurwitz, see [14; 3. 45], that ¢,(z%)=4o,n(%) has only real zeros. We have 
gn (2) = {A" 2 @) Ibi 


Since 


At = 2m (2m —1 + 2v) 2? 
it follows that 


n (—1)* Z\2k 
Yn (2) 2 ghee ON k\(v+1/2)s (eh ; 
Here 


(a),= a(a + 1)... 


We now define 


Ont) = ar (Fe) a (a) 


= ext onl Ty 


.(@--r—1), 


Syed | he |e. 


+ 1/2)..." 
Qn(w) has only real zeros. It is easily seen that 


co 
lim Q, (w) = —1)* m, w* 
n> = 


uniformly for |w) <7 if r<. By Theorem 6b 


ice) 


2 w 
= i] 

k=0 k k 
where 


> OSGi 15 


D 
Replacing w by it we see that 
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Gr (j= fe? I (: = ale 


k k 
Now 
G* (t) e# = Gr (4) 


so that 


GO) = [e" I (1 Alp 


where ¢=¢;—1. Since G*(t) is necessarily bounded it follows that c> 0. 


Our proof is now complete. 
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VARIATION DIMINISHING TRANSFORMATIONS 
AND ULTRASPHERICAL POLYNOMIALS) 
By 
J. I. Hirschman, Jr. 


in Saint Louis, Missouri, U.S.A. 
1. Introduction. 
Let Pp be a real valued function defined on J the additive group of 


integers. We denote by V[p] the number of changes of sign of ~(n) for 
—co<m<o. A real function G on J is said to belong to /'(J) if 


Gh = )']e@| 


is finite. GE/'(J) is said to be variation diminishing on J if 
V[G+-e] <V[9] 
for every bounded real p€/™(J). Here 


i.e) 
Gep-(n)= Y* G(n—R) p(k). 
vy 
In 1952 Edrei [5] proved a conjecture of I. J. Schoenberg to the effect 
that G is variation diminishing on J if and only if (after multiplication 


by a suitable constant) 


[[o+« z) Il (1+, 271) 


k=1 


(1) G*(z) = 2" exp [€:.2 + e127] —S 


TLo-m) [Lo 


[ism 


where m is an integer, €: 20, £120, O20, Br =O, 
1>7e20, 1>8:20, and Ye (o4+ Pat sat di) < om. 


In the above formula 


* This research was supported in part by the United States Air Force through 
the Air Force Office of Scientific Research of the Air Research and Development 


Command under Contract No. AF 49 (638)—218. 
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(2) G*@) =) Ga, 


and (1) holds in some annulus (1 <|z|<o2 where ~1<1<2. Edrei’s 
work completed partial results obtained earlier by Schoenberg [14], Aissen, 
Schoenberg and Whitney [1] and Edrei [4]. The demonstration of (1) is 
difficult and depends upon a number of very surprising arguments. 

Let pr(x) m= 0,1,.. be the Legendre polynomials [6; vol. II, 
Chapter X]. We have 


ee 
Jf Pn) bm) dx = ee aiee 


Let /' denote the class of those real functions ~(”) defined for =O, 1, 2, ... 


for which 


lle: = Vl e@)| @ + 1/2) 


n=0 
is finite. For ~El' we set 
Es 
©” (x) =)" 0 (1) ba (x) ( + 1/2). 
n=0 
Since, if —1L S451, 
Pal) S11 eed 2 


it follows that ~~ (%) is continuous for —1 <* <1. @(n) can be recaptured 
from (p~ (x) by means of the inversion formula 
1 
p(n) = for@) p” (x) dx Wii eee 
=I 


Let us set 


i 


C(in,m,k)= it Pn (%) Pm (%) pe (%) ax . 


-1 


Then 


(3) a (*) Pm(2) = °C On, mB) pala) (H+ 1/2). 
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(Here C(m,m,hk) vanishes for k>n-+m). An explicit formula for 
C(m,m,k) is given in §2 which shows that 


(4) C(n,m,k)>0. 

If ~, wp are functions defined for = 0, 1, ... we set 
= ee) 

(6) PAW M= YP Yom) pC (n,m, b) (m + 1/2) (+ 1/2). 
m=0 k=0 


Evidently p # wp is well defined for »=0,1,.... Setting x =1 in (3) we 
find, since ~,(1) = 1 for 7=0, 1, ..:, that 
ice) 
yi C (n,m, b) (k + 1/2) = 1; 
k=0 
from this it is easily deduced that if @, pel' then PH Wel and 
We AW SI¢ |r |] vlh- 
Moreover we have 
(p #)* (4) = © (*) Wr (). 
We thus find that under the convolution “#” I' behaves quite like the 
group algebra /'(J). Let us denote by /% the class of those real functions 
O(n), % = 0, 1;..., for which 
© lao = Lv.b. |@ (n)| 
is finite. If GEl' and pel then G#@ may be defined by (5) and it 
may be checked that 
| @ A ® |log S|] Eft | [leo - 
A function GEl! will be called variation diminishing if 


VIG# 9] SVi9] 
for every PEl™. Here V[‘p] is, of course, the number of changes of sign 
of p(n) for 7=0,1,2,.... We shall show in the present paper that 
Geél' is variation diminishing if and only if (after multiplication by a 
suitable constant) 


(6) G* (a) = V°G () fa) (m+ 1/2) 


n—0 
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ine + ap %) 
k=1 
nie = bp a) 
a 


where C20, 124,20, 1>0:20, and 2,a,+d,< ©. Actually our 


results apply to ultraspherical polynomials and we have confined ourselves 


= gy Cx 


to Legendre polynomials in this section merely to avoid the introduction 
of cumbersome notations. Analogous results applying to Hankel transforms 
have been obtained in the previous paper [8]. The argument there paralleled 
the argument given by Schoenberg for variation diminishing functions in 
the group algebra of the line. The argument here is different in that after 


various reductions (6) will be obtained as a consequence of (1). 


2. Ultraspherical polynomials. 


In this section’ we have listed the properties of ultraspherical polyno- 
mials which we will need. For a more detailed and more motivated discussion 
of the harmonic analysis of ultraspherical polynomials we refer the reader 


to [7]. For a fixed value“ of v>0 we set 
2" (viet?) (ue, &) = (= 4) (le ea vel — x2)nto—Y | 
z 


The W,(m,%) are the ultraspherical polynomials of index v normalized 


by the condition 
Wa ed ye ee 
We therefore have 


n! 


Wy (uv, *) = C¥(x) Guy 


where the C* (x) are the ultraspherical polynomials normalized in the usual 
way, see [6; vol. II, Chapter X]. If 
(1) aQ, (x) = (1 — x7)” dx , 


P(v) (204 0 +¥) 
n2T(y+1/2)n!’ 


ee Cy 


1. The case v=0 is Edrei‘s theorem for an even kernel on dE 


VARIATION DIMINISHING TRANSFORMATIONS... 341 


then 


(2) i W,(n , %) W,(m , x) dQ, (%) = Sym / Wy (2). 


A , ee 
Let us denote by /! the linear space consisting of those real functions « 
On 2% = 0,1, 2,... for which 


[oe) 
Weep, ee ; 
I| ® |la 'p (2)| @y (1) 
is finite. For pel} we set 
lee) 
(3) e (x)= Ny (P (2) Wy(n) W, (nm , x). 
n=O 


Clearly ~~ (x) is a bounded continuous function on —1<% <1 since 
fe 1 ethene | Wy (7, x) | <1, w= 0, 1,2, .../ For pel’ we have the 
inversion formula 


1 


(4) (a) = f © @) Wom, 2) a(x), 


-1 


We require the following formula of Dougall, see Hsi [10], 


(5) Wolhews) We 24) = Cre, i n)W,(n , X%)@y(n). 


n—0 
Here Cy(%,7,”) is zero unless k+7+%”= 206 is even and unless 
max (k,7,”)<o. If these conditions are met then 


mE (2v)2'* (1) sn 
Tr (vy (2v)e (2V)j (2V)n 


(v)o-2(VJo-7(Vo-n_  (2¥)o 
(1)o-% (1)6-7 (1)o-n (v)o o-+y ° 


(6) Cy(R,7,n) = 


For ~(”), p(”) defined for = 0, 1,... we set 


(7) p#w-(n) = wy p(B) W (7) Cy (RB, 7, 2) Oy (FR) Ov (J). 
k=0 j=0 


Note that for each ” only a finite number of terms on the right hand 


side of (7) are different from zero. Since 
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(8) C,(kR,j,") 20, 
ok 
(9) ei y(n) = 1, 


(here (8) follows from (6) and (9) follows from (5) if x is set equal to 1) 
we find that 
(10) |e Aviso: wh. 
Thus if p, pE/) so is p AW and using ee it is easily verified that 
(11) (PAW) =O - pr. 
It is also easy to show using (8) and (9) that 

oA Veo S[1h [IWle 
where |lyl|,,=lu.b.|w(m)| for #=0,1,... We denote by /,° the set 
of all (real) functions (2) for which nee Let p, p, %€/! then 

[oe #y) Ax = (7 WD = O° (WA) = [9 K CPX)” 

The inversion formula (4) now implies that 

(oAV) AX =P WEY) 
if @,w,xeEll. A simple approximation argument shows that the above 
is also valid if p, peli, yel;°. 


We will have occasion to use the recursion formula, valid for 
Nab en nie 


pedis 
Wy (ee 


(12) Wes) = ogy 


k 
—S ry 
5 pees Wy(R+1,%). 
Here if k=O the term W,(--1,%) on the right must be taken as 0. 
This can be obtained as the special case of (5) when 7=1. 
We will also have occasion to use ultraspherical functions of the 


second kind. We set 
il 


(13) Vin, x)= [ @— Win, DadQv (). 


—-1 
The relation of Vy(m, 1) to the standard function of the second kind is 


ny 9) 
Vy(m , %) = QU-'2-*) (x) (x? — 1)” Se 
, (v+1/2)y ° 
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Starting from (12) it is easily shown that 


k k+2v 
14 Veet) = Vik — AUN LA | Erp 
(14) *V,(k, x) Ree ee Vt 1, 2) 


for k= 1, 2,.... For k=0 we have 
1 


(14’) *Vi(0, x) =Vo(1,2) + [ dQ. 


-1 


An alternative integral representation for Vy(m, x), see [15; § 4.61], is 


2! 


(15) Vit, 2) = eee 


fi (1 — #2)" (x — d-"" aQ, (2). 


It is easily deduced from (15) that if x >1 then 


(16) lop Vain , 2%) = n log (x —V x? — 1) + O (log n) 
as #>co. Jn particular if x>1 is fixed then V,(",%) decreases 
exponentially as >. We also need to know how V,(”, x) behaves 
as X > 1+. There are three cases. If 0<v< 1/2 then it follows from (13) 
that 
1 
Vln, =Vi0,) = f IW, )— 14H 
=i 
= O(1) (x >1+). 
On the other hand ©? 


1 
V,(0,*) = | (x —ty1 dQ, (t) & (x — 1)"” 2”? asec av 
-1 
ae Lnusetor 70,1, 2,... we have 
(17) Vy (n , *%) & (¥ —1)""4 2" msecny as %>1+ 
(wi) 2). 

An entirely similar argument shows that for = 0, 1, ... we have 
Cie) Vue, *) = log (#—1)° as ¥>1+ 


2. A(x) & B(x) 13s x >1+4+ means lim Ary), Bis) = 41 « 
“>It 
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If v>1/2 then for »=0, 1,... we have 


! 
(17) Vi(n, 1+) = AE Ve ONT 2) eye 


This follows from [15; 4.62.5]. 


3. Elementary kernels. © 
A function f (7) defined for 7=0,1,... is said to have at least m 
changes of sign if there exist integers 
02 te = ti... SU 
such that 


FT (#)-f (44-1) < 0 k= 1, 2,..., %. 


f has exactly m changes of sign if it has at least m changes of sign and 

does not have at least m-+1 changes of sign. The number of changes of 

sign of f is denoted by V[f]; VI] has one of the values 0, 1, ..., 0. 
Definition 3a. A function K(m)él' is said to bea vari- 


ation diminishing kernel if forevery fel® 
VIKA ASVI/). 


In the present section we will exhibit two families of simple variation 


diminishing kernels. Let us set 


ie n w (2) nav os (7) 
RA 2n+2v w(n—1) Che 2n + 2v w(m+1)° 
We then have, see (12) §2, 
(1) xo(n)W(n, x) = r_(n)o(n—1)W(n—-1,%) 


+ ry (n)o(n+1)W(n +1, 4). 

We define the operator A by the formula 

(2) Af + (")=74(m—-1)f(m—-1) +7_(n41) f(nt+1)  1=0,1,.... 
Here 7;(—1) is to be taken as 0. Let J be the identity operator 


(3) Lf -m=f@) = On las. 


3. In this section and those that follow we shall usually drop the subscript v. 
The reader should imagine that a fixed value of v has been chosen and that this 
value is used throughout. 
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Lemma 3b. If §>1 then 
V[(A — € 1) 9] 2 V9] 


for every pel”. 


To prove this let us introduce the operators 


4 f(n) = f (n+1) — f(n) W = Oy 1, so; 
6. f (#1) = Ff (m) — 7 (n—1) m= 0,1, .:.3 
here /(—1) is to be taken as 0. We further define the functions 
1 
SES Re w(n)Wi(n,&) ’ 
DB () = ay (s ,E)Win+1, 8), 
ee @(n)n! n+2v Win, oP. 


(V4 1), 20 + 
We assert that 
(4) A — €1= (a1) d. (6D) 8 (7D. 
It is evident that 
(al) 8_ (BL) 84 (77 9) = o(n + [aM BM) +1)) 
— p(n) [a(n) B (m7 (n) + a (2) B(r—-1) 7] 
+ @(m—1) [4 (2) B@ -1)7(@—1)] 
so that proving (4) amounts to verifying that for = 0, 1, ... 
a(n) B (m) 7 (m+1) = r- (n+1), 
a(n) B(m—1) 7 (n—1) = 74 (m1), 
a(n) B(n) 7 (m) + a(n) B(n—1)7(%) =. 
Using the definitions of a, {} and 7 and (1) the above identities are easily 
checked. Simple geometric considerations show that if O(n) >0 #= 0,1, 2,°.. 
then for every pel® 
V8 (£1 9)] = Viel, 
while if 7(m)>0, »=0, 1, 2,... and if »(”)>0 as »>© then 
V [8+ (77 9)] = VI]. 


Since the zeros of W(n,x) lie in —1<*%<1 and since W(n,1)=1 
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it follows that W(n, £)>0 if §>1. Thus a(m), B(m) and 7(m) are >0 
We also see [15; Theorem 8.21.10] that 7(”)>0 


Ole WP Os WS wee 


as n>o. 
Lemma 3c. If pEé/' then 
(A —E 1)e)* (@) = @—-8)°(). 
The boundedness as “> of r_(m) and 7,() implies that 
(A—EI) pel! whenever pel'. Direct computation using (1) gives 
[((A — 2) 4]* () 
ie,2) 

=P (+1) @ (41) =F 0 (0) 4 74 (1) 0 (n—1)] 0 (1) W (, 2) 
n=0 
ice) 

= De cp (n) [r_ (2) m (n—1) W (n—1, *) +74 (n) @(n +1) W (n4+1, x) 

aa Ew (1) W (n > x)| 


n=0 


ice) 
= Yo (n) 0) Wn, 9) (8) = O89 @). 
n=0 
Let V(m ,&) = Vy(", &) be defined as in § 2. It follows from (16) 
of §2 that V(m,&)el'. The formula (13) §2 then implies that 
Vises) Gl E= 2)". 


(5) 


Theorem 3d. For §>1 V(u,€) isa variation diminishing 


kernel in /'. 
Using (5). Lemma 3c and (11) of §2 we see that 
[(A=E1) VC, eye o> = ge 


and thus that 
(A—ENV(-, Hef oq. 
By Lemma 3b 
VIV(-,4) #9] < V[q], 


as desired. 
Lemma 3e. If €>+1 then 
VIA +ED oq] < V[9] 


forevery pel® . 
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We introduce the operators 
6+ f(n) = f(m+1) + f(m) Be TS cx; 
o_ f (xn) = f(r) + f(n—1) C= ALPES Fae, 
here again f(—1) is to be taken as 0. We assert that if a(n), B(n), 7(n) 
are defined as in the proof of Lemma 3b then 
(A + £1) = (al) o- (BD 04 (7D). 
The verification can be carried out almost exactly as before. If £(n)>0 
m=0, 1, 2,... then for every pel” 
V[or Del <Viy], 
V(o-¢@) 9] < V[q9]. 
See Polya and Szegé, [11; vol. 2, p. 38]. Our lemma is an immediate 


consequence of these assertions. 


Let us define 


E / w (0) n=0 
U (w €) = 4 1/6(1) n= 1 
) sag OS 


Theorem 3f. If €>1 then U(n,&) is a variation dimini- 
shing kernel in/'. 
This follows on noting that 
is ey (4) = (6-2) 
and thus that 
(UC-, )# eM =(A+FDe]° 
so that 


U(:, 2) #O-(m) =(A+EDG:(n). 


4. Composite kernels. 

In this section we will use the simple variation diminishing kernels 
found in the preceding section to build up more complex variation 
diminishing kernels. 

Lemma 4a. If Ki(n) and K,() are variation diminishing 


kernels in ’ then so is Ki #K.2(n). 
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Let pel™ then 
Theorem 4b. Let c>0, 


Gear Rea bas Be Peal). and VS Dy by Os 


where 
Xe (ae + de) < oo. 


rf 


IT, (1 + ae x) 


E (x) = &* - ViPS y 


then there is a (unique) G(m)e€l’ such that G” (x) = E(x), 
and G(n) is variation diminishing. 
If E(x) is of the form 
[[o+@ 
k=1 
then the theorem is true with 


G(-)=aU(-,a)#..#aU(-, az). 


Consider next the case 
loa) 
E(«) = Ul (1 + a,x). 
rt 


Let us define 
G(n) = J E@ Wm, yaQ(n), 


-1 
We set 
G,(n)=a,U(-,a")#...#a,U(- ag he 
Then 


G,(n) = {ih E, (x) W(n, x) dQ(x) 


-1 
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where 


E(x) = [[ GQ +44). 
R=1 


Thus 
1 


Cin Cn) fE@-E() W (n, x) dQ(x). 


-1 
Since E,(%) > E(x) uniformly on —1<%<1 as r>©& it follows that 


(1) lim G, (n) = G(n) Wee OV zs. 
1>@ 


The functions a,U(,a;') are non-negative, and therefore so is G,(#). 
It follows that G() too is non-negative. Now 


r 


|| G, (m) ||, = YG (x) a(n) =G" (1) = II (1 + a). 
n=0 k=1 
By what is essentially Fatou’s lemma we find that 


(oe) 
|G) |] < tim || G(m) | = TP +a). 


n> fa | 


Thus Gél', and evidently G~ (%)=E£ (x). It remains only to prove that 
G is variation diminishing. If @€/' then by (1) 
GH#op-(n)= lim G, 4 P-: (n) n=, 1... 
r>©o 
and thus 


V[G# 9] < lim V[G, # 9]. 


r>e@ 


But since G, is known to be variation diminishing we have 
VIG, 4 9] S$ V[¥] 

for each y and thus 
Vic #o) S VI¢]. 


An evident approximation argument enables us to show that this is valid 


for pEl™ and not merely for PEl'. 
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If E(x) is of the form 
EG@)= 1/ [J a—%»%) 
Rat 


then the theorem is true with 
G(-)=5,V(- ze) HE ene HE ORV (2, 0) 


An argument almost exactly like the one just given shows that our theorem 


is true if 

CO 

E(x) =1/ JL a—&»). 
k=1 
Finally if 
BE (x)e =e" c>0 
we set 
E, (x) = ( a= a 

or 


In either case E,(x) > E(x) uniformly on —1<% <1, etc. 


5. An order property. 


In this section we will show that if G(j) is a variation diminishing 
kernel in J! then G(j) vanishes exponentially as 7 >. This information 
is needed later. 

Lemma 5a. If G(j) is a variation diminishing kernel 
in 2 then ViGG@) =o. 

This, of course, means that one of the relations G(7) 0, 7=0, 1,... 
or G(7)S0, 7= 0,1, ... must hold. Let 


nine Soni n=0 
(0) i 0 - 


Then 7(")€L) and n~(x)=1. It follows that for any Pe Ln#P=@. 
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Using this and the fact -G is variation diminishing we have 
V[G] = VIG #2] SV[n] = 0. 


Since we can replace G(j) by —G(j), if we wish, we see that it is 


no restriction to assume that G(j)>0, 7=0, 1, .... 


Let A be defined as in §3, and let £>1. We assert that 


(1) A — EL = (AI) 8, (%1) 8_ (ud) 

where 
SCCM ar ee a 
n(n) = FADE y(n, EV 0-1, £ oP eee 
x(0.) =V (0,8) f a0 
Lt (72) ALLS. ae : n=0, 1, ... 


es (2V+1)n 2u+2v V(n,&) 
The verification of (1) runs parallel to the arguments of §3. We have 
(AD) 5, (1) 8_ (ul) @ = @ (n+1) [A () x(n 41) WED] 
~ @(n) [) (m1) wn) + A (nx) WO) 
+ p(n—1) [A(n) x(n) w(n—1)] 
Thus we must verify that for ~= 0, 1,..., 
h(n) x (n-1) w(n1) =r (n+1), 
h(n) %(n) w(n—1) = 75 (n—1), 
A(n)x(n-+1) (mn) + A(n) x(n) w(n) = E. 
The first two of these relations are easily checked. The last relation must 
be checked separately for 721 and for m= 0, see (14) and (14) of § 2. 
Lemma 5b. Let G(j) be a non-negative. variation 
diminishing kernel in J} and let §>1. Then 
Gyo) V G4)" 


cannot have alocal minimum. 
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By a local minimum we mean an integer k>oO and that if 
yV=GCU)oMVG, Ay 
then 
k—1) 
HOR ce 
SA oa Ue 
lab. ly Gi? j= 0ee et 


¥() eset CXR each AL 


If y(j) had a local minimum it would appear as in the figure below. 


- y(j) 


This would then constrain %(j) 5-y(7) to take on in succession positive 


% (7) 5_y (1) 


negative, and positive values. Since V(j,&) vanishes exponentially as 


J>+&, see (16) of §2, it follows that %(7) 5-yG@)>0 as j>o 


From this it is evident that 


MO + x05 ves (SE TVG 
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would have to have at least two changes of sign. Now it is easily verified 
that 


(A-ENG=GHK(A-—El)n. 
Direct computation shows that 
Vik é 1) al =z; 
since G is variation diminishing, this implies that 
V((A—EDG] <1. 
These two facts taken in conjunction prove our lemma. 


Theorem 5c. If G(j) is anon-negative variation dimi- 
mishing kernel in / then there is a number €>1 such 


that 
GQ) = Ofm G)VoG, 8] fr hess. 
We know from Lemma 5b that for a given §>1 
G (J) {ov (7) Vo 7, Ef 


is either non-decreasing for OS7<©% of it is eventually non-increasing. 
In the latter case we are done. Thus it is sufficient to show that the case 
G (7) {ov (7) Vi, =} non-decreasing for every €>1 is impossible. 
We must divide our argument into three cases. 


i, O<v<1/2. Here, see (17) of §(2), 


lim V,@, & (€—1)2" =%F0 (0. 1) 


—>1+ 
If Gj) jo, G) Vv (7, €)}-! is non-decreasing as a function of 7 for every 


&>1 then so is 
G (4) {w, (7)}-! = lim ey (F — 1)" G({)iov (Vid , &}-*- 
E-S14 


But G(j) {o,(7)}-! non-decreasing contradicts our assumption that G(7)€/). 


ii. v=1/2. Here by formula (17’) of §2 we see that 


ary 
hig Vy (7 6) (log ame = C20 Cael) a 
E>1+ o—1 


If G(j) {av G)Vv GU, &)}-' is non-decreasing for every E> 1 then so is 
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Gi Om Ge allt clog | ~ Je lo GV GOs 
E>1+ cae 


etc. 
iii. v> 1/2. Here, see (17”) of §2, 


; r(ij+1) 
i Ve > — ieee et I a 
dion Vos 8) = Ce pay) 


If G(s) {or 7) Vv (7, €){7! is non-decreasing for every § > 1 then so is 


(== Osler 


EGY’ = tim oC (lov GP GRE 


Sie ee TCE AIP rer 


etc. 


6. Variation diminishing kernels. 
We can now establish the converse of Theorem 4b. 
Definition 6a. A matrix [a(n,k)],m<n<m ,hi<k<hk2 is 


said to be variation diminishing if 


a (#), = S a(n, k) p(k) Mm<N< M2 
ky <R<ky 
implies V[y]<V[p] for every function (hk), hi<k<h2, 
which is zero except a finite number of values of &. 


Lemma 6c. If G(”) is a variation diminishing kernel 
in J, and if 


(1) a(n ,k) = s Cy(n , 7, R) wy (k) oy (4) GY) 
j=0 


then [a(n,k)] (O<n<~ , O<Sk<&) is a variation dimini- 
shing matrix. 


Note that the sum on the right side of (1) is finite. By assumption 
ViG# |< V{qg] 


for any p(k) €l,° and therefore a fortiori for any @(k) defined for 


k=0,1,... and zero except for finitely many values of k. By (2) of §2 
we see that 


4. Here n, and k, may be finite or — oo and n, and k, may be finite or +-oo. 
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G#e-(n) = Y'a(n, PM 


and our result follows. 
Let us define E (r,s), O0<r,s<©& by the formulas 


CV)scy (Vets (1 Jas 


E (2r, 2s) = (1)s-r 1)r¢s (2V)>5 ” 


Bart 1, 294 1) = Oberle are 


E(ar, 2s+1)= E(2r+1, 2s) =0, 
if S27. If s<r then E(r,s)=0. 


Theorem 6d. Let —~<r<o, and s>0; we have 


lim C,(n ,n+7, Ss) @y(") = E(\r|, 5). 


n> 


Moreover foreachys there is a constant A(v,7) such that 
Cy(m,n+7,s)oy(n) SAV, 7) (S+1)E (7, 5) 
aro, vis. Here t= max(2v—1 , 1). 


Note that if s< |r| then C,(u,"-+7, 58) vanishes for all . Let us 
first suppose that r20. We have 


Cy (a, #-+ 27, 2s) w,(”) 


(V)ntr-s (1) m+2r oa { mtv | 
Veet (2V)n42r (V)ntrts n+rt+s+v 


(V)s-r (V)r+s (1) Ue ea r (2v) 
“a (1)s—r (1)r-+s (2V)2s EQ) TAAL 2) 


= F, F, F; F, F 
By the Legendre duplication formula Fy=1. Also 0S F2<1 and 
lim F,=1. It is easily verified that lim /; = 1. Using the elementary 
n>@ n> 
inequality 


(4)m / (Bln S A (a, B) (m + 1)°-? m > 0 
we find that O</F; and that 
Poa AW) (i +r—s+ 1)’ (# + 27 + 1)? (w# +r+s4+1)’. 


If v=1 this implies that 
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EF, <AW)(a+rts+1)fS@4+2r4+1)-2@474+54 1), 
By Se Ave DASA Weer 
For 0<v<1 we must divide the argument into cases. If rSsS '/,n” then 
F, < A(v) (Gn+r+ 1)’ (n+27r-++1)'-” (F" +r+1)” 
= A, (v 2 r) 
If r<s, 1/.n<s then 
F, < A(v) (+2741)! (n4+1r+s+1)” 
= Ay) @ Early Gere) St), 
< A(v) (2s+27+1)!- (n+274-1)-” (n+r+s+1)” 
< Ary, 7) 6+)" (+1) = Av, 41). 


Let us now turn to the case y< 0. Let y= —*7, where 1 >0. If m=n—7” 


then since C is symmetric in its arguments 


Cy (m ,n-+r , s) Oy (1) 
= Cy (m1, m+n, 8) My (m) [oy Gut) / wo, (m)). 


Since GC, (m, “+7, S) is 0 if +r <0, that is if m; <0, and since 
0 < w(m+7/o(m) < Av,” m0, 


the case 7< 0 follows from the case 7= 0, etc. 
For G(s) €/l' we define 


(2) gN= Er, Do@MEG) -w<cree., 


Since E (|r 


, J) is for fixed r, uniformly bounded in 7 the infinite sum on 


the right hand side of (2) is absolutely convergent. Note that g(7) is even. 


Theorem Ge. If G(j) is a variation diminishing kernel 
in U’then the matrix [g(r—s)], —co<r,s< co is vatiation 


diminishing. Moreover 


(3) \ £(r) e** = G* (cos 8). 


| ie 0) 


We assert first that if a(7,) is defined by (1) then 


(4) lim a(#+7 ,n-+s)=e¢(r—s). 
n->O 
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We have 


ice) 
a(n+r,n-+s) = Cy(n+r,n+s , 7) Wy (n+s) wy (7) G () 

j=0 

ice) 

= y Cy (m+r—s ,m, 7) Oy (m) wy (7)G() 

i!) 

where mM=n+s. 
Using Theorem 5c, Theorem 6d, and the series analogue of the 

Lebesgue dominated convergence theorem we obtain (4). The first conclusion 
of our theorem follows in an evident fashion from (4) and Lemma 6c. 


To prove (3) we begin by noting that 


ice) 
(5) S1E (|, et? = Wo, cos). 


™mow 


This is, apart from a slight change of notation, formula (17) of [6; vol. II, 
p. 175]. (Note that E(|r|,7) =0 if |7|>7). Thus formally we have 


(6) S* einer = Se VEG 
j—0 


, J) My (7) G (Y) 


=) EG) mG) Ye El. / 
j=0 rm 


8 


co 


= y GG) ®y (7) Wy, cos 9) 
Jj 


j=0. 


=.G (cost): 
Note that the E((r| , 7)’s are non-negative and setting #=0 in (5) 


y" Er. = ee 


Thus the iterated sum (6) is absolutely convergent since Gel). This 
justifies our change of orders of summation. 
Theorem 6f. If G(s) is a variation diminishing kernel 


in 1" then 


[Lota 


G* (x) = dex —* =[e2< 1 


ike + by x) 
eS) 
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where 
ie) 
Ce Oy ale ee 20, Pep Os yo ae ton < oy 
k= 
By a theorem of Schoenberg and Motzkin, see [9, Chapter V], if 
[e(r—s)], —oo<r,s<co is variation diminishing and if R[g] is the 
rank of the matrix [g(r —s)] then for k < R[g] all determinants 


a det le =) 


whete 11 <2 <0. <%e, $1 << S2<... < Sp are of the same sign. By Lemma 6a 
we may assume that G(j)20 for OXj<ce. It follows from (2) that 
e(”)>0 for —~o <r<o. By (3) with ®=0 we see that 


S* g() = 67(1) = |IGr < ©. 

10 
It follows that lim g(7)=0. Unless G=0O we will have g(m)>0 for 
some m. Let Pane iN, t= 1, 238 and s;= JN, J = 1,45 peter ias 
a (large) integer which will be specified presently. The determinant (7) 


becomes in this case 
det. [a(t +-j¢—7| NOV 


The diagonal elements of this determinant are all g(m). By choosing N 
sufficiently large the non-diagonal elements can be made arbitrarily small. 
Thus for a suitable choice of N the determinant is positive. By the 
Schoenberg-Motzkin theorem it follows that all the determinants (7) for 
every k are non-negative — that is the matrix [g(r—s)], —-~ <7r,s<oa 
is “totally positive”. 

By Edrei’s theorem®) it follows that (taking into account the 
evenness of g(7)) 


ea) 


0 [Lb teete 4+ a4 
(9) g(r)2" = dyet@t2") - 
ane [] [1 + Bee + 27+) + 8 


Ral 


5. Edrei gives his result in the form used here not in the form quoted in $1. 
The (well known) arguments immediately preceding bridge this discrepancy. 
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where €20, OS67,-0<8;, Bs41 and D,0,+ Bar < oo. The Laurent 
seties (9) converges in some annulus 9, < 2]}<o2 where p.<1< >. 
Setting z=e*, oa, /(1 + a,)=4e, Be/(1 +B?) = be, etc., we find that 


ce) 
© | (1 + 4, cos 9) 
Ge (cos i) = ey g (r) ed — geccosd ee 


=n like — bi cos #) 
k=l 


weete €20, 1Sfa20, 1>5,20, Spastic, Putting cosd = % 
our theorem is proved. 
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ON ANALYTIC ITERATION 
By 
Paul Erdés and Eri Jabotinsky 


in Haifa, Israel 


1. Definitions. 
Let Q be the set of all analytic functions F(z) which admit an 


expansion of the type: 


F(z)=2-+ fez? + foz2 + ..., 
convergent for: 
aoe es pS. 
Let S be a set of complex numbers such that a@€S and b€S implies 


(a—b)ES, with 1€S. 
The function F (z) willbe said to possess iterates in S if there 


exists a function F’(s, 2), called the s-iterates of F(z), defined for seS, 


satisfying the following four conditions: 


a) Fa ,2)= FQ), 
(2) Fis,2) 62 , eS}. 
Cylils, His ge)) = F (ss). 2], (8,6 €3), 


z\<e(s), e(s)>0), 


(4) F(s,2z) = SOL. (for seS, 


where f(s) are polynomials in s. 


If the set S is the set of all integers, F(s,2z) is said to be the 


integer iterate of F(z). 
If the set S is the set of all real numbers, F'(s, 2) is said to be 


the complete real iterate of F(z). 

If the set S is the set of all complex numbers, F’(s,z) is said to 
be the complete complex iterate of F(z). 

If F(s, 2) is a complete complex iterate of F(z) and is analytic in s, 


it is said to be the analytic iterate of F(z). 


361 
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2. The Main Theorem. 

The purpose of this paper is to prove that: 

If the function F(z)EQ admits a complete real iterate 
then a function F(s,z) exists which is the complete 
complex iterate of F(z). This function is analytic ings 
and is therefore the analytic iterate of F(z). If F(z) does 
not have an analytic iterate, then it can only have iterates 
F(s,z) ina real set S of one-dimensional measure zero 
and in acomplex set S of two-dimensional measure zero. 

This theorem partially fills the gap in our knowledge about the 
analiticity (in s) of the s-iterates of analytic functions. Indeed, it is well 
known [4], [6] that functions of the type F(z) = fiz + f22? +... with 
| fi1|#1 always have complete complex and analytic iterates. The case 
|f:|=1, but f1#1 is still largely open [4]. The case f1=1 is the one 
covered by our Theorem. 

The theorem shows that the functions with /:—1 fall into two 
complementary classes: those having a complete complex and analytic iterate 
and those who have iterates only in a set S of one- or two-dimensional 


measure zero. The two classes are not void. The function 


2 


Se zs 


is a classical example of an analytic iterate. The function e? — 1 was shown 
by I. N. Baker [1] to have no real non-integer iterates. M. Levine [6] 
showed, using some results of the present paper, that this function 


z 


and the functions 2-2? and —=———$—— 
(1 2)" 


have no analytic iterate. 


To prove our theorem we need some classical results from the theory 


of integer iterates of functions in Q. 


3. The integer iterates. 


If S is the set of all integers, the condition (4) in our definition 
of F(s, 2) is redundant. More precisely we have the following well known 


result which we quote in a form convenient for us and prove for comp- 
leteness’ sake: 
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Let F(z)€Q have the expansion: 


P@)=24+ fr2+ fat... (for lZi<o,e>0). 
Ohen the s-iterate F(s,z) of F(z), for integer s, which 


satisfies conditions (1), (2) and (3) is uniquely defined 
and can be expanded in the power series: 


k=00 
(5) EUS 2) = > fr(s)2* (for |z|<(s), o(s)>0), 


k= 
where the functions f(s) are polynomials in s (so that 
condition (4) is automatically satisfied) of degree n<k—-1. 
Furthermore: 
(6) fx(0) = 98,55 feQ = fe; fa(s)=1 
and the degree of f,(s) is mk —1. 

Proof [3]: Let m>0 be an integer. Expand [F(z)]” in a power 


series and put: 


k=00 
[F@I" = > fnn2* (with fm,2= 0 for k<m). 
k=1 
Consider now the matrix: 
F = || fm,x| , (i Wey, PR 192) 3), 


It is readily shown by induction, using condition (3) that, for positive 


integer s and m, if we write: 


fe. = > fn Oe 


and : 

F(s) = || fm,«(s) ||, CHEAT 2 cai lcd) 
then: 
(7) F(s) = (F) (equation between matrices). 


Noting that the matrix F is triangular, with all its diagonal elements = 1, 
and denoting by J the unit matrix: 


A en | ey | Gna, Dyes A 2p) 
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we have, using the fact that the unit matrix commutes with all matrices: 
o=s 
F(s) = [((F —J) + J} = > , je — J)° (where (F — J)° = J). 
— 0) 


Let (F--J)°, be the element of the m-th row and the k-th column of 


the matrix (F — J)°, then: 


(F—J): ,=0 for o>k—m 


m,k 
because the main diagonal of the matrix (F — J) is zero. 
It follows that fx(s), which is the element (1,) of the matrix 
F(s), is given by: 


o=s o=k-1 


fs s 
(3) ie S(,) €=i Ves Oth dP 
o—0 o—0 
Thus f(s) is a polynomial in s. The highest degree of $s occurs in 
the term with the highest o. This degree is thus (R—1) or less (if 


(F — J)i-! = 0). 


th 


Noting that i |= 0 if o>s we now easily verify conditions (6). 
6 


4. Non integer s. 


We now have to examine our definition of F (s, z) for non integer s. 
Conditions (1) and (3) are unavoidable in any extension of the definition 
of iteration. Condition (2) is arbitrary but seems to be a natural requirement 
without which the problem would be too indefinite. 

Condition (4), for non integer s, does not result from conditions (1), 
(2) and (3). Indeed, let /x(s) be defined by (8) and suppose conditions 
(1), (2) and (3) to be satisfied. Let H(s) be a Hammel function defined 
for s@S. That is let: 


H(s)Ss , H(i)=1 
and 
H(s-+s)= HG) HG), (s-s-e,5)e 


Then the function: 
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k=00 


elie Os 
hei 


which, for integer s coincides with F(s, z), satisfies conditions (1), (2) 
and (3) for all s€S, but not condition (4). 

Condition (4) is therefore necessary to ensure the unicity of the function 
F(s,2) for those values of s fur which it is defined. It is also sufficient 
to ensure this unicity because a polynomial f,(s) is uniquely determined if 
its values are given for all integer s. 

Note that condition (4) could be replaced, in the case where the set 
S is dense, by the requirement that the functions fx (s) be continuous 


functions of s. 


5. The sequence {i}. 


Consider the sequence of numbers {J,} defined by: 
Ly = frn+s (0). 
(Note that we could as well have written Jp4; for J,. Our choice of 
notation is made to conform with other usage). Here /%(s) is the 
derivative of the polynomial f(s) defined by equation (8), so that: 


Se (<1) 


(9) lo = 0; ies 


(oh 


(F — J)° (Raa oe ys 


1,k+41? 


Equations (9) show that the function F(z) determines uniquely the 
sequence {J,}. 

Conversely, the sequence {J,; determines uniquely the 
sequence fi gj2, Js Of the cocifictents of the expansion 
of the function F(z)EQ which generated the sequence {i}. 

Indeed the /; with the highest subscript which appears in equations 
(9) is fay: and this appears only in the term for s=1. In that term it 
appears with the coefficient 1. Therefore, writing equations (9) successively 
for k=1, k=2,.., we can solve them successively and determine the 
numbers J. Clearly equations (9) cannot yield the coefficient of @ in F (2) 


but this coefficient is known to be 1 because F (z)€Q. 
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6. The function L(z). 


Consider the formal expansion: 


k=0 


k=0 
(10) Le)= fs (0)2 = Ee ae 


There are two cases according to whether the radius of convergence 0 of 
the series on the right is positive or is zero. 


We note that if /(z) has an analytic iterate f(s, 2) then: 


en = fA z) 


s=0 


This results from definitions (4) and (10). Furthermore the function L (2) 


also satisfies the double functional-differential equation [4]: 


OF (s , z) 


(11) L\F(s, 2)] = “Set = 1): dF (s, 2) 


Oz 
Indeed, differentiating equation (3) over s’ we find: 
OF (s’ 
Eee = Fils (ss oh = Os eS eee 
Putting s’=0 and noting that, by (6), F(0,z)=2, we get the second 
half of equation (11). Differentiating equation (3) over s we find: 


F,{s, F(s', 2)} = Fs(@6 +s), 2] 


Putting s=0 and changing s’ into s we get the first half of equation (11). 
All this holds however only if the function F(z) has an analytic 
iterate. This is not always the case. 
We shall prove two theorems, corresponding to the two possibilities, 


which together will be seen to be equivalent to our Main Theorem. 


Z. Two theorems. 


Theorem I. If the radius of convergence of the series 
(10) is o>0 then the series defines a function L(z) and 
permits to construct a uniquely defined function F(s, 2) 
satisfying conditions (1) to (4) for |z|<p(s) with o(s)>0 for 


all finite complex s. This function F(s,z) is then analytic 
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in S and in 2 for all finite complex s and for |z|<e(s). It is 
the complete complex iterate of F(z) and is also the 


analyticiterate of F(z). 


Theorem II. If the radius of convergence of the series 


in (10) is 9=0, thenthe radius of convergence p(s) of the 
k=00 

series > fe(s)s* is =O for almost all complex s and for 
k=1 


almost allreal s. The function F(z) then does not admit 
a complete complex or a complete real iterate. 

As there are only two possibilities, the function F (s , z) qua function 
of s must either be defined for every finite complex s and be analytic in s, 
or it must exist only for real values of s belonging to a set of one- 
dimensional measure zero or for complex values of s belonging to a set 


of two-dimensional measure zero, which is our Main Theorem. 


8. Proof of Theorem I. 

We assume that the radius of convergence of the series (10) is 9 >0 
and propose to prove that then there exists a unique function IF (s, 2) 
satisfying conditions (1) to (4) and that this function is analytic in s. 

Consider the differential equation 


Ee US ee eae. el 
(12) dz L(t)” wt thet... 


This equation has a meaning for |2|,|¢|< but it has a singularity for 
z=€=0 so that Cauchy’s existence theorem is not directly applicable to 
its solution in the neighborhood of z=0. Let the first /» which is not 


= 0 be J, and put: 
Cag + getty, 


Equation (12) becomes : 


dn L (z + 2?*1 n) 
ee et? 
or: 
dn Let aPt'ny— [1+ +1) Pm) LY) 


dz apt" L (2) 
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A short computation based on Taylor’s theorem shows immediately that 
the right hend side is analytic for 7 =%o0 for any finite complex 70 and 
for sufficiently small z. (Indeed for 2 such that le|< and |z+2?+1no|<p, 
where 7 is any finite complex number). Cauchy’s existence theorem is 
now applicable and shows that the equation in 7 has a unique solution 


satisfying the initial conditions : 


We shall now choose 70=J,S, where s is another arbitrary finite complex 


constant. 


Equation (12) has therefore a unique solution of the form: 
(13) C= 08,2) =2 + fips (0) set! + HES, 2), 


where £(s,2) is analytic in ¢ for any s and for |z|< w(s) for some 
Os) 0. 

We now want to show that ¢(s,2) =F (s,z) and is analytic in s. 
The proof of this is quite straightforward and elementary but is somewhat 
lengthy as we have to show that each of the conditions (1) to (4) is 
satisfied. 

Condition (2) is satisfied as, by (13), €(s, 2) €Q. 

To show that condition (3) is satisfied, consider €(s+s’,2z) and 


f(s’, 2). These functions, qua functions of 2, satisfy the equations: 


dc(s+s 2) — Lit(s+s' =) 


dz L(@) 


and 


at(s',2) _ LIC(s',2)] 
dz SE) ‘ 


with constant s and s’, Whence by division: 


al(s+s’,2z)  L[€(s+s’,2z)] 
at(",2) ~~ LEG. ® 


But this is an equation of type (12), its solutions are: 
ba (S ot Sits eect S ware (Sera) 


x 


E. Goursat, Cours d’Analyse Mathématique. Tome Nl, p. 347, Paris 1911. 
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with constant s”. It remains to prove that s” =. This is seen by expanding 
both sides into powers of z by (13) and equating the coefficients of 2?+?. 
To prove that condition (4) is satisfied, that is that the coefficients 
of the powers of z are polynomials in s, we proceed by induction. By (13) 
the proposition is true for the coefficients of z* with R<p+1. 
Put 


k=00 


C(s,z)= S° en(s)z 
— 
=1 
and carry this expansion into equation (3). Equating the coefficients of 2° 
on both sides of (3) we find, assuming all previous coefficients to be 


polynomials : 
8o(S + 8) = &o(s) + 8 P(s,s), 


where P(s, 5’) is a polynomial in s and s’. 


Therefore : 


£5 (8) Pits, 0) 
and g,(S) is also a polynomial in Ss. 

The function €(s,z) has thus been shown to be the S-iterate of 
(1,2). It remains to be shown that it is analytic in s and that condition 
(1) is satisfied so that €(1,2) = Fi(2). 

For |z|<p(s) the function €(s,2) is the sum of an absolutely 
convergent series of analytic functions of s (actually of the polynomials 
z® o,(~p)). The function €(s,2) is thus analytic in s and it remains to 
be shown that it is the analytic iterate of [(1, 2). 


We shall now show that 


gL (s, 2) 


a= ite), 
Os i, 
Put 
\ 
eo Beer 'G) 
Os rer 


By equations (11) we have: 


ag (s, 2) 
Os 
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By equation (12) we have: 


0 
EG). 2529. = LEG a. 
s 
Differentiating this over s we find: 
GE ($512) 


wh eo) J=r ECA i Os 


Putting s=0O and noting that €(0,2)=2 (indeed 2 is a solution of 


equation (12) and is therefore the unique solution when s= 0), we get: 
La M Gal @) eM), 

Therefore M (z) = cL (z) where ¢ is a constant. Using (13) we see that the 

coeficient of 27+! in M(z) is f’p41(0)=J,, which is the coefficient of 

z?t1 in L(%) so that c= 1 and: 


9C (s , 2) 


= == [ (2). 


s=0 
But we have seen that L(z) can originate in this way from one function 
F (z) only, so that: 

Cie 2) Ff (ey. 
and 

€ (sez) (Sez) 


is the complete complex and the analytic iterate of F (z). 


9. Two lemmas. 


To prove Theorem II we need two lemmas. 

Lemma 1 (real case): Let A and B be given positive 
numbers with BSA. Let p(x) be any polynomial of degree 
minx with |p(0)|2A* where k2nu+1. Then there exists 
an absolute constant ¢ such that the one-dimensional 
measure m, of the set in real % for which |%|<# and 
|>(*)|< Bt is: 


ct B 
eA 
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Proof: We may suppose n> 1, for if m=0 then m=0. 


Choose any (%+1) numbers 1, %,..., %:41. Then by Lagrange’s 
interpolation theorem : 


i=n+1 


p(x) = pe) 


3’ (x;) (x ss x;) p (x;) ’ 


[ine | 
where 
j=n+1 


s(x) = [] @-* 


and therefore 


s(x) = ve (%; — %)). 


jFt 
We have: 
peo! 
(14) |P(0)| S ee Ts’) | - [ea lp (*) |. 


Now choose the (7 +1) numbers x; so that: 


a 
(15) x =real; —-< |[%|<t; %j41—-%; > 


A | p(x) |< B*, 


o . 
nA ’ 
where is a positive number to be chosen presently. 

If we cannot find (7+ 1) numbers satisfying (15), then all numbers 


x; such that | P (x:) | < B* are confined to, at most, ” intervals of length 


Ch : ; 
—. Thus, in this case: 


nA 


(16) VD ge me 


If, on the other hand, the (7+ 1) numbers % can be found to satisfy 
(15), then: 


A*<|p(0)|, [S@|< Ps 75 


< 


A 
: a and hp (4) i 2. 


Moreover we can estimate |s’(%;)| by noting that it takes its smallest value 
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when the x; are the closest to each other, that is when 


Co 
Dery = Gen Be 
ae J nA 


and then for 


Therefore : 


1 c 1 n* ee 
7 > 2G n 2 n 
ror Pay FSW 


Carrying all these estimates into (14) we get: 


Ab pnt A Bee nm” a a 
S a (ee iy a” * 
lesa 
n” n 
Let ¢, be the upper bound of 4 arg’ ‘ le *) then the above 
eed 
inequality yields: { 2 | | 
B \ Fl (+1) B \ (l-n-1) | (n+1) 
Oa << Cy tA (7 — Cy tB cal < Cy Loe 


because BSA and R2=n+1. 
Choosing a= c,tB we arrive at a contradiction so that there are no 
(1+ 1) numbers %; satisfying (15) for this value of a. Therefore, from (16): 


Cree 


a Na ee 


which proves Lemma 1. 


Lemma 2 (complex case): Let A and B be given positive 
numbers with BSA. Let p(x) be a polynomial of degree n 
in * with |p(0)|2A* where k2u+1. Then for all complex 
x there exists an absolute constant c’ such that the two- 
dimensional measure m, of the set in complex, % tor 
which |x|<é and |p(x)|<B* is: 
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c#B 


Proof: As in the proof of Lemma 1 we choose (7% +1) numbers 


*; but now we demand that these numbers satisfy the conditions : 


a) Ve ebi<ts lanl—lul>cy 3 lpGal< 2B, 


where @ is a positive number to be determined presently. If we cannot 


find (7 +1) such numbers, then all the numbers « for which | p(x)|<B* 


: ; F a 5 
are concentrated, at most, in ” rings of width —— and outer radius <t, 


nA 
so that, in this case: 
(18) Bie ; CL F 5 at 
UO Vat ss Di , 
— nA A 


Proceeding as in the proof of Lemma 1, we find that if (7+ 1) numbers 


x; satisfying (17) exist then: 


A n* At 
k mt+1t , ane, ee - 
at at oh ane ea ANE an” 
We DREX , 
Let ¢, be the upper bound of fae ait fe then the above 
hed Hd 
inequality yields: { 2 | 
B \ k/(n+1) B \(e-p | (nt¥2) 
a< ¢,td (77 — c,tB (77 = Op1b. 


as before. 
Choosing a= ¢,tB we arrive at a contradiction so that there are 
no (7+1) numbers %; satisfying (17) for this value of 4. Therefore, 


from (18): 


21 C) jie B 
Lae meee 


A >? 
which proves Lemma 2. 


* We could replace this inequality by |*,,,—+;|> a/nA, then by slightly 
longer computation we would obtain m, < cltB/A. 
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10. Proof of Theorem - II. 


We consider the sequence of polynomials 
1 
fa (%) = — fa), 


Let 1% be the degree in x of px(x). If f2#O then, by (6), meSk—2. 
If f2=0 the degree mz is still smaller. In all cases k>m-+1 and 
Lemmas 1 and 2 are applicable. As fz(0)=0 (for k>1), we see that: 


px (0) = f2(0) (for & 2 2). 


k=c0 
Our assumption is that the series f'x(0)2* diverges for all 
Rak 
z0, that is that, for any given A>0O we have: 
| px (0)| > A*, 


for infinitely many R. 


Let B be any given positive number. Choose an increasing sequence 
of positive numbers A, tending to infinity with g and such that 
BSA.<42<.... It results from our assumption that, given any 9g, an 


integer k, can be found such that: 
| pr, (0) > Al. 


We have to prove that, given B, the one- (or two-) dimensional 


measure ™, (or M2) of the set in real (or complex) x for which: 
(19) lim | pa, (x) [Ve < B, 

q>o q 
is zero. 


It suffices to show this for |x|<¢. Let S™@, (or S’@,) denote that set 


in real (or complex) ¥ for which | Pr, (x)|< B*a. Then, by our Lemmas: 


cBt eBr 
my, Sy) Sie ee any (S’@),) < ha 


q 


If % satisfies inequality (19) then ES, (or x€S',) for all but 
a finite number of q, so that: 
l=0 q=a Sc G=09 


(20) veU OS, (or re UA SH). 


t=) g=1 cal 
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But as Ag>co we have m(S@) > 0 (or m4 (S},) > O)s Thus the 


measure of the sets in x satisfying (20) is zero. 


11. General remarks. 


Lemmas I and II are akin to H. Cartan’s theorem eae 


Bet h(z) = [[ @—4) be a polynomial and H>0 any 
=) 


given positive number. Then sol (2) everywhere 


Peco pi inea set covered by, at most, circles of radius 


n 
tion. r, Such "that >" S24. 


t=1 
Our lemmas can be modified in many ways. In particular in Lemma II 


c’tB ct’B 


instead of our m2 < . We have 


it is possible to obtain m2 < 


prefered giving the weaker result, which is sufficient for our purposes, 
because the proof of Lemma IJ then becomes a repetition of that of Lemma I 
and is shorter. Similarly if we had taken R=n+1 instead of R2”+1 
the condition A>B could be discarded. However, we needed the case 


k>n-+1 because when f/2=0, the polynomials 
1 
pa(t) = — Sn (x) 


are of degree n<k—1. 

Our main theorem has been surmised for some time. An attempt to 
prove it, by using a majorating function, which failed, is described by 
M. Levin [6]. 

To G. Szekeres [7] is due a detailed study of the structure of iteration 
which may yield further results connected with the problem of analyticity. 
This paper also includes an ample bibliography of the subject. 

The authors have vainly attempted, together with G. Szekeres, to give 
an answer to the following question: 

If F(z) admits iterates in the set S but has no analytic iterate, can S 


be dense on the real axis (or in the complex plane)? 
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This question is still open. Our Main Theorem only shows that the 
set S is then of one-dimensional (or two-dimensional) measure 0. The 
only known result in the field is due to I.N. Barker [1] to the effect that, 
for the particular function F(z) = e*—1, the set S on the real axis reduces 


to the set of integers. 
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CONTRACTIONS OF FOURIER COEFFICIENTS AND 
FOURIER INTEGRALS 
By 
Masakiti Kinukawa™ 


in Tokyo, Japan 


§1. We say that a function g(x) is a contraction of a function 
f(@) if |e@)—g(@)|<K J (*)—f(«)|, where K is a constant. In other 
words, if we write ~(/(*)) = g(x) where @ is a transformation of f, and 


if P belongs to the class Lip 1, we can say that ( is a contraction of 


f(x). For example, (x) = x) satisfies the condition, but this is not analytic. 
First we shall consider the Fourier series case. Let us suppose that 
F (x) is integrable in (—x , x) and periodic with period 2m and its Fourier 
series is 
ice) 
(1.1) F (x) ~ y C, ene 
n—o 
Concerning the contraction of Fourier coefficients of F(x), W. Rudin [16] 
proved that, in order that the transformation of ¢, by @, that is, © (C¢,) 
shall be Fourier coefficients of a function, it is necessary that ( belongs to 


the class Lip 1 in a neighborhood of zero. But this condition is not 


i¢2) 
sufficient. For example, there exists a series ‘3 c,e™* which is a Fourier 


n—D 
i?) 
series, but os Ic,|e"* is not (cf. J. P. Kahane [13]). Recently Helson- 


n=—-DP 


ce 

Kahane-Katznelson-Rudin [10] have proved that 3 —p(c,) e™* is a Fourier 
n—OO 

series for every Fourier series (1.1), if and only if ( is analytic. It might 


be interesting to investigate what condition is sufficient for the sequence 
@(c,) to be Fourier coefficients of a function, when belongs to the class 
Lip. 1. 

Turning to the Fourier integral case, we can also consider an analogue : 
Let F (x) be integrable in (—co , ©) and let its Fourier integral be 

a This reseatch was supported by the National Science Foundation (in U.S-A.). 
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fG@) = 


o 
ne i F(t) et dt . 
V 2s « 

-2 

Beurling [1] proved that if there exists a function 7(%) such that 
|F@)| s7(*) 

in (—co, 0), 7(x)EL(O, ~) and 7(*) is a non-increasing function in 

(0 , cc), then any contraction g(x) of f(*) is a Fourier integral. 

One of the aims of this paper is to give an elementary proof of this 
theorem of Beurling and also to investigate some L?-analogues, some Fourier 
series analogues and their dual theorems. In the last few sections, we shall 
show some applications of the main theorems. 

Our method is based on that used by Prof. Boas [4] to give an 
elementary proof of one of Beurling's theorems. 

The author wishes to express his hearty thanks to Prof. R. P. Boas 
and Prof. G. Sunouchi for their valuable suggestions and encouragement in the 


preparation of this paper. 


§2. We shall state our main theorems in this section. First we 


consider the Fourier series cases. 


Theorem 1. Let F(%)€ L?(—x,n) (1\<f<2), let it be 


periodic with period 2m and let its Fourier series be 
oe . 
F(*) ~ 2 Chto. 
n=O 
For a given sequence |{d,|, if d,>0 (n>+o) and 
\d,—dm| < = | On — Cm | 


for every m and m, and if there exists a function 7 (x) 


Sweh that 
(i) < 7(|*|) in (—a, x), 


(ii) 77/?(x)x?EL(O, A) and yle(x)EL(A, x) for any A such 
that m>A>0, and 


( ae ye a . 
(iii) Ce! [rt ue du) dx + a 
raat yas fo 


fs 
2 


Pp 
(J 7? (u) du)’ ax = OO, 
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cO 
then the series S a2? is aRourier series of a function 
n=-0O 
which belongs to L?(—ax, x), 


Corollary 1. Theorem 1 is true when the conditions (ii) 
and (iii) are replaced by 


(iy (EL, 2) 

and 
(iii)’ 7(*) is non-increasing in (0,2). 
The following theorem is a dual to Theorem 1: 


Theorem 2. Let 


n=O 
and 

(ee) 

G(x) ~ a,e7%. 
Suppose 
IG@)—G(®) |< K|F@—F(@) 
for any *,%* €(—x,x), or more generally, 
[ G@+m-GWParsk [ |F@+ — F(x) Pax 


for any h, where K isan absolute constant, and suppose 


that there exists a positive sequence 7, such that 


(i) [¢, |? S 7m, and 


2 


(oe) n p/2 ce} co p/2 
(ii) yw (ye rl?) 4 wt ( ys pit) <o, 
n=l k=1 n=1 k=n+1 
Tine 
ice) 
yah < , 


n—OO 


muere 0p s 2. 
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Corollary 2. Theorem 2 is true when the conditions (i) 


and (i)jiare replaced by 


(i)’ » (n= Saad 


n=l 
(ii)! “7, if non-increasing when = 1) 274,77 where 
ON i ig a 


Remark J. The case ’ =1 in Corollary 2 is Beurling’s theorem ((1], 
Th. V) and the case P=1 in Theorem 2 is Boas’ theorem ([4]). 


In these theorems the case P= 2 is trivial. 


Remark II. When a complex valued fuuction @(z) transforms a 
lee) 
Fourier series » c,e* of a function belonging to the class L?(—zx, x) 


n= 
© 


(p21) to the Fourier series oh p(c,) e"* of a function belonging to the 
n—@ 


class L?1(—x , x), we say @ is of type (L? , L%) and we write pe(L?, L’). 
Following Rudin’s argument [16], we may see that if pe€(L? , L’), where 
P21 and g21, it is necessary that there exist absolute constants M>0 
and 6>0 such that 


|p(z)| <M |z| for any [2] <5. 


Remark III. The statement of Theorem 1 for >2 does not hold. 


For example, consider a series 


( ice) eicn (log n) ee) 
oi y : eine y" c, etn 
) mil2 (log n)P n > 
n=2 n—=D 


where ¢=£0 is a real constant and B>J. This is convergent uniformly for 


05% < 2m (Zygmund [18], vol. 1, p. 199). Take d, such that 
dy = |Gq| = 0 (log ny 8, 
and consider 
y" 2,2) 
(22) d,, einx — n-2 (log n)-6 einx ; 
n=z n 


By the Hardy-Littlewood theorem (Zygmund [18], vol. 2, p. 129), a neces- 
saty and sufficient condition that (2.2) belongs to L? (pb>2), is that 
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Xd?n?? should be finite. But it is clear that ad?nr? = oo for p>2, 
and hence (2.2) does not belong to L? for any p>2. 


For suitable choice of signs “+”, a trigonometric series 

2 cos NX 

- E n'? (log n)? 

12 & 
is a Fourier series of a continuous function and has the same properties 
as in the above example (cf. Zygmund [18], vol. 2, p. 101—2). 


Remark IV. Concerning the case f=1 in Theorem 2, there exists 
a function f(x) whose Fourier series converges absolutely, while the Fourier 
series of |F (x)| does not (cf. Kahane [12]). 


Remark V. The statement of Corollary 2 for = 2/3 does not hold. 
For example, consider F (x)= e'* and 
fee} eicnlogn ; 
= nx 
G (x) » (n log n)'? Cre 
n= 
Then there exist positive constants K, , Kz and K3 such that 
K,|h| <|F@+h) —F(*)| S Bh 
and 
|G(« +h) — G(x)| < Ks |h| 


for any h (cf. Zygmund [18], vol. 1, p. 243). Hence G(x) is a contraction 
of F (x) which has the absolutely convergent Fourier series with a required 


majorant. But 
0, 
| 4n2 = ‘g 1/(nlogn) = o. 


(This remark was indicated by Prof. Zygmund). 


Let us turn to the Fourier integral case: 


Theorem 3. -Suppose that F(%)e L?(—0oo, 0), where 
1</<2, andthatits Fourier transform is f(*). Further 


suppose that g(x) is a contraction of f(x), that is, 


<K\f(*)—f) 


] 


|e (x) — g(*’) 


satisfying either, for the case pHi, 
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lim g(*) = 0 
t>o 
OreLOLtine Caseslbay <7, 
e(x)ELY(—o,—-A) and eEL*(A, ~) 


where A is a positive finite real number and p’=p/(p—1). 


If there exists a function 7(*) such that 


(i) |F@)Psr(a), 
(ii) uw? 72/P(wyEL(O,5) and //P?(uyEL(S, co) for any 650 
and (iii) 


A p/? ; ( e/? 
| xn ( | u? vl? (uw) du) dx + f ##( { xl?) du) dea 


(0) 0 0 


then g(x) is a Fourier transform of a function G(*) which 


belongs to L?(—o ,‘0o), where 1< $<2. 


Corollary 3. Theorem 3 is true when the conditions (ii) 


ang (ise replaced py 
(ii y(*)EL(O, ~) and 


(iii)’ 7(%) is non-increasing in (0, ~). 


§3. Proof of Theorem 1. 
We may suppose that 1 << 2. By assumptions (i) and (ii), we have 
| FO (x)? 2 IP (x) oe eT (0, at). 


Hence by the Parseval theorem, we have 


© oF 
an) Yi [enti On|? = € f | FP sin’ x/2 dx 
n=- 00 ae 


26 [771 (e) sin? x]/2 dx-< 00 


0 


Since (¢,| is a contraction of {c,}, we have, by (3.1), 


(3.2) s | dass — d,,|? = S | Cpt = Cyl? < 00 . 
n—o 


n—@ 
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Put G,, (x) = ~ dp, te 4 then 


k=-n 


n 


y ef (day — dy) = (€** — 1)G,, (x) + Hy (x), say. 


k=n 
Since d, > 0(n > +), we have by the Parseval theorem, 


is 


(2) YY 
Lim. H, (x) = lim ( (| B.() Pax) = 
n->oo n>oo \s 


It 


Hence, by (3.2), 


(2) . oy RO 
Pi nt (oo — 1)) = Lian: ty et (dass —ay)}, 
n> n> peas 
which we can write = G(x) (e** — 1), 


where G(x) is defined for almost all x and the Fourier series of 


foe) 
G(x) (e*—1) is oe (dnzi —4,)e'"*. A simple calculation shows that 


n=——o 


for any integer 4, 


G (x) (e##*-1) ~ S* (dnza — dn) 
2 


and 
1 ice 2a 2 sin? 
(3.3) =~ few (et* — 1) |? dx = * J | G (x) |? sin? (ax)/2 dx 
a VY |dnta— dnl? SY |Onta — On 


we 


= f | F (x) |? sin? (ax/2) dx 


—7t 


ll 


I 


C i 72? (x) sin? (ax/2)dx< occ. 


0 
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The next step is to prove that G(x)e€/?(—x, x). Consider (3.3) 


for the case @ = 1, then we see that 


(3.4) Se G(x) ~eL(—a ae). 
and hence 
Te TG ve p 
: p/2 ee cs 
(3.5) f[eP|G@ rae <(f @|G@Par\" (fax) * <0. 
Also we have 
+ += 
| [ |G@)|?ax < (4/x)? { |x? |G@) [Pax <60", 
+al4 ai4 


Thus we have only to show that |G(«)|*eEL(0, 2/4). We have for 


C= Fa a4, 
t t 
if 2 \GQ)Pax sat [|G (x)? sin® (x/20) de. 
0 0 
Take an integer @ such that a=[1i/é]+1. Then 
laij2t a ey2 20/2 for 0 Sxl 2< a/4, 
since 
fi<a and als] <t{a/é+i)+il}<a, 
Hence we have 
sin? (x/2t) < sin? (ax/2), 
and hence by (3.3) 
t t 


J #1G@)Parsae [|G (xP sint (x/20) ax 


0 


A 


nf |G (a) |? sin® (ax/2) dx 


a4 


C# J 77!? (x) sin? (ax/2) dx 
0 


IA 


t % 


= Cra! i x? y2Ib (x) dx + { lb (3) at 
0 t 
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3 


Thus we have, for 0<t<a/4, 
t 
| (7? (x) dx . 


t 
= C | x? vl? (x) dx + CP 
0 t 


(3.6) i OG (a) de 


0 


By (3.5) we can define 
Pp (x) =f Wel|e@leae. 
0 


Then by Hélder’s inequality, 


J A i 
scieel| fepeoate femal”, — by G0), 


(0) 


G7) = Cis ?P (J #2 yl? (t) ay" Bk e( fi 1? (t) ay", 
0 % 


by Jensen’s inequality. By the assumptions (iii), 


2x t 
2/2 
ges [ee / { yi (w) w aut) dt , for ue ok 0s 
‘ 0 


x 24 
/ 
> ( i. y7/b (u) w du) . ie {3/2 dt 


0 
= (2'-3t/2 — 1) xfs? ( { ip (u) u? au) 


x 


0 


Hence 
x 
2 
(frre auy SC xP, 
10) 


(3.8) 


Also 
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x Te 14 x 
C= { {-b/2 (J yl (1) du) dt > (f lt (u) au)" | LP? gt 
a[2 t 


% 4/2 


and hence 


oo” fawneeee 


By (3.7), (3.8) and (3.9) we have 


(3.10) | Pp (x) | SC [x P? [aes |x]? ||P) < C lal? 


Now we can show that |G(x)|/*EL(0, 1/4); that is, 


7/4 7/4 


fiG@|rax = i |x|? depp (x) 


0 


z/4 


= (soot + bf bP ep @ar, 


where the first part is O(1) because of (3.10) and the second part is, by 
(3.7), less then 


7/4 x 


C i [| |or-272 ( ip P yl (t) ay" + |xl? ( ‘K 2? (t) at)" | ax 


x 


s¢ firm (fe 7210 (i) at)” ax oe18 fm [ piewan ax, 
0 0 Be e 


which is finite because of the assumption (iii), Thus we get 


|G(x)|? € LO, x) 
and similarly 


| G(x) |? € L(—a, 0) 
and hence 


|G(x)|* € L(—zx, x). 


From the preceding argument, we see that G(x) is integrable in 
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(—x , t) and so G(x) has a Fourier series which we shall denote by 
F 
G(x) ~ a: ee 
n—QO 
(ce) ea) 
Then > (27447 @,) en and De (dn41 —d,)e"* are the Fourier series 


n—o n= x 


of the same function G (x) (e"*— 1) which belongs to L?(—z, x). 


By the completness of a trigonometric system, we have 


* * 
dns zs ay — ani = a,» 
thats, 
* ? 
dn4i — das = dy, dis 
and hence 


d, — d* = Anik — d 


%* 
n+k 


for any integer k. Let kR>co and use d,, d'>0 (n>-+ cc), then 


we have 
iw a: =O. 
n 


which completes the proof of Theorem 1. 


§4. Proof of Corollary 1. 
By the assumption (ii)’ and (iii), we have 7(*) = O(1/*), and hence 
FE = 0(x 7"). Since 2 — 2/p>—1, we see that 
Pi? (ay: 2 EL (0 +x). 
Hence it is sufficient to show that the conditions (ii)’ and (iii)’ imply the 
condition (iii), that is, to show 


ve 


iL 300 / : y2/t (w) u du) dx 


0 0 


we 


ag f 1 { vie (u) du yeas < cf royax < oO. 
0 0 


x 


For this purpose we put 
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x 


AG) = { { 2 71? (u) aul! a 


0) 


then A(x) is increasing and we have 


x a2" 
fe x30 A(x) dx < 4 (x/2*) J 4-3bl2 dy 
0 a[zk+1 
refs 
SCY late Bt? A (a) 2") = C d/2"y- a) i u? y7/? (w) awl < 
# jes 


oS cay {Yio nai) «ea 


= ¢ Ss (1/28) 13822 1 x (x/2i+!) « (x/24)30/2 


k=0 


a6 : 7 (a/ 25) « (x /2ayiat? s (x/ 2") "907 


k=0 


SCY realet (7/28) SCY 7 (x/2h*¥) « (x/2h*2) 


j=0 


<= C ves: 
0 


Similarly we have 


e a plz 
| xP? (J Wie (u) iu) ax 
0 x 
a2” Te 
ea ss 5 p/2 
= Dy } vt ( f 72l? (#) iu) dx 
k=0 a[2k+1 * 
ax /2* a/b 
o k t/2 
“ De aes dps it 77l? (u) in) dx 
bia er /2 =e veins tt 


ea) . k p/2 
ce ae (ay 2 ae (/2?+1)-p/?) dy yele (x/25+1) js (x/24)| 
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‘ k 
<C YE (( (/2*)'-#22 — (x/2*+")'-72} z 7 (x/24+") » (x /2)P/2 


k=0 j= 


s=C 7 (1/29*') . iain {(a/2*)*- 112 __ (q/2h+1)1- P/2| 


j= 


= CY" 7 (a/2i*) « (n/24) $C i 7 (x) dx, 
g=0 0 
which completes the proof of Corollary 1. 


§5. Proof of Theorem 2. 
We may suppose 2>f>0. By the Parseval formula, we have 


51) S par hh = f 604) G (%) |? dx 


k=00 


ibe ' =: 2 an = 2 sin? Rh 
= = | F («# +h) — F(x)? dx ve | ce |? sin 


k=-00 


Let us put 


y— kh? | dx iP > 


then by Hélder’s inequality, we have 


n pl2 
(5.2) Pn S nv? R?| dk |? 
(daeat) 
Then 
N-1 
a, = n? (Py — @n-1) == p, (n't si py/N? 
y , : » 


/2 


N- p/2 N p 
= Stel (y" k?| dy | + N'-3P/2 (S72? | | = Seon, 
-? n=1 R=1 a1 


Since |¢e|?<77/?, we have 


389 


Say. 


390 MASAKITI KINUKAWA 


N N hn 
1h? | dul? SN om da? sin? —_— < N’ | de |? sin? ae 
k=1 ft 
hone we ky (5.1) 
7: I ‘BNP ee 
k=O 
< 2N? ‘ al ee ka 
(5.3) ES \ Th, sin ON - 
k=0 
By this inequality, we have 
Nn-1 o p/2 
Sie ee " sis (kx/2m)| 
N-1 n re) p/2 
= mel tc wr 72lPk?/n + nv? ae 
N-1 \' p/2 2 p [2 
es G n-3? /2 ( 7 2 7) ee n-b |2 () 7 
= O(1). 


The assumption 


n=1 k=1 
implies 
Nv p12 
(5.4) k? il) = O(N3tP) , 
because 


2 


NS " P/2 N t/ 
C2 y mele (y" kh? re) ca ( k? i) ~ C’. Ni-3p!2 | 
v= kL RSI 


Similarly the other assumption 


- of & bf? 
a 4 y 7 | <a GG 


n=1 k=n-+1 


implies 


(5.5) aes =a ONE ZY: 
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By (5.2), (5.3),-(5.4) and (5.5), we have 


0 \ p/2 
oy < Nir (° \ 1 73/? sic? (t/20)) 


k=0 


N er) 
= CN] h? 2/2 4. N2 yn 
XY dt 


k=N+1 


N pl2 co 
= CNP k? ri) 4+ C N'+eR a 
= k ie 
2 dt 


=N-+1 


b/2 


P 
= O(N*-?/2 N3#)2-1) 6) (N’ i 2 NPI-1) 
(5.6) = O(N?). 
By (5.6) we have S;=q,/N =O(1), which shows that 


2, 
y |del? < oO, 
k=1 


-1 


yi lael? <0, 


k=-© 


Similarly we have 


and hence 
fee) 


y lant <0 5 


k=-00 


which completes the proof of Theorem 2. 


§6. Proof of Corollary 2. 
We have to show that 


0 n p/2 es) ee) p/2 o) 
(6.1) y n-3Pl? (y" k? 7a ae > n-tl2 y 7) < C 5 ve 
ts k=1 a1 k=n+1 k=! 
under the assumptions (i) and (ii), which is a corollary of the following 
inequalities proved by Konyuskov [14]. 
(I) If 0<a<1, y>a—1 and d,20, and if {m“"d,} is almost 


decreasing ”) for some 7>0, then 


2. When there exists an absolute constant K such that @,,< Ka, for any 
m > n, we say that a sequence {a,} is almost decreasing. It is obvious that if {a,} is 
decreasing, then {n-'a,} is almost decreasing for any r>0. 
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00, 5S ae oa ae 
Yim (Y" da} < es 


n=1 \k=n 
(1) If O<a<1, s>1i and d,20, and if for some 7>0, jn” dn} 
is almost decreasing, then 


n 


ye | in) 50S dn)! 
yn y Pal oS pat CAA ae 


n=1 m1 


§Z. Proof of Theorem 3. Let us proceed to prove Theorem 3. 
We may suppose that 12 P<2. For the case 1<P<2, we have the 


Fourier transform f of F in the following way: 


(?') 1 x ; 
(7.1) f@) = Lim. [ e#F (a) de, 
W>oo Qt se 


where ~’ = /(b —1). For each real number @, write 
Fa (x) = (et — ei) F(x) and fa = f(t+ ) —f(t—a). 
Then 


0) (0) 


(~) 1 vy ° 1 . 
(7.2) hie (t) => isms ——— | Ge fie (x) — lim — i et Fe (x) ax ’ 
wr0 Yan - w>o VY 27 


—() —t) 


almost everywhere (cf. Zygmund [18], vol. 2, p. 257). 
For the case P= 1, we have also (7.2). 
We have | Fa(*)| = 2|F (x) sin xa] , |F (x) x); 
yie(x)x?EL(O,8) and 77/?(x)EL(5, o) 
for any 6>0, and hence 


P= 7( 


ioe) (e.8) 
(7.3) J |Fa(x)Pdx= K [ |F (9? sin? xa dx 


-0 —00 


| 
a 


eg 
K ( y7!? (x) sin? xa dx 


0 


WA 


0) co 


< Ko? | yl? (x) x2 dx + K ih yl (x)dx < 3. 


0 }é 
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Therefore we have F«(x)e€L?(—co , ©). Applying Plancherel’s theorem, 


we see that there exists a Fourier transform /%,(t)€ L?(—co . co) such that 


w 


(7.4) Fi(0) = Lim Scere 
and 
(7.5) f \f@Pae = | |Fa@) Pax. 


From (7.2) and (7.4), we have fa(t)=f2(t) almost everywhere, and 
hence, by (7.5), 


[reopae = f (Peco 


that is, 
(7.6) J \f@+a)— f¢—a)|°dt = 4 if | F (x) |? sin? xa dx 
6 © 


<K {a? { 0 (x) x2 dx 4+ i yal? (x) as) oy 
é 


0 


Since g(t) is a contraction of f(t), using (7.6), we have 


7.7) f\let+o)—e¢-opask {|se+a—fe-pat 


20 
=K [ | F@) sin? xa de < oO , 


-00 
Put 


n 


Gn (x) a (1/V 22) { s@ eit ot : 


—n 
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then 


(1/V 2x) i el {gp (ta) — g(¢—a)} dt = (e 1 — e'%*) G, (x) + Hy (2), 


—n 


where by Parseval’s relation, we have 


Rs oA, nto 
(7.8) f HG) Paes 2 fisora + if sopra. 
00 nic n 
Fort “the case @== 1, we have lim f(*)=0 because of the Riemann- 
Lebesgue theorem, and so we have lim g(t)=0 since g (é) is a contraction 
= 


of f(%). Therefore the right hand side of (7.8) tends to zero as "> 


which means 
(2) 
let. ox, 25%) =O 
n> 
The above fact also holds for the case 1< P< 2, because of the assumption 
g(t) € L?\(—2 , —A) U (A, ~)} 
and of, for example, 


N+ n+ 


J ls@rasK(f |e@ira)”. 


n n 


Hence by (7.7) we have 
(2) | 
l.i.m. G, (x) (e7** — e1%*) = G (x) (eria# — eiar) | 
n-> OO 


where G(x) is defined for almost all x. For any , 


0 ioe) 
(7.9) [ |e@+a)—g¢-ap a= (GQ) psintxa dx 
-00 -~00 
© 
Fs tp 77!? (x) sin? xa dx < c 


0 


> 


by C7), 
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The next step is to prove that G(x)€L?(—o , o). We have 
t 


(7.10) f #16) Pax swe] [|G () | sint x/t ax 


0 


io.e) 
< xP/4 [|G (x) P sin’ x/t dx 
“co 
c0 
CP | g(e+i/t)—e(x—1/t)Padx, by (7.9), 


=<) 


| 


ice) 


ce [ |f(wt 1/4) — f @— 1/4) dx 


-o 


IA 


oO 
= ce | |F@) ? sin? x/t dx 
—00 


ee) 
SCF J yl? (x) sin? x/t dx 
0 


t co 
ae | { ple (x) efi? dx + | y2l? (x) as| 
0 t 
t © 
= c| { 77? (a) x? dx + 0? J y2lP (x) aa}. 
0 t 
Hence we have, for ¢>0, 


t t (oe) 


(7.11) t |G (x) [dx < cl Plt (x)x2dx + P if y2lt (x) ah 


0 t 


Put 


welt) = f |x| G(x) Pax, 


19) 


then, by Hélder’s inequality, 
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t 


pl2 
(7.12) vp seth {P| Gepras) 
0 
t (ore) : 
<6 paint fl? (a)? dx +P 7"? (a) axl 
J J 
; > 
(7.13) < csr if pir a ar\l 
0 


20 
p/2 
coset | { 7") de] 
t 
By the argument for (3.8) and (3.9), we have 


and 


[oe] 


( frre a)" — oy, 


t 
and hence we have, since P< 2, 
(7.14) pp (t) = Of). 


Using (7.12) and (7.14) we can show that G(x) € L?(0, c). In fact, 
we have 


iso) 
? dx = [x-? py (x)]? + fe Pp (x) dx 


0 


[Ge 


oma. 


say, where 


co % ioe) 
uate |b esata yl? (8) £2 dt + 22 i I (2) ai" 


0 0 x 
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[o-e) x 


= C i x-30!2 (f u? y71P (w) iu) as 


0 0 


fe a} 0c ple 
+ ¢ fxen| ao in| de = os, 
0 x 


by the assumption (iii). By (7.14), we have S;= O(1), and hence 
G(x)€L?(0, ~). Similarly we have G(x)EL?(—c , 0), and so we get 
G(x)EL?(— , w), 

Now we have the Fourier transform g"(*) of G(x) in the following 


way : 


, 


ioe) 

+ 1 i 

£ (ty) = Liam. — Giyje* de.) forte 2 
W—>00 V 20 ii ( a i 


or 


ioe) 
g @) = —— f G(etar, for p=1. 
2x oe 


By the same argument which we have used to get (7.2), we have 


(0) 


g(t) = lim f Go, (x) e- dx 
W->00 


almost everywhere, where 

g* (t) = e* (é+a) — e* (ta) and Ga(x) = (1% — e™)G (x). 
By (7.9), Gu@eLl?(—” , ©). Hence by the argument which we have 
applied to fa(t), we see that 


(2) 
J bteseaie == 
oo Va 


On the other hand, by the definition of G(x) (cf. (7.7) to (7.9)) and the 


z= J Gale) ar dx: 


Plancherel theorem, we have also 


(2) 


&a(t) = Li.m. Tz - f 6009. dx . 


+00 
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Therefore gq(t)=g* (¢) almost everywhere, that is, 
e¢+a)—eG¢—a)= et +a)—e(¢—a). 
This means that the function g(t)—g*(4) is periodic with period 20. Hence 
g(t) — e* ¢) = g(t + 2ka) — g* +4 2ka). 
For the case P = 1, from the Riemann-Lebesgue theorem, we have 


lim g*(¢+2ka)=0 and lim g(@+2ka) = 0. 
k->00 k>o 


Therefore 
s—¢ = 65 
almost everywhere, which completes the proof of Theorem 3 for the case 
pH. 
For the case 1< $< 2, we have to recall the facts that 
sel’ \(-ao,—A4SU(A, w)} and gel (a5, 0)” 


Take any finite interval (a, >), then we have 


b b 
{ leO—s*A)|P at = j| |g (t+ 2ka) — g* (t+ 2ka) |?" dt 
b42ka 
= f \e®-s ora 
a+2ka 


which tends to zero as k>o. Therefore we have g(t) — g*(t) = 0 


almost everywhere, which completes the proof of Theorem 3. 


§8. Proof of Corollary 4. 


Since 7(*)=O(1/*), we have 77!?(x) x? = O(x-2l?+?) , By the 
assumption P21, we see that 7/?(x)x?=>L(0,8). Also we have 
77!? (x) = O(x7!?) which belongs to L(S, co) for 50. Hence we have 


to show that the integral in the assumption (iii) of Theorem 3 is dominated 
ice) 

by C f y(x)dx. 
10) 


We have 
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x 


Cc pl? c ioe) f 
i 0 | if Ale ()P i dx + i] zh | "IP (2) any ax 
= le nl f vy P(t) t? ae dx + fe “(f pl? (i) any ds 


°o 


io a) 


(fom(f pirmeay” ax + fe of rr (pat) as| 


1 


{ fh (y y2le (t) any" coe foor(f pirat) vas 


‘J 


=1,+I1,+ 13, say. 


By the argument in §4, we have 
1 
ieeoc [ r@ae, 
0 
and since 7? (t)#EL(O,1), P?HELU,&), 3f/2>1 and p[2<1, 
we have J2=O(1). The argument for I; is quite similar to that for J. 


In fact, we have 


/z 


° x-3P |? ; y7lp ‘Be dt ‘ ax 
| 


IA 


y ‘i coef 2! P(t) £2 and dx 


f=! oj-1 


k=1 ok- 1 — 
C \ 2k (-3p!2) y 7 (this 1) 93pil2 


Jee | 


IA 


ioe) 


a 7 
Cy rQHwsc | 7(*)dx << o. 
j=1 


1 


I 


Similarly we have 


400 MASAKITI KINUKAWA 


foe) 


is es p/2 
J cor f vile oa dx 


1 x 


ok 


29 
co [e'e) p/2 
-p/? vlp(t) dt) @ 
& fot frvoayte 


=H 


ies) fe) 
G yy 23 (-p/2) e Aha php|2 
g=l k=j 


lee) 
[e.e) 
Did C eon OL ae 
Ra 1 


II 


AX 


I 


Hence we have I,< ©, which completes the proof of Corollary 3. 


§9. In this section we shall give an application of Theorem 1: Here 


we shall be concerned with trigonometric series 


(9.1) Ao/2 + xz cosux, with a,>0O (1">oo). 


n=l 
co 
The above series can be written in the form \e c,e"* where 
n—D 
Gy == Cay SS ae 
for #20. So we have 
| mn — Cm | = (1/2) | any — Oma} | « 
Therefore Theorem 1 can be stated with the term of {d,}, instead of {c,}. 
Let Aa, =a, —a4,-,. It is known that the convergence of 


CO 
\ | Aa, | is not sufficient for (9.1) to be a Fourier series (cf. Zygmund 


n=l 
[18], vol. I, p. 184). In this connection, the following result is interesting : 
Theorem 4. If a>0 as m>oo and if, for a 7>1 and 


DB ec 


i 


Oe 
n (log n)Y 


> 


where K is a constant, then the series (9.1) is a Fourier 


series. 
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Proof of Theorem 4. Let us put a*=1/(logn)* for m = 2, 3,.., 
where @=7—1>0; then 


aoe cae : 
be n (log n)¥ 
Hence we have 
(9.2) |Aa,| < K3|Aa*| ODM eae Pe ae 


Since {a*} is monotone decreasing, (9.2) implies 


(9.3) laa, SR 


* ” 
a* — a" | for any ” and m, 
that is, th {a,\ i f ies {a*| 
Ss, the sequence (4; is a contraction of the series {a}. Define 


co 
(9.4) F(x) = ) a*cosnx. 
Then F(x) is finite except *=0. By a simple calculation, we have 


(cf. Zygmund [18], vol. I, Th. 2.17, p. 189) 


1 


Soi x (log 1/x)¥ 


as X*>O. 


On the other hand, by the Abel transformation, we have 
Pi) C/O in 0<ba47= 8, 


where C is a constant. Combining these results, we easily see that the 
series (9.4) is the Fourier series of its sum F (x) (cf. Hardy-Rogosinski [9], 
Th. 100, p. 91), and F (%) has a non-increasing integrable majorant. Hence 


by Theorem 1, we get Theorem 4. 


§10. We shall give another application of Theorem 1: 


Theorem 5. Let the Fourier series of F(x) be Sb sin x 
and suppose that there exists a function 7(*) ee that 
|F(~)|<r(x|) in (—u,m), 7%) is non-increasing and inte- 
grablein (0,%). Then S|, | cos nx isa Fourier series. 

Ine particular, tome take 7(*%)=K/{x(logi/x*)"}), for 


So ae f= 1. 
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For the proof, we write 


20, ro 
s b, sin nx = ye Cee 
n=1 n=-—00 
where ¢, = —12b,/2, Cn» =1),/2 for »>0 and ¢& =0. Then we have 
ee) [oe] ; les} 
YS | Cy | eink = y (| Cy | ene + | Clay or) — Dy | op | GOS 
n=-D n=\ n=1 


Now the theorem can be derived from Theorem 1, immediately. 


As an application of Theorem 5, we shall derive the Paley-Wiener 
theorem from it (cf. Hardy [7], Paley-Wiener [15] and Zygmund [17]). 

Corollary (Paley-Wiener). If F(x) is odd, periodic with 
period 2m and is positive, decreasing and integrable in 
(0, a), then its Conjugate function is integrable 

By the assumption, we see that /(%) is non-increasing in (0 , 27). 


Therefore we have },20 for all »=1, 2, 3,... (cf. Hardy-Rogosinski [9], 
ee) 
p. 25). Hence by Theorem 5, the seties Y bn cos mx is a Fourier series. 


n=) 


that is, the conjugate function of F(x) is integrable. 


§11. Now we shall show some application of Theorem 2. 
In this section we suppose that f(*) is defined in (0 , 1) with period 
m and vanishes at ¥=0 and *—=— am, and that the sine expansion of f («) 


converges absolutely, that is, 
\ i°.2) 
io= b,sinnx and lon | < 62, 
m1 De 


where 


b, == (2)a) i f (%) sin nx dx , 


0 


Under these conditions, the cosine expansion of f(x) is not necessarily 
absolutely convergent (cf. Izumi-Tsuchikura [11] and Kahane [12]). Jzumi- 
Tsuchikura [11] and Boas [3] obtained several sufficient conditions for the 


absolute convergence of the cosine expansion of f(x). In connection with 


— Sy 
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this subject, we shall show the following result; which is a dual of 
Theorem 5. 


Theorem 6. Suppose that 


fos) 


F(x) = Y'basiane , "|x| < co and f(0) = f(x) =0. 


n=1 


If there exists a monotone decreasing sequence 7, such 
that 


ie) 
by | =. Tn and Tn < co 


amd it j{%) is nGh hepative in (0,2), then the cosine 


expansion of f(x) is absolutely convergent. 


For the proof of Theorem 6, we define a function F (%) such that 
F(x)=/() in (0,%) and F(x) =—f(-x) in (2,0) 


and extend it periodically with period 2%. Then the Fourier series of F (x) 
is the same as the sine expansion of f(*), and the Fourier series of | F (x) | 
is the same as the cosine expansion of /(x). So, applying Theorem 2 


(Corollary 2) to F(x), we get Theorem 6. 


If f(x) is defined by an absolutely convergent sine series, then the 
improper integral f x! f(x)dx always exists, and if, furthermore, the 
+0 


cosine expansion also converges absolutely, then |x" f(x)| is necessarily 
integrable (Boas [2]). Combining this and Theorem 6, we have the following 


corollary : 


Corollary. Under the same assumptionas in Theorem 6, 


we have that |x'/(x)| is integrable. 


§12. Let us suppose that f(%) is even and periodic with period 2, 


and let its Fourier series be 


oO 
f(s) ~ E Ay COS NX. 


n=1 


Define a function /*(%) such that 
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LS (4) Sees { fOd 
0 


and let its Fourier series be 


00 
F* (x) ~ Cy COS 1X . 
Then we have the following theorem ; 


Theorem 7. If-f(*#) hasa ” Q2721) Fourier serves. 


ies) 
thats, \ [an lP< oe, so does |F*(x)|. 


n=1 


The case for P=1 is due to Boas and Izumi [5], and the proof 
ies) 
of Theorem 7 is based on their lemma: The hypothesis yl P< oo 
a 
implies that 


e) 
Cy = an/2n + De a,/R 
—=n-+1 


(cf. [5], Lemma 2.1). By an inequality ([8], Th. 331, p. 246) 
ies) lee) 
Y Gut dntr + J? < Coy (n+ dn)? 
n= nt 


for dy 0, and $>1, we have, for p>1, 


Yi lel = Y(Slavel)” s cy asp < O:, 


n=1 \k=n 
Therefore the sequence {|¢,|?} has a monotone decreasing majorant 


e*) Pp ; © 
pe (ol) with BCs CO 
Hence by virtue of Theorem 2 (Corollary 2), we complete the proof of 
Theorem 7. 

Now we shall consider a dual of Theorem 7. Let us suppose that 
f(@)EL?(—n, x), (22p21) and 


(e-2) 


n=] 
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Define 


ue 


F(xy= f LO dt, in (0,x), 


2 tan t/2 


= F(—x), in (—7, 0). 


F(x) is the adjoint transformation of f (x) with respect to the transformation 
in Theorem 7. We have, for $21, 


it la ae = Ke, fire dx 


2 tanz/2 


(cf. [8], Th. 328, p. 244), which means that F(x) has a L?-monotone 
majorant. Let 


F (x) ~ XA, cos nx, 


then 


A, = (1/n) " a, — a,/2n (cf. Hardy [6]). 
RSt1 


Using the above facts and Theorem 1, we have the following theorem 
which is a dual of Theorem 7. 
Theorem 8. If f(x)eLl?(—a, 2) (22/21), then 
=| A,,| cos mx 


is 2 Fourier series of the sameclass L?. 
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